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Fin axiomatischer Zugang zu einigen
Winkelsétzen der ebenen Geometrie

Rudolf Fritsch

Im 4. vorchristlichen Jahrhundert verfaBte Euklid die erste als wissenschaft-
lich anzusprechende Monographie mathematischen Inhalts [5]. Insbesonde-
re sein Parallelenaxiom beschéftigte iber Jahrtausende die Mathematiker,
die die innere Abhéngigkeit der Aussagen der euklidischen Geometrie un-
tersuchten, um die Abhéngigkeit oder Unabhangigkeit dieses Axioms von
den {ibrigen Axiomen Euklids festzustellen. Dieses spezielle Problem wur-
de zwar durch C.F.Gau8 (1777-1855), N. J. Lobatschevsky(1792-1856) und
J. Bolyai (1802-1860) im 19. Jahrhundert gelost, die die Unabhangigkeit des
Parallelenaxioms nachweisen konnten (siehe [12, Seite 6]), aber das Bestre-
ben der Mathematiker nach Klirung von inneren Abhangigkeiten blieb wei-
ter bestehen. Einen kraftigen Aufschwung bekam diese Richtung mathemati-
scher Forschung durch den aus Ostpreufen stammenden David Hilbert (1862~
1943), der zu den bedeutendsten Mathematikern des 19. und 20. Jahrhunderts
gehort. In seinem 1899 erstmalig erschienen Buch Grundlagen der Geometrie
[6] stellt er nicht nur ein in sich geschlossenes Axiomensystem dar, sondern
zeigt auch die Methode auf, der sich die spateren Forschungen bedienen; zur
Entstehung und zu den Intentionen dieses bahnbrechenden Werkes sei auf [22]
verwiesen. In zwei Zitaten soll Hilberts Standpunkt deutlich gemacht werden:

Wenn ich unter meinen Punkten irgendwelche Systeme von Din-
gen, z. B. das System Liebe, Gesetz, Schornsteinfeger denke und
dann nur meine simtlichen Aziome als Beziehungen zwischen die-
sen Dingen annehme, so gelten meine Sdtze, z. B. der Pythagoras,
auch von diesen Dingen. [7)

Man muf jederzeit an Stelle von ,Punkten® ,Geraden® ,Fbe-
nen®, ,Tische® ,Stihle“ ,Bierseidel“ sagen kénnen. [3, Seiten
402-403|



Nachstehend analysieren wir in diesem Sinne einige klassische Sitze aus der
Geometrie der Kreise und Winkel, insbesondere die Sitze von A. Miquel®
(Satz 10), J.-V. Poncelet (1788-1867, Satz 11) und W. Wallace (1768-1843,
Satz 13).

Es se1 P eine Menge. Dabei soll es sich um die Punktmenge der von uns behan-
delten ebenen Geometrie handeln und deshalb sprechen wir die Elemente von
P als Punkte an. Eine 3-Menge von Punkten, das heifit, eine Menge aus drei
paarweise verschiedenen Elementen von P nennen wir Dreieck, eine 4-Menge
Viereck. Ein Dreieck {A,B,C} - A, B und C sind seine Fcken — wird ab-
gekiirzt durch [ABC] (also auch durch [CBA], ...) bezeichnet. Entsprechend
bezeichnet [ABC D) das Viereck {A, B,C, D} mit den Ecken A, B, C', D. Man
beachte, dafl Begriffe wie ,,Gerade“ oder ,kollinear* noch nicht zur Verfiigung
stehen. Das bedeutet, daB bei einer Interpretation in der Anschauungsebene
die drei Ecken eines Dreiecks oder die vier Ecken eines Vierecks durchaus
in einer Geraden liegen konnen; sie miissen nur paarweise verschieden sein.
Ebenso ist méglich, daB bei einem Viereck drei Ecken in einer Geraden liegen,
die vierte aber nicht zu der Geraden gehort. Wir werden spater allerdings die
Dreiecke mit allen Ecken in einer Geraden als ,entartet“ kennzeichnen.

Anschaulich stellen wir uns unter einem ,Winkel® ein Paar von Geraden
(91,92) zusammen mit einem gemeinsamen Punkt B vor; das zugehérige
»Winkelfeld“ ist das Gebiet, das die erste der beiden Geraden, g;, tiberstreicht,
wenn man sie im mathematisch positiven Sinn (= gegen den Uhrzeigersinn)
um den Punkt B dreht, bis sie mit der zweiten Geraden, g, zur Deckung
kommt. Dabei wird ein Winkel mit seinem Scheitelwinkel vereinigt; die Un-
terscheidung zwischen beiden entfillt also.

1Lebensdaten von Auguste Miquel sind mir zur Zeit nicht bekannt; einen Anhaltspunkt
gibt nur das Erscheinungsdatum seiner vielzitierten Arbeit [15]. Aus anderen Arbeiten geht
hervor, dafl er Mathematiklehrer in Nantua (franzdsische Alpen) [14] und Castres (Region
Midi-Pyrénées) [16] gewesen ist



Diesen Zugang hat unseres Wissens erstmalig der amerikanische Mathema-
tiker Roger Arthur Johnson (1889-1954, Professor am Hunter College und
am Brooklyn College, beide in New York) gewahlt und mit Erfolg beschrit-
ten (siehe [8, 9, 10, 11]). Die Niitzlichkeit dieser Betrachtungsweise hat auch
Eberhard M. Schréoder herausgestellt (siehe vor allem [20], auBerdem noch
[21]); man vergleiche auch die einschligigen Uberlegungen von Schaeffer [19]
und Alpers [1]. Fiir unsere axiomatische Betrachtung wahlen wir jedoch einen
etwas anderen Ausgangspunkt, behalten aber den Johnsonschen Ansatz als
Motivation; in diesem Sinne ist auch das spater genannte euklidische Modell
zu verstehen. Wir definieren einen Winkel als Punktetripel (A, B, C), kurz
ABC, mit A # B # C; der Punkt B heifit Scheitel des Winkels ABC'. Ist
A = C, so sprechen wir von einem trivialen Winkel. Man beachte, dafi die
Winkel ABC und CBA im Falle A # C zwar den gleichen Scheitel haben,
aber trotzdem verschieden sind; wir sprechen von einem Paar von Nebenwin-
keln. Zu jedem Winkel gibt es genau einen Nebenwinkel.

C

CBA \ _ABC

ABC \ CBA

Zu einem Dreieck [ABC) gehoren sechs nichttriviale Winkel ABC, CBA,
BAC, ..., die sich in drei Paaren von Nebenwinkel ordnen lassen. Ist ABC
ein nichttrivialer Winkel, so heifit das aus den gleichen Punkten gebildete
Dreieck [ABC] unterliegendes Dreieck von ABC.

Ein Viereck enthilt vier Dreiecke und liefert daher 24 (= 4 - 6) nichttriviale
Winkel. Zwei Winkel eines Vierecks heiflen gegeniiberliegend, wenn sie sich



nur im Scheitel unterscheiden. Diese Begriffsbestimmung ist formal nahelie-
gend und fiir unsere folgenden Entwicklungen auch sehr praktisch, obwohl
sie der Anschauung vielleicht etwas widerspricht. Dem Winkel ADC im Vier-
eck [ABC D] beispielshalber liegt der Winkel ABC gegeniiber, und nicht, wie
man vielleicht erwarten wiirde, der Winkel C B A (siehe nachfolgende Figur). .

A

Zu jedem Winkel eines Vierecks gibt es genau einen gegeniiberliegenden Win-
kel. Damit ordnen sich alle Winkel eines Vierecks 12 Paaren von gegeniiber-
liegenden Winkeln.

Bis jetzt haben wir nur eine Menge P ohne jede zusatzliche Struktur. Eine
solche erhalten wir durch Vorgabe einer Aquivalenzrelation Kongruenz (»=%)
auf der Menge aller Winkel; daf diese zwischen ABC und ABC besteht,
schreiben wir als
ABC = ABC.

Die Kongruenz soll verschiedenen Bedingungen, sogenannten Aziomen, ge-
niigen. Wenn immer man in dieser Weise ein Axiomensystem aufbaut, stellt
sich die Frage nach der Widerspruchsfreiheit und der Unabhéingigkeit. Das
im folgenden vorgestellte System ist widerspruchsfrei, jedenfalls in dem glei-
chen Mafle, wie es die euklidische Ebene ist; denn es besitzt in der euklidi-
sche Ebene ein Modell, indem man nimlich ABC = ABC als Existenz einer
orientierungserhaltenden Kongruenzabbildung interpretiert, die (AB, BC) in
(AB,BC) iiberfiihrt. Die Frage nach der Unabhingigkeit untersuchen wir
hier nicht. Wir beginnen mit den folgenden Axiomen:

(N) (Nebenwinkelaziom) Aus der Kongruenz zweier Winkel folgt die Kon-
gruenz ihrer Nebenwinkel:

ABC = ABC = CBA=CBA.

(G) (Gegenwinkelaziom) Sind in einem Viereck [ABC D] die einander ge-
geniiberliegenden Winkel ABC und ADC kongruent, so sind es auch
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die einander gegeniiberliegenden Winkel ABD und ACD.

——ABC = ADC
--------- ABD = ACD

Schon diese beiden Bedingungen allein ermdéglichen den Beweis des wichtig-
sten Satzes in der Theorie der ebenen Winkel:

Satz 1 (Umfahgswinkelsatz) Ist in einem Viereck ein Paar von gegen-
uberliegenden Winkeln zueinander kongruent, so gilt dies fir jedes Paar von
gegeniberliegenden Winkeln.

Beweis. Es sei ein Viereck [ABCD] mit ABC = ADC gegeben. Aus (G)
folgt zundchst ABD = ACD. Die Symmetrie der Kongruenzrelation liefert
zusammen mit (G) auch gleich ADB = ACB. Mit Hilfe von (N) erhal-
ten wir fiir die entsprechenden Nebenwinkel: CBA = CDA, DBA = DCA, -
BDA = BCA. Wiederholte Anwendung von (G) ergibt CBD = CAD,
DBC = DAC, BDC = BAC. Noch einmal Symmetrie und (G) angewandst,
liefert die Kongruenz der noch fehlenden drei Paare von gegeniiberliegenden
Winkeln: CAB=CDB, DAB = DCB, BAD = BCD. O

Zu einem nichttrivialen Winkel ABC bilden wir die Punktmenge
k(ABC)={A,C}U{VeP: A#V#CANAVC = ABC}.

Lemma 2 Die Punktmenge k(ABC) ist invariant unter Permutationen der
Punkte A, B, C.

Beweis. Da die Gruppe der Permutationen von den Transpositionen (AB)
und (AC) erzeugt wird, geniigt es die Invarianz fir diese beiden speziellen
Permutationen nachzuweisen. Aus (IN) folgt unmittelbar kX(ABC) = k(C BA).
Also bleibt nur noch k(ABC) = k(BAC), das heift,

V € k(ABC) <= V € k(BAC) firalle Ve P,
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zu begriinden. Dies gilt nach Definition der Punktmengen k(—) unmittelbar
fir die Punkte V € {A, B,C}. Es geniigt einen Punkt V ¢ {A4,B,C} zu
betrachten; fiir ihn gilt: V' € k(ABC) < AVC = ABC & BV(C = BAC &
V € k(BAC) nach dem Umfangswinkelsatz. 0
Die Menge k(ABC') hangt also nur vom dem unterliegenden Dreieck [ABC],
aber nicht von der speziellen Wahl eines von den drei Punkten A, B und C
gebildeten Winkels ab; wir nennen sie Umkreis des Dreiecks [ABC). Allgemein
bezeichnen wir eine Punktmenge als Kreis, wenn sie Umkreis eines Dreiecks
ist. Wir nennen weiterhin Punkte A, B, C', D (nicht notwendig paarweise
verschieden) konzyklisch, wenn sie Elemente eines Kreises sind.

Satz 3 (Austauschsatz) D € k(ABC)\ {A,C} = k(ABC) = k(ADC).

Beweis. Nach Voraussetzung gilt ADC = ABC, woraus B € k(ADC) folgt.
Damit geiigt es einen beliebigen Punkt V & {A, B,C, D} zu betrachten. Wir
schliefen: V € k(ABC) & AVC = ABC & AV(C = ADC & V € k(ADC).

0

Folgerung 4 Jedes Dreieck liegt in genau einem Kreus.

Beweis. Es ist nur die Eindeutigkeit zu zeigen. Dazu geniigt es, folgende Be-
hauptung nachzuweisen: Ist das Dreieck [ABC] in dem Kreis k(ABC ) ent-
halten, so gilt k(ABC) = k(ABC). Sei also [ABC] C k(ABC) gegeben. Die
3-Mengen {A,B,C} und {4, B,C} brauchen nicht disjunkt zu sein. Da es
aber auf die Reihenfolge der Punkte nicht ankommt, kann man durch Um-
benennung erreichen, dafl im Falle von genau einem gemeinsamen Element
A = A, im Falle von genau zwei gemeinsamen Elementen A = Aund C =C,
und im Falle von drei Elementen A = A, B = B und C = C gilt. Im drit-
ten Fall ist nichts mehr zu beweisen, und im zweiten Fall folgt die Behaup-
tung sofort aus dem Austauschsatz. Im ersten Fall (ein gemeinsames Ele-
ment) folgt aus dem Austauschsatz zunéchst k(ABC) = k(ABC) = k(ABC)
und damit sind wir wieder im Fall von zwei gemeinsamen Elementen. Sind
die 3-Mengen {A, B,C} und {ABC} disjunkt, so liefert der Austauschsatz
k(ABC) = k(ABC), und damit sind wir wieder bei dem Fall mit einem

gemeinsamen Element angelangt. a

Als nachstes miissen wir einige spezielle Dreiecksklassen kennzeichnen. Ein
Dreieck [ABC] heiit entartet, wenn alle seine sechs Winkel zu derselben Kon-
gruenzklasse gehoren, andernfalls nichtentartet.
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Lemma 5 FEin Dreieck [ABC] ist genau dann entartet, wenn die beiden fol-
genden Bedingungen erfillt sind:

1. Einer seiner Winkel ist kongruent zu den beiden sich durch zyklische
Vertauschungen ergebenden Winkeln, zum Beispiel:

ABC = BCA=CAB,

2. Einer seiner Winkel ist kongruent zu seinem Nebenwinkel, zum -Beispiel

BAC =CAB.

Beweis. Es ist nur zu zeigen, dafl die angegebenen Bedingungen hinreichend
sind. Durch Umnumerieren 148t sich immer die als Beispiel genommene Si-
tuation erreichen. Dann ist noch zu zeigen, daf§ auch die Winkel CBA und
AC B zu den anderen vier Winkeln kongruent sind. Aus (N) ergibt sich

ABC =CAB = CBA= BAC,

BCA=CAB = ACB = BAC.
' O

Das legt es nahe, die in dem Lemma genannten Bedingungen einzeln zu be-
trachten: Ein nichtentartetes Dreieck [ABC] heifit

1. gleichschenklig, wenn einer seiner Winkel kongruent zu einem durch
zyklische Vertauschungen entstehenden ist.

2. gleichseitig, wenn einer seiner Winkel kongruent zu den beiden durch
zyklische Vertauschungen entstehenden Winkeln ist.

3. rechtwinklig, wenn einer seiner Winkel kongruent zu seinem Nebenwin-
kel ist.

Ein Winkel ABC heifit ein rechter Winkel, wenn.er kongruent zu seinem

Nebenwinkel und das unterliegende Dreieck nicht entartet 1st.

In der bisherigen Allgemeinheit lassen sich die in der Einleitung genannten
. Aussagen noch nicht beweisen. Wir stellen nun einige weitere Bedingungen

an die Kongruenzrelation. Dabei bezeichnen wir einen Winkel als Nullwinkel,

wenn er zu einem trivialen Winkel kongruent ist; wir bemerken, dafl nach (IN)

der Nebenwinkel eines Nullwinkels ebenfalls ein Nullwinkel ist.



(V) (Vertauschungsaziom) Aus ABC = ABC folgt ABA = CBC. Dabei
handelt es sich um einen Spezialfall des Schenkelaustauschsatzes in
[13, Seite 6].

(T1) (1. Trivialititsaziom) Je zwei triviale Winkel mit verschiedenen Schei-
teln sind kongruent.

(T2) (2. Trivialitdtsaziom) Ist ABC ein nichttrivialer Nullwinkel, so ist auch
BC A ein Nullwinkel.

(A) (AuPenwinkelaziom) In einem Dreieck [ABC] mit ABC = BAC ist
BC A ein Nullwinkel.

Die Bennnung des Axioms (A) bedarf einer kurzen Erlduterung: In der klassi-
schen euklidischen Geometrie gilt der Auflenwinkelsatz Ein Aufenwinkel eines
Dreiecks ist gleich der Summe der nichtanliegenden Innenwinkel. Ist nun —
wie in (A) vorausgesetzt — ein Auflenwinkel gleich einem nichtanliegenden
Innenwinkel, so muf} der andere nichtanliegende Innenwinkel ein Nullwinkel
sein.

Die grundlegende Bedeutung dieser Axiome ergibt sich aus folgenden Aussa-
gen.

Lemma 6 Je zwei triviale Winkel sind kongruent.

Beweis. Wir betrachten die trivialen Winkel ABA und ABA.Ist B+ B, so
liefert (T1) unmittelbar die Behauptung. Ist B = B, so folgt die Behauptung
aus (V) und ABA = ABA. ‘ D

Folgerung 7 Je zwei Nullwinkel sind kongruent. D

Lemma 8 Ein Dreieck [ABC] ist genau dann entartet, wenn ABC ein Null-
winkel ist.

Beweis. ,=“: Ist [ABC] entartet, so sind alle auftretenden Winkel paarwei-
se kongruent. Insbesondere ist CAB = ACB; also ist ABC nach (A) ein
Nullwinkel. -

»<=“: Da [ABC] ein Dreieck ist, ist ABC ein nichttrivialer Nullwinkel und
so ist nach (T2) auch BC A ein nichttrivialer Nullwinkel. (T2) noch einmal



angewandt, erweist auch C AB als Nullwinkel. Dann sind weiterhin die Neben-
winkel der genannten Winkel Nullwinkel. Also sind alle Winkel des Dreiecks
[ABC] Nullwinkel und damit paarweise kongruent (Folgerung 7), das heift,
[ABC] ist ein entartetes Dreieck. O

Satz 9 Es sei [ABC] ein Dreieck.
1. Gibt es einen Punkt D # B mit ABD = CBD, so ist [ABC] entartet.
2. Ist [ABC)] entartet, so gilt ABD = CBD fir alle Punkte D # B.

Beweis. 1. Aus ABD = CBD folgt mit (V) ABC = DBD, das heifit, ABC
ist ein Nullwinkel. Damit ergibt sich die Behauptung aus Lemma 8.

2. Ist [ABC] entartet, so ist ABC nach Lemma 8 ein Nullwinkel, also nach
Folgerung 7 ABC = DBD fiir alle Punkte D 7& B. (V) liefert dann ABD =
CBD ebenso fiir alle Punkte D # B. O

Wir kommen nun zum ersten der eingangs angekiindigten Sitze.

Satz 10 (Mlquel 1838 [15]) Es seien ein nicht entartetes Dreieck [ABC]
und Punkte A, B, C so gegeben, dafs [ABC), [ABC] [ABC) entartete Drei-
ecke sind. Haben dze Kreise k(ABC) und k(ABC) noch einen von A, B und
C verschiedenen Punkt D gemeinsam, so gehért dieser Punkt D auch zu dem

Kreis kK(ABC).

Beweis. Aus der Konzyklizitit von A, B,C und D folgt nach dem Umfangs-
winkelsatz, beziehungsweise im Fall D = A nach Lemma 6:

(1) DCA=DBA.



Aus der Konzyklizitit von A, B, C und D folgt nach dem Umfangswinkelsatz,
beziehungsweise im Fall D = B nach Lemma 6:

(2) DAB=DCB.

Da das Dreieck [ABC] entartet ist haben wir nach (N) und Satz 9.2:
(3) DCA= DCB.

Aus (1), (2) und (3) folgt nun:

(4) DAB = DBA.

Da die Dreiecke [ABC), [ABC) entartet sind, haben wir, wiederum nach (N)
und 9.2:

(5) DAB = DAC

(6) DBA = DBC.
Aus (4), (5) und (6) folgt nun:
(7) DAC = DBC;

das bedeutet die behauptete Konzyklizitat der Punkte A,B,Cund D. O
Bemerkungen Beim Satz von Miquel handelt es sich um eine Aussage, die
im Zusammenhang mit den Grundlagen der Geometrie als ,,SchlieBungssatz®
bezeichnet wird. Unsere Formulierung lehnt sich an die Fassung an, die John-
son in seinem weit verbreiteten Lehrbuch [11, Nr. 184] angibt. Mit den bisher
entwickelten Hilfsmitteln 1a8t sich jedoch der folgende Ausartungsfall des Sat-
zes von Miquel noch nicht behandeln:

Es seien ein nicht entartetes Dreieck [ABC] und Punkte A, B, C
so gegeben, daf [ABC] [ABC] [ABC’] entartete Dreiecke sind.
Haben die Kreise k(ABC) und k(ABC) nur den Punkte C ge-
meinsam, so gehdrt C auch zu dem Kreis k(ABC).

Klassisch wird hierzu der Satz vom Sehnen-Tangenten-Winkel benétigt, den
wir uns fiir eine weitere Arbeit vorbehalten.

B.L. van der Waerden (* 1903) und L. J. Smid [23] haben herausgearbeitet,
daB im Zusammenhang mit Grundlagenfragen eine andere, 1845 angebene
Version des Satzes von Miquel {16, Seite 23] von grofier Bedeutung ist:
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(man betrachte dazu die Figur:) Es seien vier Kreise (durchge-
zogene Linien) gegeben, die sich in den Punkten A, A, B, B, C,
C, D, D schneiden. Liegen die Punkte A, B, C, D auf einem
Kreis (punktierte Linte), so liegen auch die Punkte A B, C, D
auf einem Kreis gestrichelte Linte. '

Auch diese Behauptung 1a8t sich mit unseren Methoden noch nicht beweisen.
Klassisch erhalt man sie aus der urspriinglichen Formulierung mit Hilfe der
sogenannten Kreisspiegelung [25, Seiten 178-180]. Eine Ubersicht iiber weitere
Versionen des Satzes von Miquel enthalt [13, Figur 4].

Der nachfolgende Satz steht in engem Zusammenhang mit dem Satz von
Miquel, wie die zum Beweis angegebene Figur zeigt.

Satz 11 (Poncélet 1822 [18, § 468]) Es scien ein nicht entartetes Drei-
eck [ABC], ein Dreieck [ABC] und ein Punkt D ¢ {A,B,C,A,B,C} so
gegeben, daff [ABC|, [ABC|, [ABC] entartete Dreiecke sind und

(1) ABD=BCD=CAD,

ist. Dann gilt: - o L
(2) D e k(ABC)Nk(ABC)N k(ABC).

- -




und

(3) D € k(ABC) & [ABC] entartet.

Beweis. Da [ABC] entartet ist, ist nach Satz 9.2 und Voraussetzung
CBD = ABD = CAD,

woraus die Konzyklizitat der P~unkte~/i, B, C, D folgt. Analog ergeben sich
die Konzyklizitit der Punkte A, A, C, D und die Konzyklizitit der Punkte
A, B, C, D. Also haben wir (2). 4

Wir berechnen nun:

(4) ABC = CBC nach Satz 9.2, da [ABC] entartet,
= CBA  nach (N) und Satz 9.2, da [ABC] entartet,
CDA nach (2).

Damit schliefen wir:

D € k(ABC) ADC = ABC Definition des Umbkreises
ADC =CDA wegen (4)

ADC =CDA  Vertauschungsaxiom (V)
ABC=CDA  nach (2)

ABC = CBA nach (2)

ABC = ABA  [ABC)] entartet und Satz 9.2
[ABC] entartet (N) und Satz 9.1

SUBERREE R R

O
Zum Beweis des Satzes von Wallace (Satz 13) bendtigen wir nun noch ein
Axiom.
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(T) Sind ABC und ADC rechte Winkel, so sind die Punkte A, B, C und
D konzyklisch.

B

Das Symbol ,, T* ehrt natiirlich Thales von Milet; das Axiom ist ja ein Teil
des berihmten Satzes vom Thaleskreis. Der noch fehlende Teil dieses Satzes
1aBt sich nun beweisen.

Satz 12 (Thales =~ 600 v.Chr.) Fs set ABC ein rechter Winkel. Dann
gilt fir einen Punkt D € P\ {A,C}:

D € k(ABC) & ADC rechter Winkel.
Beweis. ,=“: Aus D € k(ABC) folgt nach Definition des Umkreises
(1) ADC = ABC.

Da nach Voraussetzung ABC ein rechter Winkel ist, ist [ABC] nicht entartet.
Also ist nach Lemma 8 ABC kein Nullwinkel. Wegen (1) ist dann auch ADC
kein Nullwinkel und damit ist - wiederum nach Lemma 8 - das Dreieck ADC
nicht entartet. Es bleibt

(2) , ADC =CDA

zu zeigen. Weil ABC ein rechter Winkel ist, haben wir auch noch:
(3) ABC =CBA.

Aus (1) und (3) folgt:

(4) ADC =CBA.

Das Nebenwinkelaxiom (IN) liefert nun

(5) CDA = ABC.

Die Behauptung (2) ergibt sich nun aus (1) und (5).
<= Axiom (T) . O

13



Satz 13 (Wallace 1797 [24]) Es seien ein nicht entartetes Dreieck [ABC],
ein Dreieck [ABC) und ein Punkt D ¢ {A,B,C,A,B,C} so gegeben, dafs
[ABC], [ABC], [ABC] entartete Dreiecke und ABD, BCD, CAD rechte
Winkel sind. Dann gilt:

D € k(ABC) & [ABC] entartet.

Beweis. Da das Dreieck [ABC] entartet ist, folgt aus Satz 9.2
(1) BCD = ACD; |

wegen (N) ist mit BCD auch A(::’D~ein rechter Winkel. Aus (T) folgt nun
die Konzyklizitidt der Punkte A, B, C, D und der Umfangswinkelsatz liefert

(2) ABD = ACD.

Aus (1) und (2) folgt _ .
ABD = BCD.

Analog ergibt sich: 3 .
BCD =CAD.

Damit ist die Voraussetzung (1) des Satzes von Poncelet (Satz 11) erfiillt,
und dieser liefert nun unmittelbar den Satz von Wallace. 0

Bemerkungen. Zum Vergleich geben wir hier noch die klassische Formulie-
rung des Satzes von Wallace an: ‘

Fallt man von einem Punkt D der Ebene die Lote auf die Seiten
eines Dreiecks [ABCY, so liegen die drei LotfuBpunkte genau dann
auf einer Geraden, wenn D auf dem Umbkreis von [ABC] liegt.
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Ein Beweis dieses Satzes mit den klassischen synthetischen Methoden findet
sich in [4, Satz 2.51, Seiten 45-46]. Ahnlich unserem Vorgehen ist die Dar-
stellung in [17, Seiten 255-257]; die hier gegebene Begriindung ist insofern
etwas einfacher, als von einer ,, Winkeladdition“ kein expliziter Gebrauch ge-
macht wird. Wir miissen allerdings einige Grenzfille von der Betrachtung
ausschlieBen; sie sind in [17] ausfiihrlich behandelt.

Dasselbe gilt fiir Herstellung einer Verbindung zu den affinen Inzidenzebenen,
oder besser zu den miquelschen M&biusebenen (siehe [2]), und fiir den Ausbau
zu einem Axiomensystem, das die klassische euklidische Ebene charakterisiert.

Fiir zahlreiche Hinweise danke ich meinen Kollegen Pickert (Giefien), Schroder
(Hamburg) und Seebach (Miinchen).
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Introduction

In [9] Pumpliin and Rdhrl introduced the category TC (resp. TC,,) of
(finitely) totally convex (t.c.) spaces, which are the Eilenberg-Moore alge-
bras of the monad induced by the unit ball functor from the category of
Banach spaces (resp. normed vector spaces) with linear contractions to the
category of sets. We refer to [9] and [10] for all definitions and conventions.
but in accordance with [3] we use the term “absolutely convex” for the spaces
Pumplin and Rohrl call “finitely totally convex”; AC denotes the category
of absolutely convex spaces.

Later Pumplin resp. Pumplin and Réhrl introduced the categories PC of
positively convex spaces [8], SC of superconvex spaces [7] resp. Conv of con-
vex spaces [11]. In [12] they characterize the epimorphisms in the category of
separated (finitely) t.c. spaces. In [5] the author gave two other characteriza-
tions of the epimorphisms in these categories, and in [3], [4] characterizations
of the epimorphisms in the categories of (absolutely) convex resp. discrete

t.c. (introduced in [6]) spaces.
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The category SC,,, of separated superconvex spaces is defined as the co-
generator hull of the unit intervall [0,1] in SC (]2, 3.1). In [2], 3.6, one finds
a charaterization of separated superconvex spaces, i.e. a superconvex space
is separated if and only if it is preseparated, which means, that a well-known
cancellation law ([11], 1.4) is fulfilled.

In this paper a characterization of the epimorphisms in the categories of

separated (super)convex and preseparated convex spaces is given. a
§1 Basic Properties

A totally convex (t.c.) space D is a non-empty set which admits every o €
Q= {(ci)ien € KN | T;|eu] €1}, K € {IR,C}, as IN-ary operation. The
result of such an operation is written as formal sum ¥; eiz;, (z; € D (i €
IN), « € Q), and the operations are required to satisfy the following two
axioms. ' |

(TC1) X 8ly: = y;, for all j € IN, (y:)ien € XM

(TC2) T; ci(Z; Biys) = T5(Ts ciBi)yy, for all o, 8 € Qg € X (4 € IN):
A morphism f : C — D between t.c. spaces is a set mapping preserving
these operations, i.e. f(3; z;) = X ;i f(2:), 2, € C (1 € IN), a € Q (][9],
2.2).

We define Qy;, 1= {a € Q| [supp a] < oo} , where supp a := {7 €
IN| o; # 0} for @ € Q. An absolutely convex space (a.c.) is & non-empty Qin-
algebra satisfying (TC1) and the restriction of (TC2) to a. 3* € Qy:, (1 € IN);
AC denotes the category of a.c. spaces and maps that preserve the ;.-
operations. Furthermore, in case I = IR we define QF := {o € Q| Vi €
IN o; > 0}, QF, = QF N Q. Restricting the TC-operations (and thus
the axioms and the conditions for morphisms) to Q% (resp. 0%, ) we get the
category PC (resp. PCa,) of (finitely) positiveiy convex spaces ([8], 2.4).
Similarly, putting Q. := {a € Q7| T, o = 1} (fesp. Q. = Q. N Qi)
and discarding the condition .X # { yields the category SC (resp. Conv) of
superconvex (resp. convex) spaces. For TC, AC, PC and PC,,, 0 := (0):en
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is an algebra operation, which is constant on any space, hence 0 yields a
nullary operation; we call its value the zero element of the space. For SC
and Conv there is no nullary operation and we have to admit the empty
space in order to get a complete (and cocomplete) category. Note that any
constant mapping between two objects of SC (resp. Conv) is a morphism
in SC (resp. Conv). a 1.1>Prop0sition: Let D € Conv (resp.
D € AC,D € PC,,) and let C be a non-empty subspace of D. Define the
relation “~” on D by z ~ y if and only if there exist ¢, € C and a €]0, 1]
with az + (1 — a)c = ay + (1 — a)c’. Then “~7 is a congruence relation on

D.

Proof: Let D € Conv. Obviously, the relation “~” is reflexive and sym-
metric. Next we show, that “~” is compatible. Let z;,y; € D with z; ~
y; (¢ € IN) and o € Q.. Then there exist ¢;,¢; € C and f; €]0,1] with
Bizi + (1 — Bi)ei = Biy: + (1 — Bi)ct (+ € IN). Since suppa is ﬁnite', B =
inf{Bili € supp a} > 0 holds. In case § =1 ,ie. B =1 (¢ € supp o) ,
we have z; = y; (i € suppa) and this implies ¥; ciz; = 3 ey ([9], 2.4(1i1)).
Otherwise, define

— . _ B(1-6:) .. 3i—=08 1 .
= gepc taaga €C (L€ suppa).

Then for all : € supp @
Bz + (1= p)e = g—i(ﬁimi + (1 = 3)e:) + %62

= LB + (1= )d) + 8582 = By + (1 - A)d,
follows. This implies

B aiz) +(1=B)( 3 @)= Y Bz +(1-3)e)

1€ suppa i€ suppa

= > ai(ﬂyi-k(l—ﬁ)62)=,5(zai?i)+(1—/3)( Y aid).

1€ suppa 1Esuppa

o

Thus we get 3, a;z; ~ ¥ ; a;y;. Finally, “~” is shown to be transitive. Let
z,y,z € D with z ~ y and y ~ z. Then there exist ¢;,c} € C (7 = 0,1)
and 3.7 €]0,1] with 8z 4+ (1 — 3)co = By + (1 — B)ch and vy + (1 — v)e; =
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7z + (1 —v)c}. As in the first part of the proof we may assume 8 = ~. For
¢ € C define

e = L2 (%60 + %cl) +525ceC
and
¢ =B (L + 1)) + ;245c € C.
This implies .
%:z: + 2_;@62 = g:z: +(1-5) (%co + %cl) + 8¢

= 1(Bz+(1-B)co) + L((1—B)er + Be) = LBy
| "

8 2— )
=Zz+ —2—ﬁ6/2 and hence z ~ 2.

The proof for D € AC (resp. D € PCy,) is similar. O

A convex space D is called preseparated, if the so-called cancellation law
holds, i.e.,if for any z,y,z € D and any « €]0,1[, az+(1—a)z = ay+(1—a)z
implies z = y ([11], 1.4, 4.9). D € SC is called preseparated, if the underlying
convex space is ([2], 3.1(1)).

A convex (resp. superconvex) space D is called separated, if and only if
the family of Conv-morphisms (resp. SC-morphisms) D — [0.1], ([0.1]
with its canonical (super)convex structure), is point-separating ([11], 4.12
(resp. [2], 3.1(i1)).

A superconvex space D is separated if and only if it is preseparated ([2],
3.6). A convex space D is separated, if and only if the following property is
fulfilled: If, for w.v,zn, ¥, € D

1-Yu+le,=(1-Lv+Lly, (neN)

holds, then u = v ([2], 2.3).
SC.., (resp. Conv,,,, Conv,,,) denotes the full subcategory of SC (resp.

Conv), which is spanned by all (pre)separated superconvex (resp. separated
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convex, preseparated convex) spaces. The categories SC,., (resp. Conv,,,,
Conv,,.,) are ext-epi-reflective subcategories of SC (resp. Conv) ([1], 16.8
(resp. [11], 4.11, 4.13 (i))). O 1.2 Remark: IR, R" := {z € IR | z > 0} and
IR** := IR*\{0} are (with the canonical structures) preseparated convex
spaces. Foralln € IN (1 —-2)142in=(1- 2)2 4 =1 holds. Consequently,

IR+ C IRT C IR are not separated convex spaces. o

§2 Epimorphisms of Separated Superconvex Spaces

Let D € SC. Define a relation “~” on D by z ~ y if and only if there
exist a ¢ € D with %:c + -;-a = %y + %a (z,y € D)._

2.1 Proposition: Let D € SC. Then the above relation “~” is a congru-
ence relation on D, and the projection D — D/~ gives the reflection into

the subcategory SC,,,.

Proof: Obviously, the relation “~” is reflexive, symmetric and compat-

ible. Next we show, that “~” is transitive. For this purpose let z,y,z € D
with z ~ y and y ~ z. Thus there exist a,b € D with %x + %a = %y + %a and
2y 4+ 1b= 2z + 2b. This implies

Lot ila+1h)  =1(e+ie)+ia+ )
= JGy+3a)+3Ge+3) =Ly + 30+ 3G+ 3a)
= HG= i+ 30) = de 4+ 3Ga+40)

Hence, ;2 + 3(3a + 1b) = 2z + 1(3a + 1b) ([11], 1.2) and & ~ = holds.
Thus “~” is a congruence relation on D.

Let z,y,z € D and 8 €]0, 1] with 82+(1~8)z ~ By+(1—23)z. This implies
the existence of an element a € D with 3(8z+(1—8)z)+ 1a = (By+(1—
B)z)+ 3a. Put 2’ : = %z—}- -zl—ﬁa. Then we get £z 4+ (1 — 8)z' = LBz +(1-
Blz)+ia=3(By+(1-B)z)+ia=Ly+(1-2)z thus o+ 1/ = ly4+ 12
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([11], 1.2) and z ~ y. Thus D/~ is preseparated and, by [2], 3.6, D/~ is
separated. 7 : D — D/~ denotes the canonical projection. For some SC-
morphism f : D — E, E € SC,.,, define a mapping f : D/~ — E by
f(ﬂ'(:c)) : = f(z) (z € D). For z,y € D with 7(z) = n(y) there exists a
a € D with 3z + ja = 1y + La. This implies 1 f(z) + 1 f(a) = f(Gz+3a) =
f(3y + 3a) = 3f(y) + 1f(a), thus f(z) = f(y), since E is preseparated.

Consequently, f is well-defined. Obviously, fis uniquely determined by f

and fis a SC,.,-morphism, rendering a left adjoint. a

2.2 Lemma: The forgetful functor V : TC,,, — SC,., has a faithful

left adjoint and the unit of this adjunction is injective.

Proof: It is easy to see by the Adjoint Functor Theorem that V has a
left adjoint. By [2], 3.5, each separated superconvex space is a superconvex -
subspace of a separated t.c. space. Therefore the unit of the above adjunction

1s injective and the left adjoint is faithful. a

Denote by 6sép : Ban;, — TC,,, the restriction of the comparisons functor
O : Ban; — TC ([9], 3.3). O has a left adjoint S : TC — Ban, ([9],
7.7). Thus the restriction S, : TC,., — Ban, of S'is a left adjoint of 6567,
with an injective unit ([9], 7.7, [10], 11.1). This yvields the following

—

2.3 Corollary: The functor V o Q,,, : Ban; — SC,, (see 2.2) has a

faithful left adjoint with an injective unit 7. a

If D is a separated superconvex space, and for X' := IR, np : D —
O(B), B € Bany, is as in 2.3 or [2], 3.5. define ' : D — O(B) by
n'(z) := 31p(z) (z € D). Obviously, 7' is an injective SC-morphism. Now.
consider the subset of )(B) 7/(D) —7'(D) := {7'(z) = n'(y) | =.y € D}.
O(B) is a real separated t.c. space ([11], 11.2(iii)) and we have
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2.4 Lemma: The set (D) — /(D) is a real separated t.c. subspace of

O(B).

Proof: The proof is essentially the same as far 2.2 in [2]. Let z;,y; € D (z €

IN), « € Q and put ap := 1 — 3 |cu|. Define elements u;,v; € D (¢ € IN) by
€N
u; := z; (resp. v; := y;) for all 7 € IN with o; > 0 and u; := y; (resp. v; := ;)
otherwise. Let uy := vg be some element of D and define u := Y |asifui, v =
i€

T leddo From £ T au(y/(z) () = } T o (/) = ()
Z |az|(277(u1)—577 (vi)) =3 Py laz|77(uz)—“ PNy lailn i)
Z |vi| 7 (uz) -3 Z lei| 7 (01) (Z Iaz, uz) Z || v:)

zE 0 1€INg 1€INp
= 3(n'(w)=7'(v ))WegetZ (7' (z:) n(yi)) =7'(u)=7'(v )En(D) 7'(D).
Thus the subset n'(D) — n'(D) C (O(B) is closed under real TC-operations
and, consequently, n'(D) — n'(D) is a real t.c. subspace of O(B). By [10],
11.5(ii), n’(D) — n’(D) is separated. A 0

2.5 Definition: Let D € SC (resp. D € Conv) and C be a subspace of D.
C is the smallest subspace of D with ¢ C C havingfor all y € D the following
property: If, for every ¢ €]0,1[, there exist c.c’ € C, a,da’ € D, a €]0, 1] with
ag

E))c:: ) a + (1——-—)CI,

81 (849 1
gyt getl-—g—)e=3 >

2

theny € C. a

2.6 Proposition: Let f,g : D — E be SC-morphisms and let £ be
separated. Then the equalizer equ(f.g) := {¢ € D | f(z) = g(z)} is a
subspace of D and (equ(f,g))” = equ(f,g) Lolds.

Proof: Obviously, équ(f,g) is a subspace of D. Let y € D such that for
every € €]0, 1 there exist ¢,c’ € equ(f,g), a.a’ € D. « €]0.1[ with

Sy 2g 4 (1 - 2o = 220 4 (1 — a)(
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By 2.3 there exists a real Banach space B and n := ng B — 6(B) is an
injective SC-morphism. This yields

510 f)(y) + Lo fla) + (1 ~ 2D (o f)(c)
=S(no f)la)+ (1 =%5)no f)()

and because of ¢, ¢’ € equ(f,g)
3m09)() + $nog)(a) + (1 - 2F)(no f)(e)

=ZLMmog)(d) +(1—=5)(no f)().

An easy computation in B yields
smo fily) +%(no fla) - ( o f)(a").

=35m0 g)ly) +F(nog)la) ~ F(nog)d).

Define = i= (10 g)(a) — (1.0 f)(a) ~ (1 0 g)(a') + (1 0 f)(a) € B. This leads
0 H(no £)(w) ~ (00 g)y)) = e(2) with 2] <1, thus 1z € O(B) and
o flly)=(nog)y)) € O(B) This implies |[ ({70 f)(y) = (70g)(y))l| =0
([9], 6.1) in the t.c. space ()(B) and thus H(no A)y) —(nog)y)) =0 ([9],
6.9). So one gets 7(f(y)) = n(g(y)) and., since 7 is injective, f(y) = g(y) and
y € equ(f,g). This shows (equ(f,g))~ = equ(f,g). O

In order to prove a characterization of epimorphisms in the category SC,.,
(resp. Conv,,,) we note that each SC,, (resp. Conv,,,)-morphism f has a
factorization f = g o h with a surjective morphism A and ¢ the inclusion of
the image of f in the respective category. Hence, in the following theorems

we may restrict our attention to inclusions. !

Let D € TC(AC) and C be a subspace of D. C is called radially closed
(r-closed) in D if and only if for all z € D, o € O(K)\{0}. az € C implies
z € C ([12], 1.1, 1.5). C denotes the smallest radially closed subspace of D
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containing C ([12], 1.6). Now one can prove the following

2.7 Theorem: Let D € SC,,,, C be a subspace of D and in : C — D
be the inclusion. Let ' : D — 6(3) be the injective SC-morphism from
2.4. Then n'(C) — n/(C) is a separated t.c. subspace of 7'(D) — n'(D) (see

2.4). The following statements are equivalent:

(1) in is an SC,.,-epimorphism.

/\
(ii) 7(C) = 7'(C)=n'(D) = 7'(D).

(iii) For every y € D, ¢ €]0,1], there exist ¢, € C, a,d’ € D, o €]0,1]
with
a(l +¢) ae ag

a %5 _oe oy,
§y+7a+(l— 5 )c—2a+(1 2)c.

(iv) C = D.
Proof: Obviously, n'(C) —n'(C) is a separated t.c. subspace of n'(D) —7n'(D).
(1)==(ii): A relation “~” is defined on D by z ~ y if and only if '(z) —
/\
'(y) € n'(C) —7'(C)(z,y € D) holds.
Obviously, “~”
y ~ z. This implies 3(7'(z) — 7'(2)) = 3(n'(e) = 7'(y)) + 3(0'(y) = 7'(2)) €
/\
n'(C)—17'(C) and from [12], 1.5, we get © ~ z, and “~" is transitive. Let

is reflexive and symmetric. Let z.y,z € D with z ~ y and

z;,y: € D with z; ~ y; (z € IN) and o € Q.. Then we compute in B
(T cizi) — /(s cuyi) = Liaan' (@) — 25 can'(wi)

/\
= i ei(n'(zi) —7'(y:) € 7'(C) = 7'(C),
hence 3; aiz; ~ 3; oy holds, and “~7 is a congruence relation on D. For
all z,y,z € D, 8 €]0,1[, Bz + (1 - 3)z ~ gy + (1 — 3)z implies 3(n'(z) —
n'(y)) = Bn'(z) + (1= B)n'(z) = (Bn'(y) + (1 = B)n'(2)) = n'(Bz + (1 = B)z) —
//\
n'(By + (1 — 8)z) € n'(C) —7'(C) , hence, by [12],1.5, = ~ y. Thus D/~ is
separated. Obviously, for all ¢g,e; € C ¢g ~ ¢; holds. Let # : D — D/~
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be the canonical projection and, for some ¢y € C,h : D — D/~ be the
constant mapping h(z) := 7(cp) (¢ € D). Then we have 7,h € SC,,, with
7 0wn = hon, and because in is an SC,,,-epimorphism, = = h. This leads
to m(z) = h(z) = m(co) resp. ¢ ~ ¢y (z € D). Consequently, z ~ y for all
//\

z,y € D, hence '(z) — n'(y) € '(C) —7'(C) (z,y € D) holds and we have
/,/’\
7'(C) = n'(C)=n'(D) - '(D).

(i)==(ii1): By [5], 2.5 , for all y € D, € €]0,1], co € C, there exist ¢1, ¢z €
C, a,d' € D, o €]0,1] with a(n'(y) — 7'(c0)) = ale(r'(a’) —n'(a))) + (1 -
a)(n'(a1)—n'(c2))- Thus an’(y) +aen’(a)+(1~a)n'(c2) = aen’(a’)+an’(co) +
(1 — a)n’(c1) holds. Define

1+a(1-»)
2—ae

e leao
¢ and ¢ = == +

l—o oE
—a(4eC2 T 2= a(1+s)

C =

Then ¢, ¢’ € C and we get
n/ (%y+ %a_{_ (1 _ a(l+s))c> — %n/(y)+ ozzen/( )+ 2—a(21+5)17/(c)

= 20'(y) + En'(a) + =2 (e —n/(c) + 7225 (co)
— %7]( as /( 1 - I(Cg)-{— 1-—2015771(60)

+ £7'(co) + 1_?377/(61) + 2229/ (¢o)

— %n/(al + 2—2cys (21—::77/( )+ 1+2a_(i;5)n/(co)>

— %n/(a/) 4+ 2= 201577/( ) 7' (%Sa’—}- Z—Zasc/) .
Since 1’ is injective, we get

« (675
§y+—§—a+(1—

(iii)==(iv): This follows trivially from 2.5.
(iv)==(i): This follows from 2.6. O
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§3 Epimorphisms of Separated Convex Spaces

By [2], 2.4, every separated convex space can be embedded in a separated

a.c. space; therefore by a proof similar to 2.2 we get

3.1 Lemma: The forgetful functor V : AC,., — Conv,,, has a faithful

left adjoint and the unit of this adjunction is injective. . o

Denote by 6;‘:)1 : Vec; — AC,,, the restriction of the comparsions functor
Gﬁn : Vec; — AC (][9], 3.6). Gﬁn has a left ajoint Sf;n : AC — Vec,
([9], 7.10). Thus the restriction S} : AC,., — Vec; of S is a left adjoint of
6;2 with an injective unit ([9], 7.10, [10], p.1068). This yields the following

3.2 Corollary: The functor V o 6:2 : Vec; — Conv,,, has a faithful

left adjoint with an injective unit 7. : O

If D is a separated convex space and, for K :=1IR, np: D — (/jﬁn(W), W
€ Vec;, 7np as above or as in [2], 2.4, define ' : D — Gﬁn(ﬂ/) by
n'(z) := 3np(z) (z € D). 0’ is an injective Conv-morphism. Now, consider
the subset of O, (W), 1(D) —7'(D) = {n'(z) ~7'(y) | 2.y € D}. Oen( W)
is a real separated a.c. space and we have by a proof analogous to that of 2.4

the following

3.3 Lemma: The above subset n'(D) — 7'(D) C E\)ﬁn(ﬂ/) is a real sepa-
rated a.c. subspace of C\)ﬁn(W’). a

In the proof of 2.6 only the convex structure of D and E was used, hence,

we actualy also proved the

3.4 Proposition: Let f,g : D — E be Conv-morphisms and £ be
separated. Then the equalizer equ(f,g) := {z € D | f(z) = g(z)} is 2
subspace of D and (equ(f,g))” =equ(f,g) (see 2.5) holds. o
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For D € AC a mapping d : D x D — (O(IR) is defined by d((z,y)) :=
32 — Yy|| (z,y € D). d is called the distance function on D ([12], 3.1).
For D € AC and a subspace C of D, a mapping d(—,C) : D — Q(IR) is
defined by d(—,C)(z) := d(z,C) = inf{d((z,y))|ly € C}(z € D). C is said
to be d-closed if and only if for any z € D d(z,C) = 0 implies z € C ([12],
3.3). C is said to be closed if and only if it is both, d-closed and r-closed.
Finally, for D € AC with a subspace C, let C be the smallest closed subspace
of D containing C ([12], 3.14). C is said to be the closed hull of C in D. Now

we can prove the following

3.5 Theorem: Let D € Conv,,,, C be a subspace of D and in: C — D
be the inclusion. Let o' : D — Gﬁn(W) be the injective Conv-morphism
from 3.3. Then 7/(C)—7'(C) is a real separated a.c. subspace of n’(D)—n'(D).

The following statements are equivalent :

(1) in is an Conv,,,-epimorphism.

//A\
(ii) 7'(C) = 7'(C)=n"(D) —n'(D).

(iii) For every y € D, ¢ €]0,1], there exist c.c’ € C, a,a’ € D, a €]0.1]
with

(iv) C = D.

Proof: Obviously, 7(C) —n'(C) is a real separated a.c. subspace of n'(D) —~
7'(D) ([10], 11.14).
(1)==(ii): A relation “~” is defined on D by = ~ y if and only if '(z) —
/\
n'(y) € 7(C)—7'(C) (z,y € D) holds. In the same way as in 2.7 one sees.
that “~” is a congruence relation on D.
Furthermore, D/~ is separated. Indeed, let u, v, 2,y € D with (1— %)u—{-
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2zn ~ (1 = Lv + 1y, (n € IN). By definition, this implies (1 — 2)(7(u) —
n'(0)) + (' (za) = 1'(ya)) = 7'(1 = Du+ 22a) = 7'(1 = v+ 79) €
/\

7'(C)=n'(C)(n € IN) and for all n € IN, n > 1, we get 1(n'(u) — 7n'(v)) —
/”/\
357" (yn)) — 1'(zn)) € 7'(C)—7'(C). Let € €]0,1[. Then there exists a
ne€ N, n>1, with = < e From | 25(7'(yn) — 7'(za))]] < 723 < € we
/\
conclude n'(u) — 7'(v) € 7'(C) —n'(C) ([12], 3.15), thus u ~ v, and D/~ is
separated. Obviously, for all ¢p,¢; € C, ¢o ~ ¢; holds. Now, in the same way
/\

as in the proof of 2.7, n'(C) — 7'(C)= n'(D) — n'(D) follows.

(i1)=(iii): By [5], 3.1 the proof consists of the same computations as the
proof of (ii)==-(iii) in 2.7. ‘

(iii)==(iv): This follows from the definition of ¢ in 2.5.

(iv)==-(1): This follows from 3.4. o

As SC,_, is a subcategory of Conv,,,, 2.7 and 3.5 imply the

3.6 Corollary: Let f : C — D be an SC,,,-morphism. Then f is an

SC..,-epimorphism if and only if f is an Conv,,.,-epimorphism. ]

§4 Epimorphisms of Preseparated Convex Spaces

4.1 Theorem: Let D be a preseparated convex space, and C' be a sub-

space of D. Let tn : C — D be the inclusion. Equivalent are:
(1) n is an Conv,,,,-epimorphism.
(i1) For all y € D there exist ¢ € C and a €]0,1] with ay + (1 — a)c € C.

Proof: (i)==(ii): By 1.1 the relation “~” on D, defined by =z ~ y if and
only if there exist ¢,c’ € C, a €]0,1] with az + (1 — a)c = ay + (1 —
a)c’ (z,y € D) is a congruence relation on D. Let z,y,z € D, « €0, 1] with
ar + (1 = a)z ~ ay + (1 — a)z. Thus there are ¢, € C, B €]0,1] with
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Blaz + (1 —a)z)+ (1 — B)c = Blay + (1 — a)z) + (1 = B)c. Put

Ba 1-8 o __fe 1
150-a)% T 12800 b= 50-a)Y T 1280 -a)

Then (B(1 -a))z+ (1 — Bl —a))a = (B(1 —a))z + (Ba)z + (1 — B)c =
Blaz + (1 —a)2) + (1 = B)c = Blay + (1 — a)2) + (1 = B)d = (B(1 -
a))z + (Ba)y + (1 = B)d = (B(1 — @)z + (1 — B(1 — «))b holds. Since
D 1s preseparated and 0 < 1 — (1 — «) holds, @ = b and by definition,
z ~ y follows. Thus D/~ is preseparated. Obviously, for all ¢,c’ € C, ¢ ~ ¢

=8__

a =

holds. Let ¢ € C' and 7 : D —p D/~ be the canonical projection and
f : D — D/~ be the constant mapping f(z) := n(cy) (z € D). Then
7, f are ConvV,,.,-morphisms with 7 0 in = f oin, which implies 7 = f,
because in is a Conv.-epimorphism, thus 7(y) = f(y) = 7(c) for all
y € D. This implies the existence of elements ¢;,¢c2 € C, v €]0,1] with
vy + (1 =7)a =vco+ (1 = v)c1 € C and (ii) is fulfilled.

(i)=>(i): Let f,g: D — E be ConvV,,,-morphisms with foin = goin.
For y € D there are, because of (i), c € C, B €]0,1] with By + (1 - B)c € C.
This implies 8f(y) + (1 — 8)f(c) = f(By + (1 — B)c) = g(By + (1 — B)c) =
Bg(y)+ (1~ B)g(c) = Bg(y) + (1 - B)f(c). Hence, we have f(y) = g(y), since

E is preseparated. Consequently, f = g and in is a Conv,-epimorphism.
O
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p—Banach Spaces and p—Totally Convex Spaces I

Ralf Kemper

Introduction

In [8] Pumplin and RShrl introduced the category TC (resp. TC f:r,) of (finitely)
totally convex (t.c.) spaces, which are the Eilenberg-Moore algebras of the monad
induced by the unit ball functor from the category of Banach spaces (resp. normed
vector spaces) with linear contractions to the category of sets. In accordance with
[2] we use the term “absolutely convex” for the spaces Pumpliin and Réhrl call
“finitely totally convex”. AC denotes the category of absolutely convex spaces.

In the present paper the categories TC, of p-totally convex and AC, of p-
absolutely convex spaces are introduced and investigated (0 < p < 1). For p =1
they coincide with the categories TC and AC and the results proved by Pumpliin
and R&hrl ([8], [9]) are contained as a special case in this paper, resp. in a con-
tinuation of this. The notion of p-absolutely convex spaces is a generalization of
p-absolutely convex subsets of IK-vector spaces and p-totally convex spaces are a
generalization of p-totally convex subsets of topological IK-vector spaces, IK = IR,{.

In §1 we introduce the categories Vec, and Ban, of p-normed vector spaces
and p-Banach spaces [4] over the field IK = IR. €. O, : Ban, — Set (resp.
Op,fin : Vec, — Set) denotes the canonical unit ball functor. O, and Oy fin
have left adjoints I, resp. I, jin. Here, for a set X, [,(X) is the usual /,-space on
X ([4]), while I, £in(X) is the subspace of [,(X) consisting of all functions of finite
support. O, and (. ir are premonadic ([10]), i.e. the comparison functor from
Ban, resp. Vec, to the corresponding category of Eilenberg-Moore algebras is full
and faithful.

After the definition of p-totally and p-absolutely convex spaces and the proof of
some computational rules in §2 it is shown in §3 that the categories TC, and AC,
are the Eilenberg-Moore algebras for (), resp. Op,sin- Both categories possess an
internal hom-functor and a tensor product, they are closed categories in the sense
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of [7] and even autonomous categories in the sense of Linton ([6]). In §4 a semi
p-norm on p-absolutely (resp. p-totally) convex spaces is introduced and proper-
ties of congruence relations on these spaces are studied. There are many differences
between totally (resp. absolutely) and p-totally (resp. p-absolutely) convex spaces:
this is especially true for the central Theorem 4.10, for which .R.Borger gave an

important hint. a

§1 p-Normed Vector Spaces and p-Banach Spaces

1
p will always denote a real number with 0 < p <1, and one puts w, := (%)5_1; IN

is the set of natural numbers and IK is the field IR or € of real or complex numbers.
For a set M we put |M| := card(M). a

1.1 Definition: Let (V,,]l II;)( = 0,1) be p-normed vector spaces ([4]. p.115).
A IK-linear mapping f : Vo — V4 is called a contraction if and only if for every
z € Vo |If(2)lli < |lzllo holds. Veck , or briefly Vec, is the category of all p-

normed vector spaces together with these contractions. a

A p-Banach space is a complete p-normed vector space ([4]. p.116). The full sub-
category of Vec, which is determined by all p-Banach spaces is denoted by Ban,,.
It is obvious that for all p, s with 0 < s < p Vec, (resp. Ban,) is a subcategory
of Vec; (resp. Bang). a

All topological statements will refer to the topology induced by the p-norm. For

a bounded linear mapping f : ¥ — 1" between p-normed vector spaces || f|| :=
sup {MEWN | 5 e v\ {0} } = sup{llf(2)l | lafl 1} = inf {M 2 0]l f(=)]l <
M||z|| (z € V)} denotes the usual norm. Every (V.|| ||) € Vec, with respect to
the supremums p-norm on V' x ¥ is a locally p-convex space ([4]. 6.5.1) and the
p-norm || || : V — IR is continuous. a
1.2 Proposition: For a p-normed vector space (17| ||) and a closed subspace I
the canonical projection 7 : V' — V/U satisfies : '
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(i) 7 is a coequalizer in Vec,. (ii) ||r]j = 0 or ||z|| = 1 holds.

Proof: (i) Obviously, W := {(z,y) € V x V |z — y € U} is a p-normed subspace
of V' x V with respect to the supremums p-norm on V x V. Apparently, = is the
coequalizer of the restrictions of the canonical projections 71,75 : V xV — V to
W in Vec,.

(ii) Let [[x]| # 0 and || ||" denote the p-norm on V/U. Obviously, ||z||~*|| || is a
p-norm on V/U and the canonical projection # : (V, || ||) — (V/U,|I=||= || |') is a
Vec,-morphism. The identical mapping ¢ : (V/U, || ||') — (V/U, ||7r[‘]_l [11]7) 1s K-
linear and o = & holds. Obviously, ¢ is a Vec,-morphism. Because of ||| # 0
there exists a v € V\U and |||~ lo+U[l = ]| lle(v+ )|’ < ffo+ U’ implies
Il = 1. | e

For a set mapping g : X — IK put suppg := {z € X | g(z) # 0}. For a set I and
real numbers a; > 0(: € I),) ;e i < oo always implies that supp{a; | i € [} :=
{i € I'| a; # 0} is countable. For a set X define /,(X) := {g € Set(X,IK) | suppg
is countable and }_ .y |g(z)|? < oo}. The p-norm || {| : [,(X) — IR is defined
by lgll := (Seex [9(2)]P)? (g € 1,(X)). For z € X, 6% : X — IK is the Dirac
function at z, that is §"(z) = 1 and §°(y) =0fory # z (y € X).

1.3 Proposition ([4], p.118): For every set X [,(X) is a p-Banach space and
(6%)zex is a Schauder-basis ([4], p.292) of [,(X). a

The unit ball functor Oy, fin : Vec, — Set is induced by the mapping assigning to
each p-normed vector space V its closed unit ball Oy sin(V) := {z € V1 ||z]| < 1}.
Its restriction to Ban, is denoted by Q. If no misanderstandings are possible.
one simply writes O, : Vec, — Set instead of O sin : Vec, — Set. Especially
one has for IK € Ban, O, (IK) = O1(IK) = {a € IK[|a| < 1}. O

1.4 Proposition (cf. {§], 1.1): The functor Op : Ban, — Set has [, as left
adjoint, is premonadic, but fails to be monadic ({10}, 2.10).

Proof: Let X be a set. The mapping nx : X — Opol,(X) is defined by nx(z) :=
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6% (z € X). For a set mapping ¥ : X — (Op(B) obviously a Ban,-morphism P
I,(X) — B with Qp(%)onx = % is uniquely determined. W [,(X) — B defined
by ¥(g) := 2 zex 9(2)¥(z)is a (well defined) Ban,-morphism with Op(iﬁ) onx =
¥, rendering the left adjoint in question. The counit ¢ of this adjunction is uniquely
determined by the equation eg(é6%) = z (z € Op(B), B € Ban,). Since, for B ¢
Ban, and any z € B\{0}, z = ||z]|eB (5I|_§W) = ¢pB ([]z”éﬁfﬂ) and ¢p(0) = 0
holds, g : I, 0 Op(B) — B is a surjection (B € Ban,). Kereg : = ¢5 ({08}) .
and I, o Op(B)/Kerep are complete. 7p : I, 0 Op(B) — I, 0 Op(B)/Kerep
denotes the canonical projection. Thus there exist a IK-linear isomorphism ¢ :
l,00p(B)/Kereg — B with ponwp = ep. By an elementary computation, ¢ is a
Ban,-isomorphism. By 1.2(i), 7p is a coequalizer in Vec,, and thus in Ban, .¢o
7B = ¢p implies that ¢p is a coequalizer in Ban, (B € Ban,). Consequently, O,
is premonadic. That O, fails to be monadic follows by [8], 4.6. a

For any set X put [, £in(X) := IKX) and a p-norm || || : I, sin(X) — IR is defined
by gl := (XCzex 19(2)1P)? (g € Ip 7in(X)). Obviously we have

1.5 Proposition: For every set X (Ip,sin(X), ]| I) is & p-normed vector space and
the family (6%)zex is a basis of I, sin(X). a

Similar to 1.4, resp. to the case p = 1 one proves the following two propositions:

1.6 Proposition: The functor O, sin : Vec, — Set possesses [, ;ip as left

adjoint. Oy, sin is premonadic and fails to be monadic. a

1.7 Proposition: Ban,, is a reflective subcategory of Vec,. The reflections mor-

phism is a dense embedding. d

1.8 Lemma: The canonical forgetful functor V : Vec, — Set (resp. V' :

Ban, — Set) has no left adjoint.

Proof: Assume, V : Ban, — Set has a left adjoint F : Set — Ban, with unit
n:Set — V o F. Define the mapping f : IN — V(IK) by f(n) := n|jnn(n)|| + 1
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(n € IN); here || || means the p-norm on F(IN). Then a simple computation leads
to a contradiction. o

The category Vec, has products, namly V= {v = (v)ic; € Xie/Vi |
sup{[lv:l| |¢ € I} < oo} for Vi € Vec, (i € I) with |[o]| := sup{||w;|| | ¢ € I}
for v €V, and equalizers hence it is complete. Ban, as a full, reflective subcat-
egory is also complete and products and equalizers in Ban,, are the same as in
Vec,. For categorical reasons the cocompleteness of Vec, and Ban,, results from
the completeness but for later applications the coproduct and the coequalizers in

Vec, and Ban, will be explicitly constructed now. O

Let (Vi)ier be a family of p-normed vector spaces and pﬁt Vo= {v = (v)ier
1

€ XieIVi[ |suppv| < 0o}. For v € V put ||vf| := (2 iesuppy 12illP)?. The mapping

pi 2 Vi — V is defined by (pi(z)); := = and (pi(z)); :=0for j #: (¢,5 € I).

1.9 Proposition: (V,u; : V; — V);er is a coproduct of (V;);er in Vec,.

Proof: V becomes a IK-vector space under pointwise addition and scalar-multipli-
cation. Furthermore, (V,]|]|) is a p-normed vector space. The mapping p; : V; —
V is IK-linear, injective and because of ||u;(z)|| = ||z|| a Vec,-morphism (i € I).
Let (f; : Vi — W);er be a family of Vec,-morphisms. A Vec,-morphism
f:V — W with fou; = f; (i € I)is uniquely determined, since for all v.€ V. v =
Y icsuppy Hi(:) holds. Define the mapping f : V — W by f(v) 1= ;e quppe filvi):
Obviously, f is IK-linear and f o u; = f; (¢ € I) is fulfilled. Because of || f(v)||? =
| Sicsupp FSEONP < Siconmpo 1P < Ticoumpo [0l = 0], £ is 2 Vecy
morphism. a

For Vec,-morphisms f,g:V — W define U := (f —g)(V), i.e. the closure of the
subspace (f — g)(V) of W and let = : W — W/U be the canonical projection.

Then we have the following

1.10 Proposition: 7 : W — W/U is a coequalizer of f and g in Vec,,.
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Proof: By 1.2, = : W — W/U is a Vec,-morphism. Obviously, o f = 7oy
holds and for every Vec,-morphism 7: W — Z with 7o f = 70 g the continuity
of T implies 7(U) = {0}. Consequently, the mapping ¢ : W/U — Z, defined
by o(w + U) := r(w) (w € W) is well defined. ¢ is a Vec,-morphism fulfilling

@ow =7 and is uniquely determined by this equation. a

Let (B;)ier be a family of p-Banach spaces and define B := {b = (bi)icr €
1

XierBi| Ticr 157 < 0}. For b € B put [|b]] == (Fies ||b:[P)?7. Define the map-

ping p; : B; — B by (ui(z)); := ¢ and (pi(z)); :=0for j # 1 (4,5 € I). Then we

have

1.11 Proposition: (B, u; : B; — B);er is a coproduct of (B;)ier in Ban,,.

Proof: Denote by C the coproduct of (B;);cr in Vec,. By [, = Q o l, 5, (where
@ : Vec, — Ban, is the completion functor (1.7)), B is the completion of C' in
Ban,. Now, by 1.7, we are finished. a

Let f,g: B — B’ be Ban,-morphisms and U := (f — g)(B). Then B'/U is com-

plete and one gets for the canonical projection « : B* — B'/U

1.12 Proposition: 7 : B — B'/U is a coequalizer of f and g in Ban,. o

1.13 Definition: For V, W ¢ Vec, (V,W € Ban,) put Hom(V.W):= {f: V —
W|f is IK-linear and bounded}. O

For V,W € Vec,, f € Hom(V,W) by definition ||f|] = inf{M > 0] ||f(2)]] <

M||z|] for all z € V} holds. Obviously, ( Hom(V, W), ||]) is canonically a p-normed
vector space. For B, B’ € Ban, by a straightforward computation ({4], 3.2.3)

(Hom(B,B'),]|| ||) is a p-Banach space. Here we have the following

1.14 Proposition: The functors Hom(—,—) : Vec, x Vec, — Vec, (resp.
Hom(-,—) : Ban, x Ban, — Ban,) are internal ([6], p. 637) with respect to
Op.fin : Vec, — Set (resp. O, : Ban, — Set). a
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A IK-bilinear mapping ¥ : VXW — Z (V,W, Z € Vec,) is called bounded if and
only if there exists a A > 0 with [|9((v,w))]] < Av||||w]] for all v € V, w € W.
In this case one puts ||¢|| := sup {WI veV, weW, |v||lw| # 0} , and
in case [|%|] < 1 ¥ is called a bilinear contraction. The following definition is the
natural generalization of the usual notation of the projective tensor product to the

case p < 1.

1.15 Definition: Let VW € Vec, (Bany,). A triple (E,® : VxW — E)is
called a projective tensor product of V and W in Vec, (Ban,), if £ € Vec,

(Ban,), ® : V X W — F is a bilinear contraction and for every bounded bilinear
mapping ¥ : V xW — Z (Z € Vec, (Ban,)) there exists a uniquely determined
bounded IK-linear mapping ¢ : E — Z with po® = 1. g

1.16 Proposition: Let V., W € Vec,. Then there exists a projective tensor prod-
uct of V and W in Vec, uniquely determined up to isomorphism, denoted by
V ® W. The functor — @ ~ is left adjoint to Hom(—, ).

Proof: For V,W € Vec, define a mapping 0 : V x W — [, s (V x W) by
o((v,w)) == |jv]| [jw]] 6 (v € V, w € W). Let U be the closed subspace of
Ly 1in(V X W) spanned by all elements o((v+v', w))=o((v, w))—0o((v', w)), o((v. w+
w)) — o((v. w)) - o((v, 0)), ol(aw, w)) — ao((v,w)), o(v.0w)) - ao((v.w))
(v.v' € V, w.w' € W, a € IK). By 1.2, the canonical projection 7 : I sin(V X
W) — Ly sin(V x W)/U is a Vecy-morphism. Put V@ W := I, 1;n(V x W)/U.
The mapping ® := 7 o ¢ is IK-bilinear and obviously a contraction. Now, by a

straightforward computation the assertion follows. O

For p-Banach spaces B and C put B&®C = Q(B Q C) (where @ is the com-
pletion functor). Let in : B® C — B@C be the isometric inclusion and put
T i=ino®:Bx(C — B&C'. Obviously we have

1.17 Proposition: For B,C € Ban,, (B&C,®) is a projective tensor product of
B and C in Ban,. The induced functor —®~ is left adjoint to Hom(—.—). i
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It is well known, that IK is a (single object) cogenerator in the categories Vec,
and Ban;. For p < 1, IK is not a cogenerator in Vec, (Ban,), which is shown by
the following example.

Let p < 1 and L,([0,1]) := {f : [0.1] — IK | f is Borel-measurable and
fo |f(2)|Pdz < co}. Obviously, under pointwise addition and scalar-multiplication,
L,([0,1])is a IK-vector subspace of IKI®1) and one defines My :={feLy(0,1])] f=
0 almost everywhere}. M, is a IK-vector subspace of L,([0,1]), and -one puts

L,([0,1]) := Ly([0,1])/M,. Let w : Ly([0.1]) — L£,([0.1]) be the canonical pro-
jection and define {|z(f)|| := (fol |f(2)|P dm); (f € Lp([0.1])). Then one has

1.18 Proposition ([5], p. 158): £,([0, 1]) is a p-Banach space and the zero mor-
phism is the only IK-linear continuous mapping £,([0.1]) — IK. - O

§2 p-Totally and p-Absolutely Convex Spaces

Put Q, := Op o [(IN) = {a = (as)ien € IKN | Y lai? < 1}. For a € Q, define
suppa := {1 € IN | @; # 0}. Finally, put Qp, sin := QOp.jin © lp.sin(IN) = {a €
Q, | |suppal < >}. By a routine computation one gets

2.1 Proposition: Let.a = ( 'g'),'ezN € Q, (R jin) 3 = (3 Vien € QL (25 5in)

(i € IN). Then (T, az,B) o € % (Qp.in) holds. 0
2.2 Definition: An Q,-algebraisaset X together with a map 2, — Set(X N X ),
a— ay {(a € 1,). A morphism from the (2,-algebra X to the Q,-algebra ¥’

a set mapping f : X — Y satisfying for anyv a € Q,; foay = ay o fN. where
N XN yIN s defined componentwise.

Obviously, the Q,-algebras together with their morphisms form a category. the

composition of the morphisms being the set-theoretical one. a

2.3 Definition: (i) For an Q,-algebra X. a € Q,. 2 := (2;);en € X one defines
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20z = ax(z).
 (ii) Put 87 := (6])iem € KN, where §7 is the Kronecker-symbol, i.e. 6! =1and
& =0for j#1i(i,7 € IN). ]

2.4 Definition (cf. [8], 2.2): (i) An Q,-algebra (X, (ax,a € Q,)) is called a p-

totally convex space if and only if X # ) and the following two axioms are satisfied:

(TC,1) For all (z;)iem € XN, 5 €N, Eéfrl = z; holds.
(TC,2) Forall o, € Q, (s € IN), (z;)iem € X,

2 (Z ﬂjxj) =) <E ai5§> z; holds.
: j i\

(i) The full subcategory of the category of Q,-algebras which is determined by

all p-totally convex spaces is denoted by TC,. a .

If D:=(X,(ax,a € Q,))is a p-totally convex space. then we write z € D instead
of z € X and D € TC, instead of (X, (ax,a € Q,)) € ObTC,. m]

2.5 Proposition: In a p-totally convex space D, the following computational
rules are valid: (i) Let a € Q, and let T be a set with suppa C T': then for all
z = (2:)iem, ¥ = (yi)ien € DV with 2; =y (€ T) Tiaizy = 3 00y

(ii) Let » : IN — IN be a permutation. @ € Q, and 2 = (2:);ey € D'N: then
LT = )i Gl Te(i) -

(iii) For 0 = (0);emw € Q, 0p := 3_; 02; does not depend on (z;);en € D™.

(iv) Forall a € Q, 3_; a;0p = 0p holds.

(v) For z := (2;)ien € D™ put suppz := {1 € IN | z; # 0} and let T be a set
with suppz C T.If for @, 3 € Qp, a; = 3; for all i € T. then J_; a;z; = 1, Fiw;.

(vi) Let ¢ : IN — IN be an injective mapping. a.3 € Q, with a; = Bx
(k€ IN)and 3; = 0 (¢ € »(IN)). Then for all 2.y € D™ with x;y = yx (k € IN)
S8 = 3, azyi holds.

(vii) Let ¢ : IN — IN x IN be a bijective mapping with the components
21,0 ¢ IN — IN, Le. o(n) = (¢1(n),e2(n)) (n € IN); then for all a.F € Q,.
.. i s1(n}\ | e1(n)
et € D (i, €IN) Y e (Zj 5jfvj) = Zn (%(n)ﬁz(:)) T enin):
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(viii) For 0,8 € Q,, 2% € D (i,j € N) T4 (T, 8525) = ;85 (= v
holds.

Proof: The proof of (i)-(vii) is similar to (8], 2.4, resp. [11], 7.1. For the proof of
(viii) put 8* := 3 (i € IN) in (vii). Then we get

Zai (Z 51533) = Z (awl(n)ﬂwz(n}) m:igi;
i J

= 2 (Bamanm) 200 = 26 (Z aiwj’) |
n J t

]

2.6 Definition: Put Qp,ﬁ'n = {a € Q, | |suppa| < o}. Replacing Q, by Qp zx
in 2.2 one gets the category of §, sr-algebras. An Q, 5,-algebra X is called a
p-absolutely convex space if and only if X # 0 holds and in 2.4 (TC,1) and
the restriction of (TC,2) to a,B" € Qupn (i € IN)'is valid. AC, denotes the
full subcategory of the category of §, s,-algebras which is determined by all p-

absolutely convex spaces. =

2.7 Remark: The statements in 2.5 by restriction of Q, to Q, 5, are also valid

for p-absolutely convex spaces. o

2.8 Definition: Let D € TC,(AC,), z = (2;)iemw € D™ and 8 = (8;)iemn € Qp
(p.fin) with suppg = {1}. Then one defines 512y :=3_; Jia;. O

By 2.8,on D € TC, (AC,) a Q(IK)-scalar-multiplication is defined. By 2.5 we
get easily the following

2.9 Proposition: Let D € TC, (AC;), a.3 € O(K). z € D, (7i)iem €
(p.5m) and (z;)iem € D'N. Then the following statements are valid:

(i) 1z = 2. (ii) @0p = Op. (ili) a(Fz) = (ad)z.

(iv) Tivie = (Zim)e - (v) Tilavidz = ol vizi) - O

As a category of equationally defined universal algebras over Set. TC, (AC,) is
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complete and cocomplete. Let D; € TC, (AC,) (i € I). On the cartesian product
XierD; a TC, (AC,)-structure is defined componentwise. This TC, (AC,)-
space is denoted by [],c; D; and together with the canonical projections 7; :
[lic; Di — Dj; (j € I) this yields the product (ILier Dis 75 : Ties Di — D;)jer
of the family (D;)ser in TC, (AGC,).

In particular, for D € TC, (AC,) the cartesian power DN := [Lien D is a
p-totally (p-absolutely) convex space and we have the following

2.10 Proposition: For D € TC, (AC,) and a € Q, (2 4.) the mapping ap :
DN — DisaTC, (AC,)-morphism.

' 7
Proof: Let 3 € Q, (£p,n) and (xl‘) keIN

@D (Zj B; ((zi)kg@) =ap ((Zj 51'”3?;),:6“) =20 (Zj 5:‘3«{)
=3;0; (Zi aizf) =3, Biep ((Zi) kew) follows. -

€ DN (j € IN). Then by 2.5 (viii)

2.11 Lemma: For 0 < s < p, TC, (AC,) is a subcategory of TC, (AC;).

Proof: This is a consequence of Q5 C 2, (s.n C Qp fin)- a

§3 The Comparison Functor and the Tensor Product

For a p-normed vector space V and a € §, 5, one defines A0, (V) Op.fin(V)'N
— Op.pn(V) by ao,,y,,-n(V)((zi)ielN) =y 02 (z € Opfin(V),7 € IN). This
equips Oy, (V) with the structure of a p-absolutely convex space denoted by
6p’ﬁn(V). Obviously, the restrictions of Vec,-morphisms are AC,-morphisms
of the associated p-absolutely convex spaces, hence we have a functor (), 4, :
Vec, — AQC,. Similarly, if B is a p-Banach space and @ € ,, the mapping
ao,(8) + Op(B)Y — Op(B) is defined by ag,z)((z:)ien) = T awi(2: €
Op(B), i € IN). This yields a p-totally convex space O,(B) and hence a functor
6;, : Ban, — TC,,.
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In a category K of commutative equationally defined universal algebras one
knows ({7], p. 179) that the forgetful functor U : K — Set possesses a left ad-
joint. This left adjoint of the forgetful functor U, : TC, — Set (resp. Up sn :
AC, — Set) will now be constructed explicitly.

3.1 Proposition: The forgetful functor U, : TC, — Set (resp. Up 5, : AC, —
Set) has 6;; o [, (resp. 6p,ﬁn ol fn) as a left adjoint.

Proof: Let X be aset, F := Gpolp and define the mapping nx : X — U, 0 F(X)
by nx(z):= 6% (z € X). Let f : X — Up(D) (D € TC,) be a set mapping. Be-
cause of g = 37 ¢ upp o 9(2)6% (9 € F(X)) (supp g is countable and can therefore
be imbedded into IN) a TC,-morphism ¢ : F(X) — D with Uy(p)onx = f is
uniquely determined by ¢(6%) = f(z) (z € X). Taking this as a definition one gets
the mapping ¢ : F(X) — D with ©(g) := ¥ zesupp o 9(2) f(2) (9 € F(X)). 0(g) is
well defined, since the definiton of ¢(g) does not depend on the chosen imbedding
of supp g into IN, (cf. 2.5). Let o € Qp, g; € F(X) (2 € IN) and let S be a countable
set with ;e suppgi C S5 and S — IN be an imbedding of § into IN. Then
o (s cig0) = 9 (5s 0 (Taes 0:(2)6%)) = ¢(Taes (T aigi(2))6)

= Tres (Ti igi(@)) fla) = 3 i (Tees 0:(2)f(2)) = T o 0(gi) follows. Ob-
viously, the equation U,(¢) o nx = f is fulfilled and F'is a left adjoint. The proof

in the finitary case is analogous. o

Similar to 1.4, one gets for the counit ¢ : GpolpoUp — TC, (resp. < : Gp.ﬁnolp’ﬁno
Up,fin —= AC,) of the adjunction (U,, 0,00, £, 1) (tesp. (Up fins Op fin ©lp.fins €. 7))
ep(6*) =z (z € D), D € TC, (resp. D € AC,) and cp (D € TC,) (resp.
D € AC,) is uniquely determined by this equations. a

A well-known result about categories of equationally defined universal algebras
over Set ([7], p.179) implies that the forgetful functor U, : TC, — Set resp.
Uppin : AC, — Set is monadic. O

3.2 Corollary: The forgetful functor G, : TC, — AC, has a left adjoint.
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Proof: By 3.1, the forgetful functors U, : TC, — Set and Uy s, : AC, — Set
possess a left adjoint. Obviously, U, = U, £,0G, holds. The category TC, possesses
coequalizers and the counit ¢ of the adjunction (U, fa, 6p,ﬁnolp,ﬁn, €,7)1s pointwise

a regular epimorphism and our assertion follows. O

3.3 Theorem: (i) U, : TC, — Set is the Eilenberg-Moore category of O, :
Ban, — Set with 6;; : Ban, — TC, the comparison functor. 6;; is full and
faithful.

(i) Upfin : AC, — Set is the Eilenberg-Moore category of O, 4, : Vec, —
AC, with 6p,ﬁn : Vec, — AC, the comparison functor. 6p’ﬁn is full and
faithful.

Proof: (i) By 1.4, I, : Set — Ban, is left adjoint to O, with unit nx : X —
Op o (X)), nx(z) = 6% (z € X, X € Set), and counit ep : I, 0 Op(B) — B,
uniquely determined by (%) = z (z € Op(B), B € Ban,). By 3.1, 6;, oly
Set — TC, is left adjoint to U, with unit ny (X € Set) and counit &} :
6;; 0lp 0 Up(D) — D, uniquely determined by ¢(6%) = z (z € D, D € TC,).
Because of U, o 6;7 = (O, a routine calculation shows that the monads of these
adjunctions are equal ([10], 2.4). By 1.4 we are finished. The proof of (ii) is similar.
a

3.4 Proposition: For the forgetful functors U, : TC, — Set (resp. Uy 4, :
AC, — Set) U, ~ TC,(O,(IK),~) (resp. Upin = AC,(O, jin(IK). =) holds,
in particular 6P(IK) (resp. O\p,ﬁn(lK)) is a generator in TC, (AC,).

—

Proof: For D € TC, define the mapping pp : Up(D) — TC,(O,(IK). D) by
pp(z)(a) == az (z € Uy(D), a € 6;,(”0)- Obviously, this defines a bijective

natural transformation. The proof for U, s, is similar. o

Let C.D € TC, (AG,), ¢ € TCy(C, D) (AC,(C. D)) (i € IN) and a € Q, (2 fin)-
Define the mapping 3, a;5 : C — D by (1; aui) (2) 1= 1, aui(z) (2 € C).
Then (cf. 2.10, [6], p. 640) we have the
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3.5 Proposition: With the above definition TC,(C, D) (AC,(C, D))is a p-totally
(p-absolutely) convex subspace of DYP(€) (DUp.sin()), 0

3.6 Definition: (i) For C,D € TC, the above p-totally convex space with un-
derlying set TC,(C, D) is denoted by Hom,(C. D).

(if) For TC,-morphisms g : ' — C, h: D — D’ oﬁe‘deﬁnes the map-
ping Hom,(g,h) : Hom,(C,D) — Hom,(C',D") by Hom,(g,h)(f):=ho fog
(f € Hom,(C. D)). : O

Obviously, Hom,(g, h)in 3.6(i1) is a TC,-morphism. Hom, g,(C, D) for p-absolutely
convex spaces C, D and Hom,, 4,(g, h) for ACp-morphisms g : ¢/ — C.h: D —

D’ is defined as in the infinitary case. Now we have

3.7 Proposition: Hom,(—,-) : TC, x TC, — TC, and Homy f,(—,—) :
AC, x AC, — AC, are internal Hom-functors (in the sense of [6], p. 637) for
TC, and AC,. ' 0

From 2.10 and [6], p. 640 one gets the following

3.8 Proposition: TC, (resp. AC,) is an autonomous category in the sense of
Linton, i.e. possesses a tensor product, which. together with coherence morphisms
turns it into a symmetric monoidal closed category. The induced functor — & —:
TC,xTC, — TC, (resp. —2— : AC, x AC, — AC,) is a left adjoint of the
internal Hom-functor Homp(——, -): TC, x TC, — TC, (resp. Homyp gu{—. =) :
AC,x AC, — AC,). O

§4 Congruence Relations

4.1 Definition: Let D € TC, and “~" an equivalence relation on D. Then “~"
1s called a congruence relation if and only if for all a;,0; € D (i € IN). a € Q,.
ai ~ b; (¢ € IN)implies 3~ a;a; ~ 3_, a;b;. Congruence relations in AC,, are defined
analogously. i
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Obviously, for D € TC, (AC,) and a congruence relation “~” on D the quotient
D/~ possesses a uniquely structure as p-totally (p-absolutely) convex space such
that the canonical projection 7 : D — D/~ is a TC,, (AC,)-morphism. d

4.2 Definition: Let D € AC,. The mapping || [[p : D — IR is defined as a -
Minkowski-functional by ||z||p := inf{|]A] | A € O(IK) and z = Ay} (z € D).

Often one writes simply ||z|| instead of ||z]|p. ]

4.3 Proposition: Let D € AC,. Then one has
(1) For every z € D ||z|| = inf{) € [0, 1] | there exists y € D with z = Ay}.
(ii) For each AC,-morphism f:C — D, ||f(z)|lp < ||z|lc, = € C, holds.
(iii) If “~” is a congruence relation on D and # : D — D/~ the canonical

projection, then ||7r(y)||D/;v = mnf{||zllp | 7(z) = r(y)} (y € D).

Proof: (i) follows from Ay = |}| (ﬁ y), ye D. Ae O(IK)\ {0} and (ii) is trivial.

(iii) Let y € D and define v := inf{||z|lp | #(2) = 7(y)}. From (ii) we get
lm()ll < 7. Let A € [0,1], 2’ € D with xn(y) = Ax(z') = 7(Az’). This implies
v < A, thus v < ||7(y)l], and we are finished. O

4.4 Lemma: Let D € TC, (AC,) and z € D. Then [jz|| = inf{llal| | @ €
Qp (Qp fin) and there are z; € D (i € IN) with o = >, a;z;} holds.

Proof: Obviously, the assertion holds for x = 0. In case @ # 0 let 2; € D (i € IN).
a € Q, (R fin) With 2 = ¥; ajz;. This implies [af| > 0 and y := 3, “%"“;vi is well

defined. From z = ||a||y the assertion follows. =

4.5 Proposition (cf. [8], 6.2): For all D € TC, (AC,), a € Q, (R fin). vi € D
(1€ IN) [| s oswillP < 3 felPlla|[” holds.

Proof: Let ¢ > 0. Then there exist A; € [0,1]. 3 € D with 2; = Asy; and ;] <
N < minlad] + <5.1) (0 € IN). 44 vields |5, asmllP = [T: as(Aoll

1

IS: laduillP < T lachil? < T lel? (el +27) < T laal? sl +2) =
< (T laalPllaiffP) + <. .
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4.6 Proposition (cf. [8], 6.5): For a family (D;);csr of p-totally (p-absolutely)
convex spaces and z = (z;)ies € [Tics Dis [[(z:)ictl] = sup{{|zi|| | ¢ € I} holds.

Proof: Define ¢ := sup{||z;|| | i € I}. It follows immediately from 4.3(ii) that
o < ||(zi)ierl]. On the other hand let us assume that there exists a A with o < A <
||z||. Then there are y; € D; with z; = Ay; (i € I), implying = = A(y;)ies. This
contradicts A < ||z|| and we get ||z|| = sup{||z:]| | i € I}. oo

4.7 Definition: For an AC,-morphism f : C — D one puts ||f||s := inf{) €
(0,11 | | f(2)ll < Aa for all = € C}. 0

4.8 Proposition: If f : C — D is an AC,-morphism then the following state-
ments are hold: (i) || f(z)]] < | fllsllz|| for every z € C.

(i) I1£1ls = sup{ll f()l| | = € C}.

(iii) If there exists zo € C with |jzo|] # 0, then | flls = .sup{”{—'gj—,m |z eC
with [|z]| # 0}.

Proof: (i) This follows from 4.7.

(i1) Put o := sup{||f(z)|| | = € C}. Because of ||z}| < 1 (z € C) (i) implies
o < |[fll.- For all 2,y € C, A € [0.1], = = Ay implies [|f(a)]| = [If(w)]l =
WIS MW < A This leads to [1f(2)]| < ozl (= € C), thus [|flls < o
and finally [Ifll, = o = sup{|f(=)l| | = € C}.

(iii) Because of the assumption, ¢ := sup {ﬂllll(rfﬁﬂ | @ € C with ||z|] # O} is well
defined. From (i) we get o < ||f]|s, and from the definition of ¢ ||f(2)] < oflz||
(z € C with ||z]| # 0). This is also true for x € C with |j2|] = 0 (4.3(ii)) and
implies |f[ls < o, thus [|f|l, = sup { MM | o € € with [|a]} # 0}. o
4.9 Definition: For 0 < v < 1 one defines O7(IK) := {8 € O(IK) | |3] < v} and
(O)V(IK) = {8 €K ||B] <~}. For ¥ = 1 one simply writes O(IK) (CO)(lK)) instead

o}

of O'(IK) (OY(IK)). C

In the category AC (and TC) the following central theorem is valid: Let D € AC

and “~7 a congruence relation on D. Then. for 2.y € D. §:= {a € O(K) | az ~
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ay} equals {0}, O (IK) or O(IK) ([8], 4.1, and [3], 1.1). Furthermore, for z, y, z € D,
M:={a€0,1]|az+(1-a)z ~ ay+ (1 — a)z} equals {0}, [0,1[ or [0, 1] (2],
1.5). The following theorem generalizes this result to the case p < 1. a

4.10 Theorem: Let p < 1, D € AC, and “~” a congruence relation on D. Then
forall z,y,2 € D, 0,7,7€]0,1], zo, Y0, 20 € D with z = oz, y = Typ and z = vz,
and for every a €]0, 1{ with az ~ ay, one puts

S = {B€0,1]|Brz+(1—p)rz ~ Bry+ (1 —F)Fz) and has:

) B -
(i) For v < 1 < 075 + 7107 0, 45 l_zl_p CS.
(al—P+'rl—P) —P

(ii) For oTF 47T <1 §= [0,1] holds, in particular z ~ y.

Proof: Obviously, one has 0 € S. For 0 < 8 < 1 and all : with 0 < ¢ <
min {1, a'lﬁ%} a mapping f.g : [Ea,ﬁi] — IR is defined by f; g(t) := ((¢t —
ca)olP + (87 — )r)P + & + (1= B)7° (t € [ca,B7]). fus is differentiable in
]Ea,[)’%{ with f 5(t) = p ((t —ca)P~lo? — (ﬂ% - t)p‘lrp> (t € ]aa,ﬁ%] ). For
5 = (ﬁ%crl{_x’ +EaT-1{_P) (UTE—P+TT;LP)‘1, ca <t < ,515 follows and an elementary
computation shows f] 5(t) > 0if and only if ¢ < 25, and f, 5(t) < Oif and only if ¢ >
th (ca<t< [31]?) Since f; g is continuous in s and 5%, Je.5 has an absolute maxi-

1-p
mum in t§. This leads to lim.—~o fc 5(1§) = B (Ul_% + TTE_P) 7 + (1=3)7?. Hence

P 2 _\1-p
lim. o fe3(t§) < 1is equivalent with 3 (al-P + TI-P> - 1-'7’) < 1—=+P.Con-

sequently, in (1) lim._o fe3(25) < 1 is equivalent with

3 < (1= 71’)((01{7 + Tl‘%)l_p — 9P)7!, and using the assumption in (ii)
lim.—o fes(t§) < 1 is fulfilled for all 3 €]0, 1]. .

Hence, for every 3 €]0,1] with lim._p fe5(t5) < 1 there exists an ¢p with
0 < g < min{l, a"lﬁ%}, such that for all ¢ €]0.50), t € [sa.J%], fes(t) <
fes(t§) < 1 holds. Put M := {\ € [0.8%] | (87 0)zo + ((1 - ;3)%7) 20 ~ (A0 )zo +
((,«3% ~A) ) wt((1- 5)‘57) 20}, M is well-defined, since (57 o)+ (- ;3)%7)”
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= BoP + (1 - 8)9? < 1 (and (ﬁpr)p + ( - 3 515 ) < 1) holds, and for all

€ |0, (Ao)? + (( ? —/\> T) + (1 - 8)v? < 1. This can be seen as fol-

lows: For A = ﬂp it was shown above. For A € M with A < ,B% there exists
1 1

an ¢ €)0,¢0] with t := A4+ ca < BP. For A = t —ca, t € [ga, (7], we get
1 2 1 p

(ol +((87 = A) 1) +(1-8)177 = (t-ca)o P+ ((87 —t) 7+ car) +(1-53)7?

<((t-ea)o)P+ ((ﬁ% - t) T>p+€p+(l — B = fo5(t) < fep(t5) < 1. For every

A € M\ {0} there exists an e €]0,50) with 3o < A. For all ¢ 6]0,‘51] poi=

A—ceae[0,A[ holds. If A e M\ {0} and €;,¢, i are as above, the following terms

are well-defined because M is well-defined. Then we have

(ho)zo + ((ﬁ’% —u) ,—) Yo + ((1 - ﬁ)év) 20

(po)zo + ((515 - /\> T +£a7') Yo + <'1 - ;‘3)157) 0
(po)zo + ((5]5 - /\> )yo+£(a Tyo)) + ( l—ﬂ)zl? ):
~ (uo)zo + ((ﬂ% )T) Yo + e(a(oxo)) + ((1 - d)w):
(wo)zo+ (67 = X) 7) vo + (sa)z0 + (1= )77 =0
(Ao)zo+( (87 = ) 7) s+ (1= 9)77) 2

~ (,6?1;0).?0 + ((1- ,3));77) zo. This implies p € M. thus [A — z;a. A] C 3. Obvi-
ously, ﬁi € M \ {0} holds. Thus there exists an &; €]0,0] with 3 - s1a > 0.
By the above equations, this imphes 3% — ngsya € M. where ng := max{n €
IN ] BP —neya > 0}. Because of BP —(no+1)s1a < 0 there exists an e 2 €10.29] with
(BP —nogla)-—sza = 0. Again the above equatlons vield 0 = 377 —ngs1a) =20 €
M because of 5;7 - nos1 € M\ {0}. One has jPI +(1- 5)P~ = (.’3 >.7:0 +
((‘1 - /3)57> zp ~ <{)’57> Yo + <(1 - /3)?7) = .3Py +(1- 3)?:. le. 7€ 5. and

we are finished. d

4.11 Corollary: If p < 1. D € AC,, and “~" Is a congruence relation on D. then
for z,y,z € D and 0 < a < 1 with az ~ ay one defines

= {B€(0.1]|B7a+(1~d)pz ~ Fpy+(1~-5)7z). Then:
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(i) For flz]| < 1 < |[2]|™5 + |[y|| >

Ll

’ - S hOldS.
2 2 \1-p
(l175 + 19li7%) ™" ~ )1

(ii) From ||1||1"§? + |[y[|1—£5 <1, §=10,1] follows, in particular = ~ y.

Proof: (i) There exist 0, n, 72 €]0,1], T, Yn, 2n € D With 2 = 0,Zn. Y = T Yns
B N

2= Yn2n, 1 <0 P + 7P, 7, < 1 (n € IN) and limp—qo 0, = lzl|, bmp— oo Tn =

ly]l and Bm,—co ¥ = [|z]|- Because of 4.10(i), for all 7 € IN

P .
0, e C S holds and the assertion follows.
<GF+T§__”) -k .

(ii) There exist o, 7,7 €]0, 1], To,Y0,20 € D with ¢ = 0zg, y = Tyo. = = vz and
2 .
ol-7 + T < 1, and the assertion is implied by 4.10(ii). » m|

In the continuation of this paper it will be shown that the result obtained in 4.11(i)
for the set S is the best possible one; furthermore it will be proved that in the
remaining cases i.e. [[z]| = 1 < {[2][T=* + ||y{[T-7 “no further statement™ about the

set S can be made. - d

4.12 Corollary: If “~7” is a congruence relation on D. D € AC,, p < 1. and if one

defines § := {a € O(IK) | az ~ ay} for z,y € D. then § = {0} or the following

statements are fulfilled: . i
(1)1 < Jlel| ™ +|lyl| ™% implies O%(IK) C §for J; = (||| + |yi™F ) *

(ii) |z = + lyl|T5F < 1 implies § = O(IK). in particular z ~ y.

Proof: (i) Put z := 0 in 4.11 and notice that az ~ ay (a € O(IK}) implies
Bz ~ By for all 3 € O(IK) with |3| = a. 0
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4.13 Corollary: If D € AC,, p < 1 and S are as in 4.12, then § = {0} or
O=#(IK) C § (where w, = (3)7 1),

Proof: Puto:=1,7:=1,v:=0,20:=z, %0 := ¥, 2 := 0, 20 := 0 in 4.10. In the

same way as in 4.12 one gets the assertion. a

4.14 Corollary: If “~” is a congruence relation on D € AC,, then for 2,y € D
with [Je]l, [3l] < wp, az ~ ay (a € O(K)\ {0}) implies z ~ .

Proof: There exist o €]0,wp[, T,y € D with z = 0z¢ and y = oyo. Put § :=
{8 € O(IK) | Bzo ~ Byo}. ao € S implies § # {0}. By 4.13, resp. [8], 4.1, 0 € §
holds, thus z = ozg ~ oy = ¥. a

4.15 Theorem (cf. [8], 6.9): For z € D, D € TC,, |jz|| = 0 implies z = 0.

Proof: For p = 1 the assertion is proved in [8]. 6.9. Let p < 1. If ||z{| = 0, define
e (l); (n € INg). Then &, €]0,1] (n € INg), 2502, ¢h ., <302 ¢2 =1, and

2 n=1>n

D DS < 1 follow. Because of liz]| = O there exist y, € D with 2 = c,yn,

Mm

1 1
ayn = a ((%) g ynH) = (1)7 (ayn41) (n € INg) . Then for = := T, fns1yari.
one has

L
in particular €,Y¥, = ¢n41Yn+1 = €n ((%)p yn+1> (n € INg). For o := “’T” we get

ar = a(Szyo)+a<an+zyn> = o(az)+ ) cnpqalayn)

n=1

1

= g(az)+ ) fan <<§>p (a'yn)) = so(az)+ ) fnrrlayn_y)
n=1

= O.‘(EQ.’C)-{-O: (Z sn+1yn_1) = a{st)+ az.

n=1

' L
This implies 0 = a(a(ssz)+az)—alaz) = o’z = a'sz(ajyo) = a¢cs <a- (%) F g1> =

)

(% (8)) . B2 = (1)

4.16 Remark: In order 1o see that 4.15 is false for D € AC,, take an arbitrary
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IK-vector space V' # {0}. V has a canonical structure of a p-absolutely convex

space and one has ||z|| = 0 for any z € V. o

4.17 Theorem: For D € AC, and z € D the following statements hold:

(i) §:= {a € O(IK) | ||az]| = 0} equals {0}, (o)(lK) or Q(IK). In case ||z]] < 1
5 #COD(IK)

(ii) = {f € O(IK) | Bz = 0} equals {0} Q(IK or Q(IK). In case ||z]| < 1
M #O(IK)

Proof: For p = 1 the assertions in (i) and (ii) are proved in (8], 4.1, 6.10 resp. are
a direct consequence of this.

(i) For p < 1 assume S # {0}. For @ € 5\ {0} and 3 EO(IK) there exists an
=

B
g0 €]0,1[ with |8] < (1 + 50"’> . Since ||az|| = 0, for € €]0,¢0] there exists a
Ye € D with az = (ag)y. = a(ey.), hence |a|z = |a|(cy:). Putting z := 0, z5:= 0,
y:=0,0:=1,20:= 2, ¥ 1= €Y, Yo := Ye, T := &, in 4.10, one gets |5|z = |5|(cy.)

£ p—px- p=i

because of [a] € §\ {0} and |5] < (1 +e5” ”) < (1 + sl—P> ? from 4.10 (i) or
(ii). This leads to B8z = B(cy.) = €(By.) (¢ €]0.20)). thus ||fz{| = Oi.e. Q (IKy c S.
If there exists a v € S with |y| = 1, one gets easily 5 = O(IK). Thus 5 is O (IK)

or O(IK).
In case ||z]] < 1 there exists a 0 €]0.1[. 2o € D with @ = oxo. Put §' :=
{7 € O(IK) | |Irzo|| = 0}. Because of ||(ao)zofl = [|az|| = 0 and ac # 0 we have

S’ £ {0}. This implies O)(IK) C &, i.e. o € 5’ and leads to [|2]| = [[ozo]| = O resp.
1 € 5, implying 5 = O(IK).

(ii) For p < 1 assume M # {0}. Put y := 0 in 4.12. In case ||zl = 1 4.12 (i)
vields (o)(IK) C M. and M = Q(IK) otherwise (4.12 (ii)). If there exists a v € 3}
with |y| = 1. in case [|z|| = 1 M = Q(IK) foliows immediately. Thus W/ = Co)(lK)
or O(IK) holds. 4 o
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p-Banach Spaces and p-Totally Convex Spaces IT
Ralf Kemper

Introduction

In [7] and [8] Pumpliin and R&hrl introduced the category TC (resp.
TCp,) of (finitely) totally convex (t.c.) spaces, which are the Eilenberg-
Moore algebras of the monad induced by the unit ball functor from the cate-
gory of Banach spaces (resp. normed vector spaces) with linear contractions
to the category of sets. In accordance with [1] we use the term “absolutely
convex” (a.c.) for the spaces Pumpliin and R&hrl call “finitely totally convex”;
AC denotes the category of absolutely convex spaces.

In [4] the categories TC, of p-totally convex and AC, of p-absolutely
convex spaces are introduced and investigated (0 < p < 1). The notion of p-
absolutely convex spaces is a generalization of p-absolutely convex subsets of
IK-vector spaces and p-totally convex spaces are a generalization of p-totally
convex subsets of topological IK-vector spaces, IK = IR, C.

For p = 1, TC, and AC, coincide with the categories TC and AC
and the results proved by Pumpliin and Réhrl in [7], §1-8§3, are contained
in [4]. Furthermore, a generalization of the central Theorem 4.1 in [7] for
p-absolutely (resp. p-totally) convex spaces, p < 1, is proved in [4], 4.11.

In the present paper it is shown that this generalization i.e. the results
4.11—4.14 in [4] are the best possible in case p < 1. Furthermore, the re-
sults proved by Pumpliin and Rohrl in [7], §4 and §5, are generalized to
p < 1, especially the left adjoints S, and S, s, of the comparison functors

Gp : Ban, — TC,; and Gp,ﬁn : Vec, — AC, are explicitely constructed. O

For a p-absolutely convex space D a so-called “p-norm” || || : D — IR is

defined by the Minkowski-functional ||zl := inf{[A] [A € O(IK) and there is
y € D with z = Ay} ([4], 4.2). Let “~” be a congruence relation on D € TC,

(resp. D € AC,),2,¥,2,%0, Yo, 20 € D,0,7,7 € ]0,1] with ¢ = 070,y = T30
and z = vz,. If there is an « € ]0,1[ with az ~ ay, then for

§:={B€0,1]|f5z+ (1 - B)>z ~ Boy + (1 — B)>z}
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in case p < 1 we have the following central result ([4], 4.11):

(i) If ||2)) <1 < ||2]|™ + |ly||™*, then

[0 1— =l [C s
’ P 2 \17P ’
(121175 + w1175) "~ =l

(i) If ||z ™ + |ly)|T=F < 1, then S =0, 1].

In 4.22 it will be shown that [4], 4.11(i) is the best possible result. The
same holds for [4], 4.12(i), 4.13 and 4.14. For an absolutely convex space
D the set S := {B € [0,1]|Bz+ (1 — B)z ~ By + (1 — B)z} ([1], 1.5)
resp. S = {8 € Q(K)|Bz ~ By} ([7), 4.1) does not depend on the
(1-)norm of the elements. Contrary to this the p-norm plays an important
role for p < 1. One gets results for elements with “small” p-norm (4.14)
that correspond to the absolutely convex case ([2], 1.3, 1.5). If the p-norms
of z,y € D are “big” and ||z|| =1 (2 € D), it will be shown in 4.28 that

S:={B €0, 1]|,3%:c +(1- ﬂ)%z ~ ,B%y +(1- ﬂ)%z} is, for p < 1, neither
convex nor p-convex ([5], p.101). The following chapter about congruence
relations is the continuation of [4], §4. 0

84 Congruence Relations

4.18 Definition: Let IK := IR, p < 1, and e, e, e3 be the unit-vectors in IR3.
Define A := O, o l,({e1, e2,€3}) = {(z,9,2) € R%| |z|P + |y|P + |z? < 1}.
For p € R a relation “~” on the p-totally convex space A is defined in the
following way: For (zi,¥i,2:) € A (¢ = 1,2) (z1,y1,21) » (Z2,Y2,22) if and
only.if (z1,¥1,21) = (22, Y2, 22) or the following two conditions are satisfied:

(i) z1 = 22 and y1 + pz1 = Y2 + p22.

(i) For all A € [0,1]
|/\$1 + (1 - /\)$2|p + |/\y1 + (1 -— /\)yglp + I/\zl + (1 - /\)Zglp < 1 O
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4.19 Proposition: The above relation “»”(p € IR) is a congruence re-
lation on A, i.e. A, := A/~ is a p-totally convex space.

Proof: Put “~":=“~" for the sake of brevity. Obviously, “~” is refle-
xive and symmetric. Consider (z:,9i,z1) € A (1 = 1,2,3) with (z1,91,21) ~
(22,Y2,22) and (72,72, 22) ~ (23,Y3, 23). Without loss of generality one may
assume (1,Y1,21) # (T2,Y2,22) # (23,3, 23). (i) is trivially fulfilled. Next,
for A € [0,1], there exist n,m € IN with (n,m) = (1,2) or (n,m) = (2,3)
and Azy + (1 = AN)zz = az, + (1 — @)z, for some a € [0,1]. Because
of (i) there is a ¢ € IR with y; = —pz; + ¢ (z = 1,2,3), which implies
Ay1+(L=A)ys = A(=pz1+c)+ (1= A)(=pz3+c) = —p(Az; + (1 —ANz3)+c=
—p(azn+(1—a)zm)+c = a(—pzn+c)+(1—a)(—pm +c¢) = ayp+(1—a)yn.
This leads to [Azy + (1 — )z + [Ays + (1 — Nys|? + |Az + (1= X)zlP =
lazs + (1 ~ @)zml? + layn + (1 — @)ymlP + @z, + (1 — @)2m|P < 1, thus
“~7 is transitive. Let a € §,, (21,31, 21), (25, 3, 23) € A with (28,53, 2) ~
(zh,y5,25) (3 € IN). We may assume (z,yR, 20) £ (2, Y, 22) for some
20 € supp a. For X € [0, 1], (ii) yields

ATzt + (1= A) T auzblP + AT gyl + 1= asysl
+HA T izi + (1= X) s aszhP
< TilailP(IAzy + (1= N)zhP + Ay + (1 = NgilP + Az + (1 - X)24[P)

< ¥;|eiP < 1. Hence “~” is a congruence relation on A. O

4.20 Definition: If 7, : A — A, (p € IR) is the canonical projection one
simply writes (z,y, 2) := 7,((z, ¥, z)), if no misunderstandings are possible. O

4.21 Lemma: If p < 1, then, for all elements (z,y,0) € A with [z|F +
ly|P <1, there exist a,b € O(IR) with ab= 0 and (z,y,0) + (a,5,0).

Proof: Denote “3” by “~” and define the mappings ¢, : [0,1] — IR by
g(%) = Wlz+ly+ (1= N)oP and h(X) := Nyl + ]+ (1= Ayl (A € [0,1]).
In case z = 0 or y = 0 there is nothing to prove. So assume zy # 0. By 4.18,
(z,y,0) ~ (0,z +y,0) is equivalent with g(A) < 1 for all A € [0,1] and
(z,¥,0) ~ (z +y,0,0) is equivalent with h(X) < 1 for all X € [0,1].
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First, let 0 < z < y. g is differentiable in ]0, 1[ with g'(A) = p(A\*~1zP —
(y + (1 = X)z)*"'z). ¢'(A) = 0 is equivalent with A = =, From £ > 1,
g(0) = (z+y)P < zP+y? < 1 and ¢g(1) = «? + ¢ < 1 one concludes
g(A) <1 for A € [0,1], hence (z,y,0) ~ (0,z +y,0). If 0 < y < z one gets
h(A) <1 (X €[0,1)]), thus (z,y,0) ~ (£ +y,0,0) by a symmetry argument.

Consider now 0 < z and y < 0. In case £ +y < 0, for A € [0,1],
y+ (1 =Nz <0and ¢g'(A) = p(A 2P + (—(y + (1 — X)z))*"'z) > 0 holds.
Because of g(1) = z? + (—y)? < 1 and g(0) < 1, g(A) < 1 (A € [0,1])
follows, hence (z,y,0) ~ (0,z +y,0). f2+y > 0,0 < —y,—z < 0 and
(—y) + (—z) < 0 holds, and by symmetry one gets 2(A) < 1 (A € [0,1]), thus
(2,3,0) ~ (2 +,0,0).

Ifz<0<yandz+ty=>0, (z,y,O) = —(—x,—y,O) ~ _(07‘(i+y)70) =
(0,z +y,0) follows. Analogously, z +y < 0 yields (z,y,0) = —(—z,—y,0) ~
—(—(z +1y),0,0) = (z +y,0,0). The assertion in the last case, z < 0, y < 0,
follows immediately from the above considerations. A O

4.22 Theorem: For p < 1, 0 < y < 1,1 < r < 2, IK := IR define

il=p

o:=(5)7,z = o0&,y := o€z, z := 7&5 € A;. Then ||z = |ly|| = o,

Izl = 7, |lz]|=F + |ly| ™ = and for

S:={Be€[0,1)|frz + (1 - f)rz = Bry + (1 - f)rz}

1~ |l=|?

holds.
’ P P
(lz|™= + flyl|== )7 — ||2||

Proof: Put “~”:=“+" (4.18, 4.19). Obviously one has ||z|| < 7. Assume

that there exists an e W1th 0 < e < vyand z = ¢(a,b,c) ((a,b,¢) € Ar).
Then v = ec = €fc| < € follows (4.18), contradicting € < 1, i.e. ||z|| = 7. As

l|z]| < o, assume that there exists an € with 0 < € < ¢ and = = ¢(a, b, ¢).
Then ¢ = 0 because of 4.18. For any € € le,0, z = €(a,b,c) = €(5a,5b,0)
" and ||( 56,0)|| = [|5(a,5,0)}| < 5 < 1 follows.

By 4.21 there are a’ € OQ(IR) or ¥ € O(IR) with z = e’(a' 0,0) or z =
€(0,%,0). This impliesoc = €a’ = €|a'| <€ <ocoro =€t =€|p/| <€ <o
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and we get |z} = ¢ and similarly ||y|| = 0. If a := (%)%H and A € [0, 1],
(Aao)? + ((1 = Nao)? = oPoP(I? + (1 — A)P) < 2(3)PaPo? < 2oF < 1
holds, implying (as,0,0) = (0, ac,0), thus az = ay. 8 # 0,8 € S is equi-
valent to (870,0,(1 — B)57) ~ (0, 8%0,(1 — B)F+). Define f5 : [0,1] — IR
by fa(A) = BoP(X + (1 = A)P) + (1L — B)v* (A € [0,1], B € ]0,1]). Becau-
se of 4.18, B € S is equivalent to fz(A) < 1 for A € [0,1]. Hence 8 € §
implies fri~ + (1 — B)y" = Bo?(2(3)") + (1 — B)y* = fs(}) < 1. From .

H:v”fg? + ”y“TEF =9207F =7 > 1 and llz|l =~ < 1 we conclude 8 < ;;l_-;—z%
and by [4], 4.11(i) the assertion is proved. o

4.22 raises the question if any intervall [0, s[, for arbitrary 0 < s < 1,
appears as a S for a suitable D € AC,,. O

4.23 Definition: For p < 1,IK := IR,p € IR, the relation pon A (cf.
4.18) is defined by (21,¥1,21) 5 (Z2,y2,22) if and only if the following two-
conditions are fulfilled: (i) z; = 22 and y; + pz; = ¥2 + pz2.

(ii) For all A € [0,1]
[Azy + (1 = X)z2P + |Ayy + (1 — ,\)y2]P +Az1+ (1= Az < 1. |

Modifying the proof of 4.19, one easily gets the
4.24 Proposition: “4” (p € R) is a congruence relation on A. O

4.25 Lemma: If p < 1 then, for all (z,y,0) € A, there exist a,b € O(IR)
with ¢b =0 and (z,y,0) 4 (a,b,0).

Proof: Write “~”":= “,” consider the mappings g,k : [0,1] — IR defi-
ned in 4.21, and replace g(A) < 1 (resp. A(A) < 1) in the proof of 4.21 by
g(A) < 1 (resp. k(A) £ 1) and the assertion follows. O

Define B, := A/p (p € R), and let 7, : A — B, be the canonical pro-
jection. If no misunderstandings are possible one simply writes (z,y,2) :=
m,((2,9,2))- =
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4.26 Theorem: For p < 1,0 < vy < 1,1 < r £ 2, IK := IR define

1l=p

c:=(L)7,z := o€,y = o€,z := 7€ € By. Then |z]| = |y|| = o,
l=ll = 7, I2ll=7 + ly)| ™ = r and for

S:={B€[0,1)|fz + (1—B)rz = By + (1 — B)*z}

1— |l=]lP
S =10, —— —— holds.
(NzlI™= + llyl|=7)1=7 — [|=]l7

Proof: Write “~":= “4” for simplicity. The proof of the statements
izl = llyll = o, ||z]| = 7 is similar to the corresponding proof in 4.22. Also

ar = ay for o := (%)%H, follows as in 4.22. For 8 € ]0,1],8 € S is equiva-

lent to (,3'150, 0,(1- ,3)%7)~(0,,3%a, (1- ,3)%7) fs :[0,1] — IR is defined by
F5(3) 1= BoP( + (1= M) + (1 — ) (A € [0, 1], 8 €]0,1]).

Because of 4.23, 8 € S is equivalent to fg(A) < 1 for X € [0,1]. Hence, in
particuar 8 € S implies Bri~P+(1—B)7* = Bo?(2(3)P)+(1-B)7* = fs(3) <
1. From ||z||™> + |ly||™F = 2075 =r >1and |2 =7 < 1, B < 52

rl=p_—~P
follows. fo 1= 7525 yields fg(X) = fooP(W + (1 = AP) + (1 — fo}y” < 1

for each A € [0,1], hence B € S. This proves the assertion ([4], 4.11(1)). O

If D € TC,(AC,) and y € D one defines the mapping ¢, : D —
{0,1} (0 # 1) by ¢,(z) := 1 if there exist z € D, € ]0,1],7 € IK,|7] = 1,
with 7y = Brz + (1- ﬂ)%z, and 9 (z) := 0, otherwise (cf. [3], p.3185). A re-
lation “~” on D is defined by a ~ bif and only if a = b or ¥,(a) = 9,(b) = 0.

»

4.27 Proposition: The relation “~” is a congruence relation on D.

Proof: Obviously, “~” is an equivalence relation. Let a;, b; € D with
a; ~ b; (z € IN) and a € Q,(Qp.). If for all : € suppa a; = b;, then

Yiaiai = 3 ; o;b; holds. If there is an 29 € supp a with a;; # b;, assume
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¥y(Z; @ia;) = 1. Then there exist z € D, 8 €]0,1],v € K, |y| = 1 with

VY = ﬂ% Zaiai +(1- ﬂ)%z = (,B%Iaiop (%aio)_

o=

1 ﬂ%ai (1 - ﬁ)
(1 = Blog, P)F | Y ————ai+ ————2|.
(gﬁu—ﬂmun; u—ﬂwuﬂg)

(Here the bracket is to be read as one §2,(§2, 4.)-operation). This implies
z,by(%g—la,-o) = 1, thus ¢,(a;,) = 1, contradicting a;, ~ b;,,a:, # b;,. Hence,

necessarily 1,(3°; aia;) = 0 and, by symmetry, ¥, (3°; a;b;) = 0. This proves
Sy aa; ~ 5 a;b; and “~” is a congruence relation. a

4.28 Theorem: For p < 1 and M C [0,1[ with 0 € M there exist a p-
totally convex space C and z,y,z € C with ||z|| = ”:v“Tf_P —l—”y”ﬁ'_p = 1 (resp.
Izl = 1, |[=|| 7% +||y]| ™% = 2) such that for § := {8 € [0, 1]|8Fz+(1—B)7z =
ﬁ%y +(1- ﬁ)%z} S = M holds.

Proof: First let M # [0,1[. Define D := 6,, o 1,({(0,1),(1,0)}) and put
z := (1,0),y, := (0,v),z := (0,1) € D with v € {-1,0}. For « € M* :=

[0,1[ \M define c, := arz+ (1 —-a)%z. The relation “5” on D is defined by

a ~ bif and only if a = b or ., (a) = ., (b) = 0.

By 4.27, the relation ~:= (\,epe > is a congruence relation on D. Denote
D/~ by C and by [a] the set {b € D|a ~ b}(a € D). Because of M C ]0,1],
Ca = a3 + (1 = Q)32 $oy(2) = $ea(2) = 1 (@ € MO), |[2]| = |[]] = 1
and ||[z]|| = |[z]]| = 1 follows. From —c, = a¥(—1,0) + (1 — a)#(0,—1) and
Me C ]0,1] one gets .,((0,—1)) =1 (@ € M®), hence [[(0,—1)]| = 1 and
Ify=a]ll = I1[0,—1]|| = 1. This implies [|[]|| = ||[z]iI*=" + lll3oll|™ = 1 and

2
Ifell™ + lfy-]|™F =2. Put

S, = {B€[0,1]|85z + (1 — B)Pz ~ Bry, + (1 - B)?z}.

For all @ € M° th..(ca) = 1 holds, thus oz + (1 — @)%z = ca 7 (0,0).
For every f € M\{0} |,3%1/ + (1 - B)*1] < 1 holds, and ||c,|| = 1 implies
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(0,0) ~ (0,87v + (1 — B)?1) = Bry, + (1 — B)»z ([4], 4.5). This yields
MenS, = 0. Now let 3 € M\{0}. Assume that there exists an ag € M*° with
Veag (ﬂ%z +(1- ﬂ)%z) = 1. Then there are (r,s) € D,y € K with |y| =1
and € € |0,1] with

Yooy = €7 (B + (1 — B)72) + (1 — €)F(,5)
= ((eB)F + (1 — €)5r, (e(1 — B))7 + (1 — €)rs).

7] = 1, llcall = 1 implies ||7es || = 1, hence [r|P + [s|? = [|(r,s)][? = 1.
1

€ = 1 leads to vc,, = (ﬂ%,(l — ﬁ)%), hence yof = ﬂ% and v = 1, im-
plylng ap = 8 € M°N M = (. Therefore ¢ < 1 holds and one gets
1= |lyca, | = [(eB)7 +(1=)rP+[(e(1=8))7 +(1—)7sP < eB+(1=e)lr]"+
€(1—p)+(1—¢€)|s|? = 1, which impliesr = s = 0, contradicting [r|P+]|s|? = 1.
Therefore, for all @ € M°¢, § € M\{0} ¢ca(ﬂ%r+(1—ﬂ)1§z) = 0, consequent-
ly ,B%:c-’r(l—ﬁ)%z ~ (0,0) ~ ,B%y,,-’r(l——ﬂ)%z and B € S,. Obviously, 0 € S,
holds, and M C S, is proved. The assumption 1 € §,, i.e. ¢ ~ .y, implies
the contradiction (1,0) = z = y, = (0,7) because of Y., (z) =1 (a € M°).
Hence1 ¢ S, and S, = M (v = —1,0) in case M # [0,1[ holds.

For M = [0,1] define C := L ([7], p. 985), L the t.c. Linton space, and
put z:=1,z:="1,y:=0 € C (resp. z := 1,z := 1,y := —1 € C), and the
assertion is proved. |

4.29 Theorem: Let p < 1 and 1 < r < 2. Then there exist a real p-
totally convex space D, z,y € D with Hz”l{_? + ”y”l‘f_xa =7, (%)%z = (%)%y
and there are z, € D with ||z,)| = 1, such that for the sets S, := {8 €

[0,1}|8%z + (1 — B)?2zn = Bry + (1 — B)pza} Sn # {0}, (n € IN) , and
lim, . Sup S, = 0 holds.

Proof: Put ¢ := ( )1_;2 and D = A; € TC, (4.18, 4.19). Let z :=
o(1,0,0),y := 0(0,1,0) € A;. By 4.22, ||z|| = |ly|| = o, which implies
llz]| ™% + lyll™F = r. Let z € O(R) (2 = 1,2,3) with 0 < 21,20 < 0

and |21[P + |22|P + |25? = 1. Then we have z := (21, 23, 23) € A; and because

(1 )
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of [z] =1 (4.18) ||z|| = 1 holds. Let “~”:= “5” (4.18) and

§:={B€[0,1]|B%z + (1 - p)rz = By + (1 — f)5z}
= {80,187 + (1 = B3z, (1 - B)p 22, (1 — B)525)
~ (1~ B)Pas, 70 + (1= B)P 2, (1 = B)Fza)).
For every B 16 10,1] B € S is equivalent with the following condition (*)
because of 7o # 0: () For all A € [0, 1]

(1= N80 + (1= B)rarlP + [\Bro + (1 — B)p2af? + (1 — B)|zal” < 1.
First we assert S # {0}. For every A € [0,1] and 0 < 3, /\B%0+(1—‘—B)§z2 <0
is equivalent with X < A, where Jo := (1 ~1)712!. X > 1 holds if and only if

B < =P P |p+a,, For a fixed fp with 0 < Gy < a function ¢ : [0,1] — IR is

Y
2P +o?

defined by g(¢) = (1= 1)85o+(1— o)z )" + (= (¢85 +(1—Bo)322) ) +
(1 = Bo)lzs? (¢ € [0,1]). g is differentiable in ]0, 1[ with

p—1

9(t) = —pB5o(((1 - 0850 + (1 — o))

(= (1880 + 1= goba)) ).

Thus ¢'(t) < 0 for all ¢ € ]0,1] aﬁd g(0) = <B§;a + (1 - ﬂo)%h)p +(1 -

Bo)(|z2|P+|25]P) < Boo?+(1—Bo)AA+(L—Bo)(|z2P+|2s]") = Boo?+(1-Fo) < 1
holds implying 0 < g¢(t) < 1 for all ¢ € [0,1]. Thus B, fulfills (*) and

S # {0} follows. (1)%:1: = (1)1” <7%°:v+ (1 —7)19z) - (%)% <(1 —7)'15,2) =
(2 ) (7py+(1_7)% ) - (2)% ((1— o ) = ( )% (v € S\{0}) yields
(1)
(—[1; —1) & and s(z1) = 'ml'? Obviously, 0 < ¢’ holds and ¢’ < 1 is equi-
valent with s(z1) < B. Put 23 := —2z1 < 0. If B € S with s(z;1) < B, then

(2)” y because of [4], 414 Now, for B € 10,1 put ' := } +

-
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0 < t' < 1 follows and (*) is fulfilled for A = #'. 1 = 33, |z|? and 0 < z
imply |23] <1 <, hence 0 < #!~P — |23|? holds. Application of (*) to A = ¢/
leads to B < s(23) := rll—;_sz:p
B € S implies § < maz{s(z1),s(z3)}

Now, for every n € IN, we choose an element z, := (21,5, 22,0, 23n) € D
with 0 < 21, <1, 0 < 23, < 1, 20 = =210, Yooy |2in|P = 1; furthermore,
the sequences (21,)nen and (z3n)nen are supposed to be convergent with
limy, o0 21,n = 0 and limy, o 23, = 1. For the sets S, := {8 € [0,1]|ﬂ%:c +
(1—B)7 2, = Bry+(1—B)72,} we have S, # {0} (n € IN) and (})5z = (1)7y
holds. Because of lim, o0 21, = 0 and lim, o 23, = 1, limpe0 $(21,2) =0
and lim, . $(23,») = 0 follows. This leads to lim, .. maz{s(z1,),5(23,)} =
0. As seen above, 8 € S, implies § < maz{s(z1,),5(z3)} (n € IN) hence
we get lim,, ., sup S, = 0. O

by an elementary computation. Consequently,

Let (D;, || ||s)ier be a family of p-absolutely convex subspaces of D € AC,
and put C := ey D;. In case p = 1 ||z|lc = sup{||z]|:}¢ € I} bholds for all
z € C ([7], 6.6). For p <1 one has the following

4.30 Proposition: For p < 1 sup{|lz|;|l¢ € I} < |lz]lc (z € C) holds,
but in general (for IK := IR) sup{||z||;|¢ € I} # ||z]|c for some z € C.

Proof: Let in; : C — D; be the inclusion of C in D; (¢ € I). For
every z € C |lz|li = |lini(z)|: < ||zllc (¢ € I) holds ([4], 4.3(ii)), thus
sup{||z|l:li € I} < ||zllc. Put D := A, € TC, (4.18, 4.19). For all z € O)(RR),
(2,0,0) + (0,z,0) is equivalent by 4.18 with |z[?(\* + (1 — A)?) < 1 for all
A € [0,1]. The mapping g : [0,1] — IR, defined by g(t) :=# + (1 — ¢)? (¢t €

1 1

[0,1]) has an absolute maximum in ¢ = 1 with ¢(3) = (3)»! . Hence

(z,0,0) 7/(\0,:1:,0) is equivalent with |z| < w, for all z € (o)(lR).

C1 = Op(IR)(0,1,0) and C; := GP(IR)(l,O—,O) are p-totally convex sub-
spaces of D, and z := (0, (%)%, 0) = ((%)%, 0,0) € C1NC; holds. By the above
considerations we get C; N C;y = (oj(lR)m. For every v € é(lR) with

z = 4(0,wp,0) 4.18 yields 1w, = (%)% = qwp, hence v = 7. Now, a simple
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computation shows ||z|lc;ne, = 3 > sup{||z]lc,li = 1,2} = (%)% O

4.31 Definition: Let D be a p-absolutely convex space and z,y € D.

(i) The sets |z,yl:= {Brz + (1 — B)Fyl0 < B < 1},[z,y[= {BPz +
(1= B)5yl0 < B < 1}]a,5] = {B22 + (1= B)Fyl0 < B < 1},[z,y] =
{ﬁ%x +(1- ,B)JinO < B < 1} are the so-called open (right open, left open,
closed) segment between z and y.

(ii) 8D = {z € D] ||z]| = 1} is the boundary of D (ct. [9], p. 1473).
(iii) Di= D\&D is the interior of D ([8], 10.1). ]

4.32 Proposition: Let D be a p-absolutely convex space and z,y € D.
Then the following statements hold:

(i) Forp=1 ]x,y[Clo) or |z,y[C dD.
(ii) For p < 1, zo,y0 € [z,y[ or Zo,Yo € |z,y] implies ]zq, yo| € D.

Proof: (i) Let a € ]z,y[ with |la|]] < 1. Then there exists an a with
0 <a<1and a=az+(l—a)y. For every b € ]z, y[ there exists a 8 with

0<B<1landb=fz+(1~pP)y.In case f > afory :=i_"—z € [0,1.[one
gets vz + (1 —v)a = %x-}—%fg(ax-k(l —a)y) =Bz + (1 - B)y =b and
18]l < ~llzll + (1 —v)]la]] <1 holds by [4], 4.5. In case B < a put 7 := "—;E €
10,1[. Then 7y + (1 = 7)a = &Ly + Haz + (1 - a)y) = fo+ (1= By = ¢
follows, and, by [4], 4.5, ||b|| < 1. Thus ]a:,y[clo) or.|z,y[ C 8D.

(ii) Because of the assumption there exist 4,7 € [0,1] with (8,7) # (1,0),
(0,1) and zo = ﬁ%x +(1- ﬁ)%y, Yo =77z + (1 —v)?y. Let a € ]zo, yo[ thus
a = arzo+ (1- a)%yo for some « € ]0,1[. From [4], 4.5 one gets

ﬁ|"‘

lall” = l|le? (872 + (1 — B)Fy) + (1 — @) (v7z + (1 = 7)?y)|”
= 1((@B) + (1 — @)n)?)z + (a1 = B))F + (L = )(1 ~ 7))l)y”,,
< (@B)F + (1 — a3 PP+ (el = B)F + (1 — )L = 7))7 )7 .

Since in all cases (0 < af and 0 < (1 —a)y) or (0 < (1 — B) and
0 < (1—a)(1—7)) holds, ||a|F < af+(1—a)y+e(l-B)+(1-a)(1-7)=1
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follows i.e. @ € D. This implies ]z, yo[ C D. O

Certain subsets of the boundary of an absolutely convex space and the
interior of such spaces are convex spaces ([10] 1.8, [9], §2). In case p < 1,

D € AC,, for every y € 0D, (3 )Py + (3 )Py = wpy € 0D holds, so that
the boundary of D is not accessible by the methods of [9], §2. Furthermore,
4.32(ii), applied to the p-absolutely convex space D := ), 5,, p < 1, shows
(with ¢, := {a = (ai)ien € [0, 1]'N| |supp a| < 0o and ¥;of = 1}) that '
there do not exist “p-convex spaces” in the sense of [4], 2.4. 0

4.33 Lemma: For D € AC, let “~” be a congruence relation on D.
Then, for all a,b € D, and all « € QF (IKK)\{0}, aa — ab ~ 0 implies
Ba ~ Bbfor all B € O)* (IK).

Proof: From ((1)7a)b = (2)70 + (2)7(ab) ~ (3)7(aa — ab) + (1)7 (ab)
= ((%)%a)a and a # 0 the assertion follows by [4], 4.14. ]

If no misunderstandings are possible, we will simply write G(IK) instead
of GP(IK), resp. Gﬁn(lK) instead of Gp,ﬁn(IK) in the following. 0

4.34 Theorem (cf. [7], 4.4): The p-totally (p-absolutely) convex space

G(IK) (Gﬁn(lK)) permits for p = 1,IK = IR, €, precisely three, for p < 1,IK =
IR, precisely four, and for p < 1, IK = C, infinitely many congruence relations.

Proof: First let p < 1, IK = IR,C and “~” be a congruence relation
on O(IK) € TC,. For a,b € O(IK) with a ~ b and a # b, (4 )m-( )?b €

O(IK)\{0} follows and ((5) -G )Pb)l =(3 )Pa 5 )Pb ~ (%) —(i)Pa =0
implies S # {0} for the set S := {A € Q(IK)|A\1 ~ A0}. By [4], 4.17(ii), ap-
plied to O(IK)/~, we have § = Co)(IK) or S = Q(IK). S = O(IK) means
z ~y for all 2,y € O(K). ¥ § = O(IK), for every z € O)(IK) with |z| = 1,
obviously z % 0 holds. Hence for p=1a ~ b with |a] = || = 1 leads to
l=3b~ja=¢%andl=2L¢+11~ 21+ 11 =21(241). This implies
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a = b, since 3(2 +1) € O(IK) otherwise. Thus the equivalence classes in case

S = Q(K) for p = 1 are precisely O(IK) and {z} (z € O(IK) with |z| = 1).
Now, for every p < 1 the relation “~” on 6(IK), defined by z = y if and

onlyifz =yorz,y€ Co)(lK) obviously is an equivalence relation on ()(IK).
Let z;,y; € G(IK) with z; = y; (2 € IN), @ € Q,. In case z; = y; for all
t € supp a, we get Y, a;x; = Y; oqyi. So, let 19 € supp a with Tiy F Yio-
Because of [lai | Iyioll < 1, I Tsaszil] < (5 lesl?llzilP)} < 1 follows (4],
4.5) and, by symmetry , || Z; o9 < 1, thus ; iz & ¥; aiyi, and “x7 is
a congruence relation on G(IK). This means that there are precisely three
congruence relations on 6(IK) for p <1 and at last three for p < 1.

Now let p < 1, IK = IR,(, and let “~” be an equivalence relation
on 6(IK) with ¢ ~ y for all z,y € Co)(IK), and the following property:
For all ¢,b € O(K) and all @ € Q(IK) with |a| = 1, a ~ b implies
aa ~ ab. We show that “~” is a congruence relation on ()(IK). For this
let a;,b; € G(IK) with a; ~ b; (1 € INA) and a € §,. If there is an ig € supp &
with 0 < |y, | < 1, |Ziaias]| < Yileil |ai] € el < i ]es|P < 1 follows
and by symmetry | >°; a;b;| < 1, hence 3°; aza; ~ >°; a;b;. This is also trivially
fulfilled for @ = 0, and in case |a;,| = 1 for some i € supp a by assumption
@i, ai, ~ @iy b;,, hence 3 aia; = ajgaiy ~ ai b, = X; a;b;. Consequently, “~”
is a congruence relation on G(IK).

In case p < 1, IK = IR, the relation “~” on O(R) defined by a ~ b
if and only if a,b € (XR) or |a| = 8| = 1 (a,b € O(IR)) is, as seen
above, the last possibility for a congruence relation on G(IR). Obviously,
“~” is an equivalence relation on G(IR) and a ~ b implies aa ~ ab for all
a,be G(IR), o € O(IR) with |a| = 1. By the above result, “~” is a congru-
ence relation on G(IR), hence there are precisely four congruence relations
on O(R), p < 1. N

Obviously, the relation “~” on (){C), defined by a ~ b if and only if
a,b€ (oj‘[) or |a] = |8 =1 (a,b € O)(C)) is for p < 1 a congruence relation
on 6(‘[) Finally, we have to show that O(C), for p < 1, permits infinitely
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many congruence relations. Take any m € IN. A relation “~” on 6(@) is defi-
ned by a ~ b if and only if there exists a r € INo with a = ([,b (a,b € 6(@))
Obviously, “~” is an equivalence relation on ()(€). Let a € O(C) with
la| = 1, and a,b € O(C) with a ~ b. Then there is a r € INo with a = (7,b.
This implies aa = (], (ab), hence aa ~ ab. Hence, “~” is a congruence rela-
tion on G(C) For all m,n € IN with m < n there does not exist a s € INg
with (, = (. Thus we get infinitely many congruence relations on 6(@) for
p < 1. The proof for O, (IK) € AC, is similar. ‘ O

4.35 Corollary: If one defines, for p < 1 and z; € {0,1} (0 # 1),¢ €
IN,>; asz; := 1, if there is an ig € IN with |ey,| = 1 and z;, = 1, and
3-; a;z; := 0 otherwise, then {0,1} becomes a p-totally convex space. ]

4.36 Definition (cf. [7), p.985): Let p < 1, IK = IR, €. The relation “~”

on G(IK) defined by z ~ y ifand only if z,y € (o)(lK) orz =y (z,y € G(IK))
is a congruence relation on ((IK) (cf. 4.34). The quotient L := G(IK) [~ is
the so-called Linton space with |Lg| =3 and |L¢| = oc. O

4.37 Corollary (cf. [4], 1.4, 1.6): The functors O, : Ban, — Set and
Op,ﬁn : Vecp — Set are not monadic. s

4.38 Corollary: Let D # {0} be an absolutely convex space. Then, for
any z € D\{0}, and a, B € IK with |a| = |8] = 1, az = Bz implies a = S.

Proof: Obviously, the mapping f : 6(IK) — D, defined by f(A) :=
Az (X € G(IK)) is an AC-morphism. Denote by “~” the congruence relation
on O(IK) induced by f. Let a, 8 € O(IK) with |a| = |8 =1 and az = Bz.
Then a ~ B and, since z # 0, 1 £ 0 holds. (§ — g)x = 1(az) - 1(Bz) =0
implies S # {0} for the set S := {y € O(K) |yz = 0}, if a # 5. Because of

1 % 0 we then get S = é(IK) ([4], 4.17(i1)). Now, 4.34 yields o = . O

4.38 does not hold for p < 1, sincein {0,1} (4.35) we have (—1)-1 =1-1. O
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4.39 Corollary ([7], 4.7): Let D # {0} be a complex absolutely convex
space. Then card(D) > card(C).

Proof: Let z € D\{0}. The mapping f : O(C) — D defined by f(A) =
Az is injective on 0O(C) (4.38). This implies card(D) > card(C). O

4.40 Corollary ([7], p.986): Let D be a real absolutely convex space with
card(D) < co. Then card(D) is odd.

Proof: Let z € D\{0}. By 4.38, = # —z holds, and we are finished. O

4.35 shows that 4.40 does not hold for p < 1. o

§5 The Left Adjoint of 61,: Ban, — TC,

It is known (cf. e.g. [6], 3.7) that O, has a left adjoint S,. We will now
construct S, explicitly. For this let D be a p-totally convex space. On the set
IK x D one defines an equivalence relation “~” by putting (Ao, do) ~ (A1,d1)
if and only if there is a A > maz{|do|, | \:|} with 3dy = 31d;. The equiva-
lence class of (A, z) is denoted by (), z), and the set of equivalence classes
of IK x D by S,(D). There is a canonical mapping oy, : D — S,(D), defi-

ned by op(z) := (1,2) (z € D). Next one introduces scalar-multiplication
and addition on S,(D) by p(A,z) := (uA,z) ((A,z) € K x D, € IK) re-
sp. (ho,d0) + (1, d1) = (A, 2do+ 22dy) where A > ([Aof? + |\[?)%. Ob-
viously, the scalar-multiplication and, by a simple computation, the addition
on S,(D) is well-defined and S,(D) is a IK-vector space. Furthermore, for

(X,d) € Sp(D) one puts ||(A, d)|| := inf{|ul |x € K and (},d) = u(1,y) for
some y € D}. Then one has the following

5.1 Proposition: For D € TC,, S,(D) is a p-normed IK-vector space.

Proof: |[(},d)|| > 0 is trivial. For (A,d) € IK x D with ||(},d)|| =0, for
p 1= (L)% thereisay € D with (X, d) = (47, y) = (4, 1y), hence [[(u, py)]| = 0
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Let € € ]0,w,[. Then there exists a z € D with (g, py) = (ep, z). Consequent-
ly, there is a 0 > p with £(uy) = £z = £(ez), implying py = £z because
of ||uy|| < w, and |lez]| < wy ([4], 4.14). This leads to ||uy|| = 0 and, by [4],

4.15, to puy = 0, hence (A, d) = 0. Obviously, ||—|| is homogenous. The proof
of the p-triangle inequality is a simple computation. o

5.2 Lemma: The following statements hold for every D € TC,.

@) llep()|l < ||| (= € D).

(ii) For a € Q,pn,z: € D (2 € N) 0p(X; aizi) = 3 aop(z;) holds.

(iii) For a € Q,, (z:)ien € D™ and any n € IN one has o/5(3; ciz;)
= Y aiop(zi) + op(Xa «iTi)-

Proof: (i) z = Azy implies op(z) = Aop(zo), hence ||op(2)]| < ||z]|-

(ii) This follows from the definition of the addition and the scalar-
multiplication on S,(D). _

(ili) Put ¢ := 3%, oz; and y := 32, ., a;z;. Then one gets by (ii)
op(Ticizi) = 20p(37 + 3y) = 0p(Thyizs) + op(XZny i)
= i aiop(z i)‘*‘aD(zf—inﬂ T;). =

5.3 Lemma: For D € TC, (o)p (Sp(D)) C op(D) C Op(Sp(D)) holds.

Proof: The second inclusion follows from 5.2(1). For (A,d) € (o)p (Sp(D))
there are p € (o)(IK),y € D with (X,d) = (g, y) = o (ny) € o) (D). O

5.4 Proposition: For any D € TC,, S,(D) is a p-Banach space.

Proof: By 5.1, 5,(D) is a p-normed IK-vector space. Let z; € Sp(D) (i €
IN) with 3=, ||2i||? < oo. Clearly, we may assume that z; # 0 (¢ € IN). Then

one has a; := 2||z|| > 0 (z € IN) a =2y, ”z,-””)% < oo and Y ;(%) = 1.

By 5.3, there are d; € D with 3-z; = op(di) (2 € IN). Put d := ¥, %d; € D.
: foeh%due to 5.2(iii), [4], 4
"L. % n o
* s " lob(d) - le,np = llop( 30 Zaglr < 3 (S
L ! i=1 & i=n+1 i=n+1

N

7
w;
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and thus 32, 2; = ao}(d). Therefore, S,(D) is a p-Banach space. 0

Let op : D — Op o Sp(D) denote ¢, with the codomain restricted to
Op 0 5,(D) (D € TC,). Then one has

5.5 Lemma: For any D € TC; op : D — O, 0 S,(D) is a TC,-
morphism.

Proof: Due to 5.2(i),(iii), [4], 4.5, one has for & € Q,, z; € D (z € IN),

n o0 o)
lop(Q_ esz:) = Y aiop(@ )P = lop( Y ezl < 3 el
1 =1 i=n41 t=n+1
n € IN, implying the assertion. . a

5.6 Theorem: The functor (/jp : Banp — TC;, has as a left adjoint the
functor S, with the object function D + S,(D). The unit of this adjunction
is op (D € TGCp).

Proof: Obviously, for a TCy-morphism % : D — (),(B) (B € Ban,),
a Ban,-morphism ¢ : $,(D) — B with ¢ = Op(®) 0 op is uniquely de-
termined. Each z € S,(D) can be written as z = Aop(z) (A € KK,z € D).
If Aop(z) = Nop(z'), then, for some v > maz{|A|, |N|}, ;l’\—:v = ’\7'.7:’ holds.
This implies Ap(z) = N1(z'), and therefore % : S,(D) — B, defined by
P(z) = Mp(z) for z = Aop(z) is well-defined. By a simple computation, %
is a Ban,-morphism and ¥ fulfills ¢ = 6,,({[;) oop thus finishing the proof. O

For D € AC, define S,(D) just as in the case of D € TCy; this is
possible since only finite operations enter into the definition of S,(D). Put
N,(D) := {z € Sp(D)| ||z]| = 0}. Since ||~|| is a p-seminorm on S,(D),
N,(D) is a subvector space of S,(D). Define S,z.(D) := S,(D)/Ny(D)
and let 7p : Sp(D) — S, (D) be the canonical projection. Denote by
0Dfin i D = Op.fin © Sp.sin(D) the restriction of 7p o o}, to Op.fin © Spsn(D).
7p is an isometry and one has the following three propositions:
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5.7 Proposition: For D € AC, the following hold:

(i) lop(2)ll < llz|| (= € D).
(ii) For z; € D (i € IN), @ € Q5 one has op(T; auzi) = 3 azop(z;) . O

5.8 Proposition: For any p-absolutely convex space D, Co)p fin (Sp.sn(D))
C 0p,sin(D) C Op,sin(Sp.n(D)) holds. ~ g

5.9 Proposition: For D € AC,, opsn : D — Opsin(Spsin(D)) is an
AC-morphism. . )

5.10 Theorem: The functor 6p’ﬁn : Vec, — AC, has as a left adjoint
the functor S, 4, : AC, — Vec, with the object function D + S; z.(D).
The unit of this adjunction is op s, (D € AC}).

Proof: Let % : D — (), 4n(V) be an ACy-morphism, V € Vec,. For
z € S,(D) there exist A € K,z € D with z = Aop(z), hence mp(z) =
A(mp 0 0p)(x) = Aop fin(z). Therefore, a Vecy,-morphism $: Sppm(D) =V
with ¥ = Oy sin(¥) 0 0 sn is uniquely determined. Define % : Sp4.(D) — V
by $(7p(z)) := Mp(z) for z = Aop(z) (A € K,z € D). By the proof of
5.6, 1 is well-defined and IK-linear. For z as above one has |[#(7p(z2))| =
(@)l < Pllell < 1A, beace [$(ro(=)| < 1zl = wo()]l- Thus % is a
Vec,-morphism with ¥ = Oy fn(¥) © 0D fin, finishing the proof. O
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Positively Convex Spaces

Ralf Kemper

Introduction

In [7] Pumplin and R&hrl introduced the category TC (resp. TCjyin)
of (finitely) totally convex (t.c.) spaces, which are the Eilenberg-Moore al-
gebras of the monad induced by the unit ball functor from the category
of Banach spaces (resp. normed vector spaces) with linear contractions to
the category of sets. We refer to [7] and [8] for all definitions and conven-
tions, but in accordance with [2] we use the term “absolutely convex” for
the spaces Pumpliin and Rohrl call “finitely totally convex”. Later Pumpliin
[11] introduced the category PC (resp. PCy;,) of (finitely) positively convex
spaces and Pumpliin and Ro6hrl ([10]) introduced the category Conv of con-
vex spaces.

The regularly ordered Banach spaces (resp. regularly ordered normed vec-
tor spaces) ([11], 2.1) with positive linear contractions as morphisms form a
category denoted by Banj (resp. Vec;). The positive part of the unit ball
Apn(VY={z € V]||z|l £1and 0 < z},V € Vec],A(B) := Asin(B),B €
Ban], induces a functor A : Ban} — Set (resp. Aji, : Vec] — Set)
having }, : Set — Banj, i (X) := {f € R* | T,cx |f(2)| < ©},X € Set
(resp. b sin : Set — Vec!, I jin(X) := R®) X € Set) as a left adjoint
([11], 2.2). Pumptin ([11], 2.9) proved, that the category PC (resp. PCy;,)
is the category of the Eilenberg-Moore algebras of the monad induced by this
functor A : Ban] — Set (resp. Ajin : Vec] — Set) with comparison
functor A : Ban] — PC ‘(resp. Af,‘n : Vect — PCy;y).

For categorial reasons (]13]), the functor A (resp. Afy,) has a left adjoint.
Several constructions of this left adjoint S of A are known ([6], [11], [15]),
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but these constructions give only little insight into the structure of S(D) and
how it depends on that of D since S(D)(D € PC) is only constructed in
several steps. In the present paper the left adjoints S of A and S #in Of 'Aﬁn
are (in the case S up to completion) explicitly constructed in one step.

Furthermore, it was an open problem, how to give a characterization
of separated (finitely) positively convex spaces D in terms of preseparated
(finitely) positively convex spaces ([14], 4.1). A (finitely) positively convex
space D is separated (in the sense of [15]) if and only if the family of PC (resp.
PC;;,)-morphisms D — A(IR) (resp. D — Ain(IR)) is point-separating
([15], 10.1, 11.3).

At first, we define separated (finitely) positively convex spaces by a (see-
mingey exotic) cancellation law, and later we see, that this definition coin-
sides with the above notation of separated. Finally, as a consequence of [4],
we prove-that the category PC,,., of preseparated positively convex spaces

does not has a cogenerator. O

§1 Separated Positively Convex Spaces

A totally convex (t.c.) space X is a non-empty set which admits every a €
Q = {(x)ien € K" | Tiles| <1} ,K € {IR,C}, as IN-ary operation. The
result of such an operation is written as a formal sum }; a;z;, z; € X (Z €
IN), and the operations are required to satisfy the following two axioms.

(TC1) &, 6lyi = y;, for all j € IN, (v:)ien € X™.

(TC2) ¥:ei(T; Biys) = Li(Ti aifi)ys, for all o, B € Q,y: € X (i € N).
A morphism f : X — Y between t.c. spaces is a set mapping preserving
these operations, i.e. f(¥;iz:) = Yiaif(z), zi € X (1 € IN), a € Q
([7], p- 963). We define Qyin := { € Q| |suppe| < oo} , where suppa :=
{i € IN| oz # 0} for @ € Q. An absolutely convex (a.c.) space is a non-
empty Q:,-algebra satisfying (TC1) and the restriction of (TC2) to o, B €
Qfin (2 € IN); AC denotes the category of a.c. spaces and maps that preserve
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the Qin-operations ([7], p. 971). Furthermore ([2], §1), in case IK = IR we
define Q% := {a € Q| Vi € IN o; > 0}, Q}}n = Q% N Qyin- Restricting the
TC-operations (and thus the axioms and the conditions for morphisms) to
Q* (resp. 0};,) we get the category PC (resp. PCy;y,) of (finitely) positively
convex spaces ([11], 2.4). Similarly, putting Q,. = {a € QY| ;00 = 1}
(resp. Q. := Q,. N Qfin) and discarding the condition X # 0 yields the
category SC (resp. Conv) of superconvex (resp. convex) spaces ([10], p. 2).
For TC, AC, PC and PCy;,, 0 := (0);en is an algebra operation, which is
constant on any space, hence 0 yields a nullary operation; we call its value

the zero element of the space. o

Let D be a finitely positively convex space. The so-called norm on D is
defined by the Minkowski-functional ||z|| := inf{A € [0,1]] thereis y € D
with z = Ay} ([11], 4.1). One should note that |H| is not a norm in the usual
sense, because ||z|| = 0 in general does not imply z = 0 ([11], 3.3(iii)) nor is
||| positively homogeneous, i.e. it is not even a seminorm. Nevertheless we
stick to the established name. a

1.1 Remark: A. Wickenhauser ([15], 9.2) (unpublished) for D € PC
defined a semi-metric d,, on D in the following way:

dy((z,y)) := inf{a € [0,2]] there exist r,s,t € D and n € IN, n > 3 with
ly+is=1lz4+ % and iz + Jt =21y +2%r} (z,y € D).

Obviously, the above set is non-empty (define n := 4,a := 2,7 := %:c +
%y,s := z and t := y). A positively convex space D is separated i.e. for
z,y € D with z # y there exists a PC-morphism ¢ : D — A(IR) with
w(z) # ¢(y) if and only if for all z,y € D d,({(z,y)) = 0 implies z = y
([15], 10.1, 11.3). In the following we will proceed differently. 0

The following definition of separated (finitely) positively convex spaces
seems to be very exotic, but it will turn out (3.6) that it is equivalent to the

usual notion of separated.
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1.2 Definition: (i) Let D € PC(PCy;,,). Then D is called separated if
and only if for all z,y € D the following condition is fullfilled:

If, for every € €]0,1[, there exist a 8 €]0, 3] and u,v € D with Sz + iu =
By + 3v and [|1u+ 1v|| < eB, then z = y follows.

(ii) The full subcategory of PC(PCy;,) determined by the separated
(finitely) positively convex spaces is denoted by PC,ep(PCrin sep)- o

Let D € PC(PCy;,) and define a relation “~” on D by z ~ y if and only if
for every € €0, 1{ there exist a § €]0,3] and u,v € D with fz+Ju = By+iv
and ||7u + 1v|| < €B(z,y € D). Then we have the following

1.3 Theorem: For D € PC(PCy;,) the above relation “~” is a con-
gruence relation on D. The canonical projection np : D — D/~ is the
reflection mapping for the reflection from PC(PCy;,) into the subcategory
PC,ep(PCrinsep); 1i-6. PCyep(PCrin sep) is an ext-epi-reflective subcategory
Of PC (PC_f,‘n).

Proof: Let D € PC. Obviously, the relation “~” is reflexive and symmet-
ric. Let z,y,2z € D with £ ~ y and y ~ 2. For every € with 0 < ¢ < 1 there
exist B, B’ €]0, 1], u,v,w,v' € D with Bz+ju = By+3v, B'y+3u = Blz+1v
and |[iu+1v|| < £8, ||;u'+ 39|l < £B'. Without loss of generality we may
assume B = fA'. This implies

So41(butu) = H(Bo+iuw+ie = HBy+iv)+iv' = J(By+iv)+Hiv =
1Bz+3v)+5v= gz +1i(3v+ ;v') and by [11], 4.3
13Gu+2w)+3Go+39) = I3Gu+30)+ 3G + 31l < 3llzu+30ll+

13w +1v'|| < €£. Hence z ~ 2, and “~” is transitive. Let z;,y; € D (z € IN)
and a € QF. Then, for every € > 0, there exist §; €]0,3],u;,v; € D with
Bizi + Jui = Biyi + v; and [fu; + Zuill < $6:i (2 € IN). Without loss
of generality let (5;)ien be a strictly decreasing zero sequence. There ex-
ists m € IN with ¥2,, o5 < £. Define 8 := Sm. Then, for every 7 € IN
with i > m, B < B holds and B < f; otherwise. For i > m one defines
ul = -u, +(B— ﬂ,)y, and v} —v, + (B — Bi)x:. This yields for every ¢ > m

13
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Bai+ Jub = iz + Bfa + 1Gui + (B - B)y) = 3(Bizi + 3w) + Fha
Ry = B+ o) + Sha + By = Gyt Ju + (B A
= gy, -+ ;’U: and

11

I+ 50l = [5G + (8 = Bw) + 5 G + (8~ B

1 1,1 1
II2( ui + 3 v:)+(ﬂ ﬂ,)( i+ 53l < 5 5w+ Sl

+(8 — B:) ”—-’»"i + 5.%'” < gﬂi +(B—B:) < Eﬂ + (8 — Bs)-

For each i with1 <z <m —1 let u! := E%u,, = 2ﬁ £ v;. This leads to

th + ;u: = th 2(2,3,. w;) = 25‘.(,3:3’: + u,) = 25 (ﬂ,y, + v:) = gyi +

3(5v) = Gyi + Jol and ||3ul + Joil| = ||%(§%u) HEADE ||2ﬁ,(2ui +

—v,)H < gﬁI“ u,+ v,H < £B. This implies & ; eizi+3 T eul = Z:,a,(za:,
1 ul) = 3 ai( y,+;v:) = 22,01y=+ > ;v and ” o) + o] =
||Z,a: S U; + ’U)” < Z:,a,| 2YU; + v; ” = :—1 atl gu:+ v; ”+Z:—m atl %UH'

30| < 2,_1 (56) + X a:(45+ (8- B:)) < €&. Thus T; cuzi ~ T enys
follows, and “~7 is a congruence relation on D. Let 7 : D — D/~ be the
canonical projection. Let z,y € D be such that for every € €]0, 1] there exist
B €10,1], u,v € D, with x(Bz + ju) = Br(z) + in(u) = Br(y) + ix(v) =
7(By + 3v) and |Im(zu+ 3 v)||=ll m(u) + 37(v))l < §8.

From Bz + iu ~ By + v we get elements o €]0,1],4,v' € D with
o(Bz+3u)+3u = o(By+3v)+3v and ||3u'+1v'|| < (£8)0. || (Bu+1v)|| <
8 implies the existence of an element z € D with 7(Ju + 1v) = =(z)
and ||z]] < £8 ([9]; 1.5). From ju + v ~ z the existence of elements 7 €
10,3], u",v" € D with r(u+13 v)+1u” = 7z+3v" and || Ju"+ 1v"|| < (£B)r
follows. Put ug := o(Fu + ju") + Su' and v := o(Zv + 1u”) + Zv'. Then
Py +lug= 2Lz +1(o(Zu+ ;u”)+ zu') =L(o(Bz+1u)+ ;u’)+ 3(gu") =
2(0(By-+10)+ 20)+ H50") = 2y +(o(Gu-+ 1)+ 5o') = Sy 4 Luo and

l 1 _ 1 T 1, T, 1 T 1, T,
”2uo+ 200” = ”2(¢7(2u+ 5 )+'2“U)+§(0(§v+§u )+§U)”
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%ty by L Tl ] "

= 12t 3o) 4 1) + (ol + 20+ S
= [|§(rz+30") + 3 (G +50) +5(Gu")l = ll%z+%(%u"+%v”)+;(%u’+%v')ll
< Zllzll+ Zll3u" 4+ 30"+ 13w + 2v'|| < e%é. This implies z ~ y, and D/~
is separated. Let f : D — E, E € PC,,p, be a PC-morphism. For z,y € D
with 7(z) = 7(y), for every ¢ €]0,1[ there exist a 8 €]0,3], u,v € D with
Bz + ju = By + 3v and |[3u + 1v|| < B. This leads to Bf(z) + 3f(u) =
785 + 1) = £(By + }v) = B(y) + 1f(v) and, by [11], 4.4(), to | 1(w) +

$F@) = IfGu + 2v)|| < ||3u + 1v|| < €B. Since E is separated, we get
f(z) = f(y). Hence, there exists a unique PC -morphism ¢ : D/~ — E
with f = ¢ o mp. The proof in the finitary case is analogous. o

A (finitely) positively convex space D is called preseparated if and only if
for all z,y € D, a €]0,1], az = ay implies z = y ([14], 4.1). A convex space
D is called preseparated if and only if for all z,y,z € D, a €]0,1[, az + (1 —
a)z = ay + (1 — a)z implies z = y ([10], 4.9). Now we have the following

1.4 Lemma: For D € PC,ep (PCyinsep) the following statements hold:
(i) The underlying convex space is preseparated.

(ii) D (as (finitely) positively convex space) is preseparated (c.f. [15], 10.8).

(iii) For all z,y € D, a €]0,1[, az 4+ (1 — @)y = 0 implies z =y = 0.

(iv) For all z,y,2 € D, o, with0 < @, 0 < fand a+ S < 1, oz + fz =
ay + fz implies T = y.

Proof: (i) Let z,y,z € D, a €]0,1[ with ez + (1 —a)z = ay + (1 — @)z
and 0 < ¢ < 1. For a.ny§-+—c < B <1 weget ([2], 1.5), 32 + 3 (1—‘22)
L(Brt(1-6)2) = H(By+(1-B)2) = lu+(522). 13(35E2)+3(352)] =
||—£z|| < —é < £ implies z = y, since D is separated.

(ii) This follows from 1.4(3).

(111) Put u := 352y and v := 3z. From 2("2)-{- Ju= 2("3)-{-2(1 y) =
152y) +4v and lllU+ Lol = 13(352y) + 339 = l3(ez + (1 —)y)[| = 0
we conclude Sz = ——y, since D is separated. This implies $z = —( z) +
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3(52) = 3(%2) + 1 (352y) = 3(az+ (1 —a)y) = 0 = £0. Now, from (ii) z = 0
follows and by a symmetric argument, y = 0.

(iv) We may assume o < 1. From az + (1 — a)( -2) = az + Pz =

ay+pPz=ay+(1- a)( ~-z) , = =y follows by 1.4(i). O

§2 A Semi-Metric on Positively Convex Spaces

Let D be a (finitely) positively convex sp#ce. The mappingd: D x D — R
is defined by d((z,y)) := znf{"_u+_u“ |8 €]0,3],u,v € D and Bz + Ju =
By + 3v}. Then one has d((z,y)) < 2 (z,y € D) and the following

2.1 Proposition: Let D € PC(PCy;,). Then d : D x D — IR fulfills
the following conditions: (i) 0 < d((z,y)) = d((y,z)) (z,y € D).

(i) d((2,2)) < d((2,)) + d((3,2)  (,9,2 € D).

(iii) d((3: cizi, i euyi)) < Tieud((2i,9:)) (zi,9: € D(z € N), a €
O+ (Q5;,))-

(iv) d((az,ay)) = ad((z,y)) (z,y€ D,0<a<1).

Proof: Forall z,y € D, 3z+3y = 3y+1z holds ([11], 2.5 (iv)). Therefore
d is well-defined and (i) follows.

(i) Let o,v € IR with d((z,y)) < @ and d((y,zj) < 7. Then there exist
u, v, ug,v0 € D, B, fo €10, 3], with Bz + Ju = By + 3, foy + Luo = oz + 1vg
and 22—2— Hlu+ 2 o l—’z%z—""—” < 7. Without loss of generality we may assume
B = ﬂo Then one gets g:c + 3Gu + juo) = 3(Bz + 3u) + 3uo = 2(By +
1)+ o = 8y + duo) + 30 = 432 + Joo) + 2o = 25 1 3o + Ju)
and 23k + Juo) + o + 3ol = 2A(Ru+ 3u) + 2duo + Jun)] <
2(35« + 3ol + 3l 3uo + oll) < @ + . This implies d((z, 2)) < a + and
hence d(z,2)) < d((z,)) + d(y,2)).

(iii) Let z;,y: € D € PC (i € IN),a € Q%, and € > 0. Then there
exist B; €]0 ,;] u;,v; € D with Biz; + Ju; = By + + 3v; and ﬂz_"‘;g'_z_”'_” <
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d((zi, %)) + 5 (i € IN). We may assume (8;)ien to be a strictly decreasing
zero sequence. There exists m € IN with 2 o; < . Put B := Bn. Then,
for all 2 € IN with ¢ > m, 8; < 8 holds and § < f3; otherwise.

As in the proof of 1.3 for i > m we define u} = 1u; + (8 — Bi)y: and
v} = 20, + (B — Bi)z;, and, for 1 <i <m—1, v} = E%“i and v} := 5%”'"
Then £z;+1u! = Sy;+1v! (i € IN) follows. For i > m fl3ul+3vlll < Fllwt
30l + (B — B:) holds and, for 1 <i <m -1, ||1u} + 1o/|| < E%H%U, + il
Furthermore, £ ¥; auz; + Lol =25 ayi + 3 ¥ a;v} (see 1.3). Finally,

2.1 1
A0 eien Joow)) < glig Lewi+ 5 el
2 1,, 1, 2 1, 1
ﬂllga,(Qu,Jr 5ol < ﬂ;a,||2u,+ Sl

2 (mz_:l a;(%”%ui + ';"lh”) + f: o; (%”%u, + %vi“ + (8- :Bz)))

: B\S i=m
< (X2, aid((zi,y:))) + € follows. The proof in the finitary case is analogous.

(iv) Let z,y € D, a € [0,1] and v > 0 with d((az,ay)) < v. We
may assume a > 0, otherwise the assertion is trivial. Then there exist
B € [0,1],u,v € D, with B(ez) + 3u = B(ay) + v and ﬂ%%%_"_u < 7.
This implies (af)z + 1u = B(az) + ju = B(ay) + 3v = (aB)y + 3v, and
from %llﬂ < I we get d((z,y)) < 2, thus ad((z,y)) < 7. Consequently,
ad((z,y)) < d((ez, ay)) follows, and, by (iii), d((ez, ay)) = ad((z,y)). O

By 2.1(i), (ii), d is a semi-metric, and from 1.2 one gets

2.2 Proposition: Let D € PC (PCy,y,). Then D is separated if and only
if d is a metric. (c.p. [15], 10.1, 11.3, with d replaced by d,,). 0

2.3 Lemma: For D € PC (PCyin), = €D, d((z,0)) < ||z|| holds (c.p.
[15], 9.3(iv), with d replaced by d.,).
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Proof: Let a > 1. From 2(1}‘_0)3: + (2(‘;;}]!):) 2(1}‘_a)0 +1(3z) and
2(1 + a)l3(8552) + 3G2ll = 201 + A)lizfm=l < ellz]l one gets
d((,0)) < aljz|], thus d((%o)) < i=ll- o

2.4 Remark: Put R* := {z € IR|z > 0} and let V be a real normed
vector space with norm ||—||. A cone Cin Visasubset C C V withC+C C C
and IRTC C C. C is called proper if and only if C N (-C) = {0}.

A proper cone C induces ap order on V by defining ¢ < y if and only if
y—x € C(z,y € V); this order is reflexive, antisymmetric, transitive and
compatible with addition and IR*-scalar-multiplication on V. Conversely, any
such order is induced by a proper cone, namly C = {z € ¥V | z > 0}.

(V. II-1) is called regular ordered if and only if ¥ is ordered by a closed
proper cone C and the norm ||| is a Riesz norm with respect to C that is

1) Forallz € V,y € C with —y <z <y |z < liyll bolds.

2) For every z € V,e > 0 thereexistsay € ¢ with —y <z <y

and |ly}} <[]l +e.

Obviously, this is equivalent to ||z|| = inf{|ly]|]| —~y <z <y} forallz e V.
A regular ordered Banach space is a complete regular ordered vector space.
The subcategory of Vec!, determined by all regular ordered real normed
vector spaces and positive linear contractions, is denoted by Vec{. Ban}
is the full subcategory of Vecy of regular ordered Banach spaces. For a
regular ordered normed vector space V (resp. regular ordered Banach space
V), the positive part of its unit ball Af(V) := {£ € V]|z]] < 1 and
¢ > 0} induces a functor Ay, : Vec; — Set (resp. A : Ban] — Set).
Afer(V)(resp. A(B), B € Bany) is in a canonical way a (finitely) positively
convex space. This induces a full and faithfull functor A, : Veet — PCp,
(resp. A : Ban} — PC) ([11], p. 89). The postulate that C is closed in a
regularly ordered normed vector space is not a real restriction, because one
has the well known

2.5 Lemma: Let V be a real normed vector space with Riesz norm |||
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respect to a proper cone C in V. Then (V, ||—||) is regular ordered by the
closure C of C with respect to ||| . 0

2.6 Lemma (c.p. [15], 9.6, with d replaced by d,): (i) Let f: C — D
be a PCpp-morphism and z,y € C. Then d((f(z), f(y))) < d((z,y)) holds.

) (ii) Let (V,||—||) be a regularly ordered normed vector space and z,y €
Aga(V). Then the metricd : Ag, (V) x Aga(V) — Ris d{(z,y)) = ||z —y]|-

Proof: (i) For all 8 €]0,3], u,v € D, Bz + 1u = By + ;v implies Bf(z) +
3f(w) = f(Bz + Fu) = f(By +3v) = Bf(y) + %f(v), hence d((f(z), f(¥))) <

d((z,y))-
(ii) For z,y € Agp(V), llz —y|| = znf{|]z||| —2z< z—y < z} holds.

Thus there exist z co,cl €Cwithz+z=y+¢ and y+ 2 =z + ¢o. This
leads to z = 1co + 3 and 1z + 3(30) = 1y + }(51)- From 2||3(3¢0) +

13| = 20l 2keo + 3e0ll = 232l < [zl we get d((2,9)) < [iz], hence
d((=, y)) <z - y[| follows. Conversely, let 8 € 10,3}, u,v € Aﬁ,,(V) with
Bz + lu = By + 3v. This implies —(u+3v) < Bz—y) < 1u + Jv, thus
Blle —vll = 118z~ < -+ 3ol and rom flo—yl] < L2254 one
concludes ||z — y|| < d((=,¥))- O

2.7 Proposition: For all D € PCp, d =d,, holds.

Proof: Let z,y € DﬁG]O,;],uv€Dwithﬂz+lu=ﬂy+lv and

q > —?——1—"_"; “l et n € IN with 1< mzn{z, , 1_w} and define v’ := ;;u and
v’ := 5v. Then one has

1 1 1 1, 1 1,

o :c+4u _ﬁ(ﬂ +-u) ﬁ(ﬂy+2v)—2ny+4v.
As 3w + 1] = [ (Au) + HHll < llau+ 1v]l < I there exists an

element z € D with 3 +lvl = lz As j(so+352) = 2(21nz+1(1 u'+3v)) =
5(%x+1ul)+1( ) 2(2n +1 I)+ (1 V) = l(gy‘i'l v') and "—z-}- X z" <
51,;”1‘" + 3 ||z|| < 5 + <1, || I” < 1 we get —z+lz — ——y 41 1y
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([3], 1.1). In the same way -y + Lz = 5z + Zu' follows, which implies
du((z,y)) <7 and du((z,¥)) < d((-'cay))-

Conversely, let r,s,t € D, n >3, a € [0,2] with 2z + 2r = 2y 4+ 75 and
1y+2r=21z4 2t We may assume n > 2a. Let 0 <¢ < 1,0 < f < ¢3; and
define s’ : = (1 — B)(2s) + £(2z + 1y), t' := (1 — B)(At) + (22 + Ly). As
JEe+iy)+i(Zr) = 3Ge+an) +3Gy+2r) = 3Gy +3s) +3(Gz+3t) =
TRz + 1y +2(3s+30) hold:, o o

(#) Blke + 1)+ (1 - B)(22r) = A2z + 20) + (1= A)(3s + 31
follows ([2], 1.5). We have 3=z + 1t = =B+ 1((1- ﬂ)(%t)-}-"z—’(%x-}-%y)) =
15830 4 30)+ 2o + E(3a + 3y) = 5 (y 4+ 2) + 5o+ 20 4 y) =
150(Lg p 2r) 4358 (1) +8 (2o +1y) = 520y o)+ 50 (20)+ 5 2a+Ey) =
%ﬁy + 15, and (%) yields

n 1

1 —ﬂ”i ,” - 2(1 )”ﬂ( $+—y)+(1—-ﬂ)(_s+ t)” _
-7 r">-2<1” e W““ P lfﬂme

This implies d((z,y)) < a and d((z,y)) < du((z,y)), hence d = d,,. 0

§3 The Left Adjoint of the Comparison Functor

Ufin (resp. U) the canonical forgetful functor from PCp, (resp. PC) to Set, is
the Eilenberg-Moore category of Ajin : Vec] — Set (resp. A : Ban] —
Set). The comparison functor is A fin : Vec} — PCg, (resp. A Ban —
. PC) ({11}, 2.9 (the assertion in the finitary case can be proved as in the
infinitary case)).

One knows from general theorems ([13]) that the functors A and A fin
have a left adjoint S : PC — Ban{ (resp. Sy : PCs, — Vec?). A
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construction of S in several steps can be found in [11], 4.21, 4.22. In [15],
11.1, there is a construction of S in three steps. The following construction
of § (3.5) is a generalization of the construction of the left adjoint of the
functor A, : Ban} — PC,.,, i.e. the restriction of A : Ban} — PC to
PC,.,, in [15], 1L.1. 0

Let (V,||—||) be a regularly ordered vector space with cone C. Then the
- completion (V, I of (V,]|=|]) is a regularly ordered Banach space respect
to the proper cone C, C the closure of C in (V, ||H|). The dense embedding
Jjv 1 Ve V is the reflection mapping of the reflection V +— Vv, showing
Ban} to be a dense-reflective subcategory of Vec{ (cp. [16]). O

Let D € PC (resp. D € PCy,). A relation “~” on IRt x D x D is defined
as follows: (@, z1,22) ~ (B,¥1,¥2) if and only if there exists a A > o+ 3, such
that for every £ > 0 there are a ¢ €]0,3] and u,v € D with '

cr(-?\!—zl + gyz) + %u = a(%zz + —f—'yl) + %v and H%u + %v” < go.
Let 7 : D — D/~ be the reflection mapping from PC into PC,., (resp.
from PCp, into PCgy .ep) (see 1.3). Then (a, 21, 22) ~ (B, 41,¥2) if and only
if there exists a A > a+ 8 with #($z, + 'gyz) = n($z2+ 'gyl) . Then one has

3.1 Lemma: The above relation “~” is an equivalence relation.

Proof: For (o, 1,22) € R x D x D put A := 2q, and “~” is shown
to be reflexive. Obviously, it is symmetric. Let (e, z1,%2) = (B,¥1,¥2) and
(B,¥1,¥2) = (7,21, 22). Thus there exist A > « + B, XN > B+ with 7(§z1 +
gyz) = n(§z2 + 'gyl) and r(%yl + $2) = r(%yz + %2z). We may assume
A =)N> maz{2B, e+ B, a+7, B+ 7} This implies 1Crm(y) + Ex(yz)) +
1(2x(zy) + In(z2)) = 3(&7(21) +E7(2) +3(§7(31) + F(22)) = (S (z2) +
() + 2(2r(ys) + 20(20) = 3(En(an) + Ex(u)) + H(§(za) + Fn(a))
Since D/~ is preseparated, we conclude T($z1 + 22) = §7(21) + F7(22) =
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%W(.’Eg) + '}W(Zl) = 7r(f\’-.7:2 + %Z]), thus (0,271,272) ~ (’)’, 2,'1,22). 0

Let E := (R* x D x D)/~. In the following we write (a,z,;) for
the ~ -equivalence class of (@, z1,z2) in E. A IR-scalar multiplication and
an addition on E is defined by p(e,z1,z2) 1= (pa,z1,z2) for 4 > 0 and
pla,z1,z2) : = (—pa, z2,71) for g < 0 and

a a
(e, z1,22) + (Byy1,92) 1= (’7,;% + ‘g‘yl, ;332 + gyz) (v >a+B).

3.2 Lemma: With the above definitions, E is a real vector space.

Proof: Obviously, the scalar multiplication is well-defined. Let (o, 1, z2) =
(o, 2%, z5) and (B,y1,y2) = (B',¥1,¥5). Then there exists a v > maz{a+
B, o' + B’} with

a B «a
(o, 21, 22) + (B, 91, 92) = (7, :/‘3_?1 + ;yh ;$2 + gyz) and

(o, 21, 25) + (8,91, 92) = (71 “‘-""1 + A yla —z2 + £3:!/2)
v 94 7
Furthermore, there exists al> mar{a+d,B8+ 0, a+ B, a + B’} with
T(ST1+5 ‘z}) = 7r(,\z2+ z}) and 7r(/\y1+{’\—y2) = 1r(-f\-ay2+ ,\yl) This yields
(£ (51 + 53) + £(57h + §13) = 7§ + Sa5) + 37§y + §p) =
In(82,+ £2)) + 7r( nt Eyl) = m(Z(§2+ Lu2) + £ (52, + §ul)) , thus
(ayz1,22) + (B, 11, 92) = (o, 4, 25) + (', yi, v5)- Hence, the addition is well-

defined as well. Now, one proves the vector space axioms by a straightforward

computation. ]

We define a mapping ||| : E — R by ||(a, 21, z2)|| : = ad((7(z1), 7(z3)),
where d is the semi-metric defined in 2.1, 7 the reflection mapping from 1.3
and we have the following

3.3 Lemma: (E, ||-||) is a real normed vector space.

-86~



Proof: At first we show that |H| is well-defined. Let (@, 1, z2) = (7, ¥1,¥2)
and 8 €0, 3], u,v € D with B (z,) + L1r(u) = Br(z2) + 17(v). Then there
exists a A > a + 7 with 7($z; + Jy2) = 7(§22 + 341). Put 2 := -%a:l + %xz
and Ag : = A—af > 0. First let 4 > 0. Then the following operations are well
deined and r(s) + (1 = £)(FEr(un) + or(w) = (Br(s:) + 3r(u) +
ér(‘;wz +3n) = ;(ﬂr(wz) +37(v)) + 47 (521 + Ayz) = &Ln(z) + (1 -

2)(3 (1) + 57(0). From 1463, 2m(un) + H(m(w) = Forlu) +
3(357(v)), and we have Z23(5m(u)) + 3(G5m(v))]| < gLHALAON,
This implies d((7(y1),7(y2))) < 2d((w(z1),7(z2))) and therefore one gets
(7, 31,92l = vd((w(31), 7(32))) < @d((7(=1),7(22))) = |I(e, 21, 25)[. Obvi-
ously, for 7 = 0 this holds, too, and, by symmetry, [|(7, y1,y2)|| = [[(@, 21, z2)]|-

Thus ||—| is well-defined. Obviously, ||—|| is homogenous. Next, let (e, z1, z2),
(7,91,92) € E and Bo, By €]0,1], ao, by, a1,b1 € D with fom(z1) + %W(Go) =
Bom(z2) + im(bo) and Bam(wn) + 37(a1) = Buim(y2) + 37(b1). We assume
Bo < By and define a; := £a; and by := 2b;. Then fom(y1) + 37(az) =
& (B (y1)+37(ar)) = (ﬂlﬂ’(yz)'*' (b)) = Bom(yz)+37(b2). Let A > ety
with '

(a’ $17$2) + (77 Y1, y2) (/\ 271 + /\yh /\1:2 + /\y2)

Now, put as : = $5a0+3502 and b3 : = £bo+ 75 2. Then %(%W($1)+}1r(y1))+
Lr(as) = &(Bom(z1)+3m(a0))+ 3 (Bom(y1)+37(a2)) = 55 (Bor (2)+37(bo)) +
2 (Bom (y2) + 3m(be)) = L(§7(22) +37(y2)) + 37(bs), follows and

(e + 5761

= 2 (o) + (b)) + 75 (5@ + 5
li(ao) + 370l ||%r<a1)+§vr<bl)|| i
<35 3 ( Be +7 3 ) Th pli

a ¥ @ 5
(e, z1,z2) + (¥, 91, 92)|| = H(/\,'/'\'xl + ULy + -/\-yz)l!

-87-



= Ad((§7(21) + 37(3), §7(22) + $7(y2))) < ad((n(z1), 7(22)))+

Yd((7(31), 7(y2))) = [(@, 21, 22)ll+ [[(7,¥1,92)||- Finally, let (a, z1,22) €
E with ad((7(z1), 7(z2))) = ||(a, 21, 22)|| = 0,1.e. @ = 0 or d((7 (1), 7(2z2))) =
0. In case a = 0, (a,z,z2) = (0,0,0) holds, and d((7(z1),7(z2))) = 0 im-
plies 7(z;) = n(z2) by 2.2. This is equivalent with (1, 21, z2) = (0,0, 0), thus
(o, z1,22) = (0,0,0), and (E, |]||) is a real normed vector space. -0

3.4 Proposition: C := {(a,z,y) € E|y = 0} is a proper cone in F and
E is a regularly ordered normed vector space with proper cone C (see 2.5).

Proof: Obviously, C4+C C C and IR*C C C hold. Let (o, z,0),(8,y,0) €
C with (,z,0) = —(8,y,0) = (5,0,y). Then there exists a A > a + § with
2r(z) + 252 (y)) = 37(z) + En(y) = 7(3z + £y) = 7(0) = 0. a = 0
implies (e, z,0) = (0,0,0). For 0 < a we get n(z) = 0 from 1.4(iii). 7(z) =
0 = 7(0) means (o, z,0) = (0,0,0). Consequently, C 1 (-C) = {(0,0,0)}
holds, and C is a proper cone in E.

Let (a,21,72) € E, (8,41,0) € C with —(8,11,0) < (e, 71,72) < (8,1,0).
We show that ||(a,z1,22)|| < ||(8,¥1,0)|| holds. Without loss of generality
we may assume a = 3 = 1. There exist elements (/,2’,0), (8,y',0) € C
with (1,0,31) + (/,2',0) = (1, 21, 22) and (1,z1,22) + (B, y',0) = (1, 41,0).
Thus there is a vy > maz{l+ o', 1+ 8’} with

]

o 1 . T F 1 . —
v, —z',—y1) = (1, z1,22) and (v, —21 + —y', —z2) = (1,711,0).
( b 1) = (1,71, 22) (’7,7 1+ YD 2) = (1,%1,0)

This implies the existence of an element A > maz{2,7 + 1, + §'} with
37(z)+3im(n) = 7(FGv)+3e1) = 7(H(&2')+122) = n(22)+57(z') and
Ln(aa)+3n(w) = 7(A(Een)+2n) = 73 Ror+ Ly/)+20 = Ir(zy) +&n(y)
Let o €]0,3], u,v € D with on(y;) + %w(u) = 17(v). From the above equa-
tions, one gets

G0 + 3r(en) + 3(Gm(n) = 3 Grlen) + Sr()
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455700 + 37) = 5(37(22) + Tr() + 2 (on(ar) + D)
A(z (z)+37(22)+3(5 7'(-"«")+£7f(y ))- 14(“’) implies 7 (y,) = $(e')+
57 (y"). From g7 (y)+2(3m(21)+57(y)) = L (3a(e)+ 3r(y0))+1 () +
Er(y) = 3Gm(22) + $7(e") + 137 (22) + 4 W(yl))"z,\ﬂ-(yl) 3(37(z2) +
—w(z))weget 2n(z)+E7(y") = 21 (z2)+<7(2") (1.4(iv)). Put o’ =Zeyy
v and v’ = O;I{’:z:'+2)\u Then we conclude 2)\7r(:cl)+ 7(v) = (£ (37 (z1)+
Er@))) +5m(u) = 3(5Gn(22) +57(2)) + &r(w) = 2,\7f($2)+ 7(v') and

@uir(uv + —r(v’)ll = ”113(-"—7«:::) + r(y’)) +3 w(u)ll

=212 + 2Ar(u>u = B arlonlo) + 2rw) + Sl

= 2 h o)) + fon(uy < Lm@Ear L

Hence, [ a0zl = d((r(zx),7(22))) < d(x(3:),7(0))) = om0l
Now, let m € E and € > 0. Let o €]0, %], u,v € D with on(z,) +
37(u) = ow(z2) + i7(v) and for a > 0, ﬂ%r_(u_);-_%ﬂ < d((7(z1), 7(z2))) + £.
Put w := lu+ jv and b := (2,w,0) € C. We will prove (,z1,z2) +
(2,w,0) = (-%,v,0) and (2,w,0) + (a,22,71) = (&,u,0). For this, let
7 > e+ 2 with (@,21,23) + (£,w,0) = (7,221 + Zw, £2,) and (&,w,0) +
(@,22,21) = (7, Sw+ 222, %zl). Let A > 7+ £. Then one has on(§z; +
2Zw) = E(on(z1) + in(uw)) + F7(v) = $(o7(z2) + 37(v)) + F7(v) =
on($z2 + Zv). From 1.4(ii), one gets 7(3(2z1 + Zw)) = 7(521 + Jw)
= 1(§22+ Jv) = 7(3(222) + Zv), and this implies the first assertion. From
on(Zw+5zs) = §(om(z2)+37(v))+57(w) = (o (z1)+37(w))+FHm(u) =
om($z1 + Zu) one derives as above 7(}(2z1) + Fu) = 7(§z1 + FHu)
=r(Zw+ ,\1,'2) = 7(}(&w + 223)), and this leads to the second assertion.
Hence, —b < (a,z1,72) < b holds. In case @ = 0 we have b = (£,w,0) =
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(0,0,0) = (e, z1, Z2), thus ||8]] < |[(e, 21, z2)|| + €. Now, by 2.3, in case o > 0

we conclude

Qs O 37 (w) + 57 ()l
I8l = ST w0 = Zd((r(u),0)) < ol 27
< ad((7(z1), 7(22))) + € = ||(a, Z1, 22))) + €. Thus, E is regularly ordered by
C. © 0O
For D € PCg,(resp. D € PC) we define Syin(D) := (E,||—||) (resp.
S(D) := (£,]|—]|), where E is the completion of E in Ban}). The mappings
0D,sin © D — Sfin(D) and o : D — S(D) are defined by o} 4, () :=
(1,2,0) (z € D € PCyip), op(z) := in 0 0p 4;,(7) (z € D € PC), where
in : Spin(D) — S(D) is the isometric inclusion.
The mappings op : D — A(S(D)) (D € PC) (resp. op fin : D —>
A in(S5in(D)) (D € PCyg,) are defined by op(z) := op(z) (z € D) (resp.
0D,fin(Z) = 0p 5in(z) (z € D)). Then one has

3.5 Theorem: S (resp. Syi) extends canonically to a functor S : PC —
Banj (resp. Sfin : PCgn — Vec?), which is left adjoint to A : Ban} —»
PC (resp. Af,-,. : Vec§ — PCp,). The unit of this adjunction is op (D €
PC) (resp. op,sin (D € PCg)).

Proof: By 2.3, op (D € PC) and op,fin (D € PCp,) are well-defined.
Obviously, for D € PCg,, 0p,fin : D — Sjin(D) is a PCg,-morphism. Let
DePC, z; €D (i €IN), a € QF. For all n € IN one has

> aiop(z:) + (1, > oz, 0) = (1, ez, 0) + (1, > eizi,0)

=1 i=n+1 . t=1 1=n+1

=(1,) «z;,0) = 0p(d_ aiz;). By 2.3, this leads to
=1 f

(o]

(13 Z a;T;, 0)

=n+1

o0
Szaia

t=n+1

lon(S aszs) - Y- avon(ar)l =

=1
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which implies op(3; &;:z;) = ¥; aiop(;), i.e. op is a PC-morphism.

Let D € PCg, and f: D — Ay(V), V e Vec}, a PCg,-morphism.
For all 21,22 € D, 0p, fin(21) — 0D, fin(z2) = (1,241, 0) — (1, 22,0) = (1, z4, z5)
holds. Consequently, a Veci-morphism ¢ : Sjin(D) — V with Agin(e) 0

op,fin = f is uniquely determined if it exists. Define ¢ : Sf;n(D) — V by
o((2,21,29) 1= ol f(21) — (22)) (@ 25,23) € S7in(D)). Let (o7, 77) =
(B, y1,92)- Thus there exists a A > e+ with r(%x1+§y2) = r(%z2+§y1). By
1.3, there is a PCg,-morphism ¢ : D/~ — A,:,-,,(V) with Yor = f. Thus we
get $f(21)+5f(32) = dom($z1+Ly2) = pom(Sz2+8u1) = $f(z2) +E ().
This implies o(f(z1) — f(z2)) = B(f(v1) — f(¥2)), and the above mapping
¢ : Sfin(D) — V is well-defined.

Now, it is easily verified that ¢ is IR-linear. For (a, z1,¢2) € Syin(D), 2.6
(), (i) yields |lp((es 21, 22)]| = lla(f(21) = f(z2))]| = @llf(z1) — f(=2)]l =
ad(((z1), f(23)) = ad(( 0 7(z1), ¥ 0 7(22)) < ad((x(21), 7(22)) =

(e, 1, z2)||. For every (a,z,0) € C, ¢((a,z,0)) = af(z) > 0 holds,
i.e. p is a positive linear contraction. Obviously, Af,-,,(cp) 0 0op,fin = [ is
fulfilled, and even our assertion is proved in the finitary case. The proof in

the infinitary case consists simply of a completion. O

3.6 Theorem (c.f. [15], 11.3): Let D € PC (resp. D € PCg,). Then the
following statements are equivalent: (i) D is separated.

(ii) If, for z,y € D, for every & €]0,1] there exist a § €]0,3], v,v € D
with Bz + Ju = By + 3v and ||ju + $v|| < B, then z = y holds.

(iii) For all z,y € D, d((z,y)) = 0 if and only if z = y holds.

(iv) op (reép. oD, fin) 1s injective.

(v) For all z,y € D with z # y there exists a PC-morphism f : D —
A(IR) (resp. a PCp,-morphism f : D — Az (IR)) with f(z) # f(y).

Proof: (i)<=> (ii): Because of definition 1.2.
(ii)==>(iii): This follows from 2.2, 2.7.
(iii)==(iv): For all z,y € D, op(z) = op(y) (resp. 0D,fin(T) = 0D fin(¥))
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if and onmly if (1,2,0) = (1,y,0), if and only if v(z) = w(y) holds, which
implies the assertion (see 1.3).

(iv)==(v): Let D € PC and op : D — A(S(D)) injective. Let z,y € D
with z # y. Then we have op)(z) # op(y), and by [12], 9.2, there exists a
positive linear contraction ¢ : S(D) — A(IR) with p(o)(2)) # (ap(y)).
The mapping f := poop : D —» A(IR) is a PC-morphism with f(z) # f(y)
The proof for D € PCg, is analogous. '

(v)==(ii): Let D € PC and z,y € D be such that for every ¢ with
0 < € < 1 there exist 8 E]O,z],u v € D, with Bz + iu = By + 1v and
ldu+ 3ol <ep. I f: D — A(R) is a PC-morphism, we get ﬁf(a:) +
L(w) = £(Bz + u) = F(By + o) = BF(y) + 3£(v) and |11F(w) + 31| =
| fGu + 3v)|| < |l3u + 3v|| < eB. This implies f(z) = f(y), since A(RR) is
separated. By our assumption, this leads to £ = y. The proof for D € PCg,
is analogous. O

It is surprising that separated PC- and PCg,-spaces can be characterized
by the same cancellation law. This is neither the case for separated (super)
convex spaces ([1], 2.3, 3.6) nor for separated absolutely (totally) convex
spaces ([8], 11.2, 13.8). o

§4 No Cogenerator for Preseparated PC-Spaces

By 3.6, the category PC,,, has a cogenerator, namly A(IR). PC,,., is the
full subcategory of PC spanned by all preseparated positively convex spaces,
i.e. such spaces, where ar = ay implies z = y (z,y € D,0 < a < 1) ([14],
4.1). IRT := IR* U {oo} (where oo ¢ IR") is a positively convex space with
zero element 0 in the following way: ’

Let 3°; a;z; := o0 if ;, = oo for some ip € suppa or if z; € IRT for all 3 €
suppa and (the real sum) Y°; a;z; is divergent. If the series 3°; a;z; converges
in IR* take this as the value of the formal sum (a € QF, z; € ﬁ"_'(z € IN))
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([4], p- 2) and ([5], 1.11, [2], 1.2)).

For any set J, a PC-congruence relation “~” can be defined on the carte-
sian power (IR_+)J by z ~ y if and only if ¢ = y or there exist k,j € J
with 21 = y; = 00 (z = (z;)jer, ¥ = (Wi)jes € (RY)’) ([4], p- 2). Let
7 : (R*)” — (IR*) /~ be the canonical projection and z,y € (IR_+)J,O <
a < 1 with 7(az) = en(z) = ar(y) = n(ay). This implies az = ay (and
thus = y) or the existence of elements k,j € J with azy = (az); = 00 =
(ay); = ay;, and this leads to zx = co = y;. Hence (W)J /~ is preseparated.

For any (preseparated) positively convex space D, any infinite set J with
card D < cardJ and every PC-morphism f : (TFE:)J/~ — D, f(7((1)jer))
= f(n((00)jes)) holds ([4], p. 2). This leads to

4.1 Corollary: The category PC,,., does not has a cogenerator. o
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STRONG ORTHOGONALITY, ALMOST
MEMBERSHIP, AND CONSERVATION OF
INVARIANCE AND MULTIPLICATIVITY IN
CONNECTION WITH STABLE SETS OF

MEASURES |

D. Plachky

Abstract

Let M denote some <-stable set of finite and finitely additive measures on some
algebra A of subsets of some set and let My, stand for the set consisting of all finite
and finitely additive measures on A of the type >°%2, uj, p; € M, 7 = 1,2,....
Furthermore, y €, My means that for all £ > 0 there exists some A € A satisfying
v(A°) < ¢ and pa € My, p and v being finite and finitely additive measures on
A. It is shown that u €, My is valid for all two-valued, finite, and finitely additive
measures v on A if and only if g € M holds true. Furthermore, the property of
any finite and finitely additive measure p on A to satisfy u;(B) = sup{pa(B) :
pa € M, A€ A}, B € A, for the part p; of the decomposition of y according to
po= p1 4 po, g1 € M, ug € M+, where M is in addition ) -stable, is characterized
by strong orthogonality. Finally, it is shown that invariance of any finite and finitely
additive measure u on A is heriditary for the component u; € M of 1 and that direct
products of finite and finitely additive measures have a property of multiplicativity
concerning their components belonging to M.

1 Terminology and auxiliary results

Let ba,(€),.A) denote the set consisting of all finite (bounded) and (finitely) additive
measures y defined on A, i.e. u: A — IR satisfies u(A) > 0, A € A, and p(A U A;) =
w(Ay) + p(Az), Aj €A, j=1,2, A;N A, = 0. Furthermore, a subset M of bay ({2, A) is
called <-stable if and only if v < u for u € M and v € ba, ({2, A) implies v € M. Finally,
a subset M of bay (£, A) is said to be Y-stable if and only if M = My is valid, where My
stands for the set of all elements of bay (£, A) of the type 352, 1), 1; € M, j=12,...
The starting point is the following Riesz type decomposition (cf. [3]), which will be proved
here for sake of completion, where M* is introduced by {u € bay(Q, A): p L v, v € M}
and where p L v means that the greatest lower bound u A v of u and v with respect
to the natural ordering (i.e. < setwise) of bay (€, A) is equal to 0, 1.e. for € > 0 there
exists some A € A satisfying u(A) < ¢ and v(A°®) < g, since u A v might be described by
(1 A v)(A) = inf{u(A1) +v(Az) : AU Az = A ANA, =0, Aje A j=12}, Ac A

=95~



Theorem 1 (Riesz type decomposition)
Any p € bay(Q, A) can be uniquely decomposed according to p = py + po, p1 € Mx, p2 €
M+, where M is some non-empty and <-stable subset of ba,(Q, A).

Proof: Let M denote the set consisting of all subsets {vx : k£ € K} of bay(92, A)
satisfying $"pcp ve < p, where Y icx v stands for the least upper bound of all finite
sums Y ;cp v With respect to the natural ordering of bay (2, A), where F' is some finite
subset of K. Then there exists some maximal element {v; : ¢ € I} of M and p; might
be introduced by ¥ ;c;vi, where Y.,c; v might be written as an ordinary sum, if one
takes IV.11.7 of [2] concerning the order completeness of L; together with some Stonian
representation argument according to IV.9.11 of [2] into consideration. Introducing p,
by p — w1 results in the existence of the Riesz type decomposition, whereas the unique-
ness assertion concerning u; and g, might be shown by applying a Jordan decomposition
argument as follows: u = py + po = g + ph, 1,4} € My, po,ps € M+ implies the
following equation for the positive parts of u; — pj and pj — pe of the corresponding
Jordan decomposition: (u; — wf)* = (uh — p2)™, from which (u; — p{)* € M+ because
of (u1 — pi)T < ph € M+ follows. Finally, (p1 — p)t < w1 together with gy L A for all
A € M+ results in (g1 — p)* = 0, from which (p) — p1)T = (p1 — p1)~ = 0 follows, where
(p1 — p7)~ stands for the negative part of u; — pj, 1.e. p1 = p) and pe = p; holds true. O

Remark: As an application of this Riesz type decomposition one might rederive the
Hammer-Sobczyk decomposition (cf. (1], p. 146) by introducing M as the set consisting
of all two-valued elements belonging to ba,(f2,.4). The characterization of the elements
of M1 as the strongly continuous finitely additive, and finite measures on .4 might be
derived by a Stonian representation argument (cf. [2], IV.9.11 and [4], p. 373).

2 Strong Orthogonality

The theorem about a version of the Riesz decomposition theorem admits the following
decomposition result, where py for g € bay(Q,.A) and A € A is defined by ps(B) =
p(ANB), B€ A, and g € bay(9,A) is said to be strongly orthogonal with respect to
v € bay (R, A)if and only if for any € > 0 there exists some A € A such that p(AS) < ¢ and
v(A:) = Oisfulfilled. Furthermore, M@ M+ is introduced as {u1+pg : p1 € M, uy € M*+}
for any <-stable and Y-stable subset M of ba, (€2, A).

Theorem 2 (Strong orthogonality)
Let M stand for some non-empty, <-stable and X-stable subst of bay(Q, A). Then the
following assertions hold true:

(i) Any p € bay(Q, A) can be written uniquely as p = py + pa, 1 € M, py € ML, ie.
bar (R, A) =M e M+, Mn Mt = {0}.

(i) M- = M.

(iti) p1 occuring in (i) has the representation py(B) = sup{ua(B) : ps € M, A €
A}, B € A, if and only if py is strongly orthogonal with respect to py occuring in

(1) .
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Proof: Part (i) is an immediate consequence of the Riesz type decomposition the-
orem, whereas (ii) is an easy application of part (i). For the proof of (iii) one derives
from the equation pi(B) = sup{ua(B) : ps € M, A € A}, B € A, that for any
£ > 0 there exists some A, € A satisfying u;(Q) < pa, () + € and ps, € M, from
which pa, = p14, and pa(A.) = 0 follows because of yuz L wa,. Therefore, one ar-
rives at p1(AZ) = p1(Q) — w(Ae) = 1 (Q) — pa(Q) < g, ie. wy is strongly orthogonal
with respect to ;. Conversely, strong orthogonality of u; with respect to uz yields
p1(Ac N B) = u(A. N B), B € A, where A, € A fulfills us(A.) = 0 and pi(AS) < e.
Therefore, p1(B) = p1(BNA) + m(BNAS) < ua, (B)+e, Be A, and pa, € M is valid,
from which p1(B) = sup{ua(B): pa € M, A€ A}, B € A, follows. o

Remark: The special case M = M, , where M, consists of the o-additive (countably
additive) elements of ba,(Q, A) one gets the Hewitt-Yosida decomposition ba, (2, A) =
M, & M}. The elements of M} are called purely finitely additive. In particular, strong
orthogonality in this case of any element of M, with respect to any element of M- if A
is in addition a o-algebra of subsets of Q (cf. [1], p. 244), shows that part (iii) is valid for
the decomposition of Hewitt-Yosida. :

The preceding remark togethef with the theorem about strong orthogonality admits
the following

‘Corollary 1 (Strong orthogonality)
Let M be a non-void, <-stable, and Z-stable subset of ba(Q, A) and let M stand for the
set consisting of all elements of M being o-additive, where A is a o-algebra of subsets of
Q. Then M is <-stable and X-stable and any p € ba, (9, A) can be uniquely decomposed
according to p = py1 + po, 1 € M, py € M*, and p1 can be represended as pi(B) =
sup{pa(B):ps € M, A€ A}, Be A.

Proof: Clearly M is <-stable, X-stable and non-empty because of 0 € M. According
to the theorem about strong orthogonality it remains to show that u; L p2 implies that
p1 is strongly orthogonal relative to us, which might be seen as follows: For any € > 0
there exist sets An. € A satisfying p1(An. < & and p2(A5,) < 55, n € IN, from which
p1 (U Ane) < e and pa((USZy Ane)) = 0 follows, since py 1s sub-o-additive and A is a

o-algebra. |

Remark: A further application of the decomposition result in connection with strong
orthogonality concerns the subset M) of bay(€,A) consisting of all 4 € ba, (9, A) being
absolutely continuous with respect to A € bai (£, A), ie. for any € > 0 there exists
some & > 0 such that A(4) < & for some A € A implies u(A4) < £ (notation: } < ©)-
Clearly, M is <-stable and Z-stable, whereas M L consists of all v € bay (R, .A) satisfying
v 1L A since A € M and any v € bay(Q, A) with the property v L A fulfills v € M*t.
This last assertion follows from the observation that v A p is absolutely continuous with
respect to v A A for any p € My, which might be seen by the explicit representation of
gy A pa, i € bay(Q,A), j =1,2, which has been introduced in the first section. Thus
one arrives at a Lebesgue type decomposition for finite and finitely additive measures, i.e.
bay(Q, A) = M\ & M. Furthermore, any <-stable and Z-stable subset M of ba (£, A)
is also <-stable, i.e. p < A for p € bay(9, A) and A € M implies p € M. This follows
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from the decomposition u = p; + pa, p1 € M, ps € M+, since pp < A and pp L A yields
pa(€) = 0.

3 Almost Membership and Conservation of Invari-
ance

In this section the starting point is the notion u €, My for u,v € bay (92, A) and M being
some non-empty -and <-stable subset of ba (2, .4), which is defined by the existence of
some A, € A for any ¢ > 0 satisfying pa, € My and v(AZ) < e. The corresponding
characterization of u € My by u €, My for sufficient many v € bay(f2,.A) is summarized
by the following

Theorem 3 (Almost membership)
Let M stand for some non-void and <-stable subset of ba,(Q, A). Then p € My is valid
if and only if u, € My holds true for all two-valued v € ba (£, A).

Proof: Clearly, u € Myx implies u €, My for all v € My because of gy € Mx, A € A,
since = Y2 uj, p; € M, j = 1,2,..., results by means of <-stability of M in
PA = Doy Kias Hia €M, A€ A, 7 =1,2,.... For the proof of the converse direction
one might start from the observation that for any u € ba (9, .A) with p(2) > 0 there
exists some two-valued v € bay(Q,A), v(Q) > 0, such that u(A) = 0 for some A € A
implies v(A) = 0. This might be seen by introducing the sub-algebra A" of A defined by
{Ae A: u(A) =0o0r u(A) = u()}. Any {0, x(Q)}-valued extension v € bay(Q, A) (cf
[4], p- 372) of u|.A" has the corresponding property. Let now v stand for some two-valued
element of bay (2, A) with v(£2) > 0 such that pz;(A) = 0 for some A € A results in
v(A) = 0, where p € bay(9, A) satisfies p €, My, u = puy + p2, p1 € Mg, p € M*,
is valid. Then p4, € My for some A. € A satisfying v(A?) < ¢ for any given ¢ > 0
and € < v(Q), leads to v(AS) = 0 and g4, = 0 because of py 4 € M+ for any 4 € A
Therefore, v(A.) = 0 together with v(AS) = 0 produces the contradiction »(2) =0. O

A further topic of this section concerns the question of conservation of invariance
under some family F of (A, A)-measurable functions f : @ — Q, ie. f71(A) C A
is satisfied. Any f € F and g € bay(Q,A) induces some u/ € bay(f, A) defined by
w(A) = u(f1(4), Ac A

Theorem 4 (Conservation of invariance)

Let M denote some non-empty and <-stable subset of ba,(Q, A) and F some non-empty
set of functions f : Q@ — Q satisfying f_ (A) C A, such that v/ € M is satisfied for
any v E M and f € F. Then p = uf, f € F, for some u € bay(Q,.A) implies
i —uj, fer, ]_1 2, where,u—,ul + o, p1 € My, py € ML, holds true.

Proof The representation p; = 152, v;, v; € M, j = 1,2,..., implies #1 =
°f’_1 vi, f € F, and, therefore, one arrives together with '1/ eEM, feF, j=12,.

and p = pf, f € F, at T 2 E]=1 5, if one takes into consideration the proof
of the existence of the Riesz type decomposition introduced in the first section , i.e.

:ul( )—Sup{z_‘] IVJ( ):Vj € M7 .7 = 1,...,71, E?:lyj < My € ]N}7 A€ A Now
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Z??—_l Vj(Q) = ?il V]f(‘Q)v f € fa yields Z?il v; = Z?il Vf? f € f? Le. M1 = luif’ f €F,
and, therefore, also u, = uJ, f e F. o

4 Conservation of Multiplicativity

Let A; denote some algebra of subsets of some set Q; and M; some subsets of bai (Q;, A;),
7 =1,2, being <-stable and X-stable. Then M), consisting of all u € bat (2 x Qq, A1 ®
Az), such that the marginal measures 419, j = 1,2, of u belong to M;, j = 1,2, is <-stable
and L-stable. Here, 4;®.A4, stands for the algebra of subsets of Q; xQ, generated by {A4; X
At Aj € Aj, 7= 1,2}, le. 4, ® A, = {Z?:l(Alj X Azj) DAy € A, 7=1,...,n, 1=
1,2, n € IN} and p®, 4@ are defined by p((A;) = p(A; x Q), AL € Ay, p@(A4,) =
p(fh x Az), Az € A,. Furthermore, p1 ® py € bay(Q; x Qy, 4; ® Ap) is defined for
pi € bay(Q5,A45), 7 =1,2, by (g1 @ p2) (371 (A1j X Azj)) = 25y 1 (Arj)pa(Azj), Aij €
A, 7=1,...,n,¢=1,2, n € IN. Now everything is prepared for the following

Theorem 5 (Conservation of multiplicativity)

Let A; stand for some algebra of subsets of a set Q; and let M; denote subsets of
bay(82;, A;) being <-stable and T-stable, 7 = 1,2. Then the following assertions hold
true: »

(1) The component of u1 ® po for any p; € bay (95, A4;), 7 = 1,2, of the decomposition
of p1 ® p2 belonging to M according to ba, (4 x Q2,41 ® Az) = M Q& M+, where
M is some <-stable and X-stable subset of bay(Qy X Qa, A1 ® As), containing every
g1 ® p2, py € M, 5 = 1,2, is equal to pi1 ® par. Here p; = pj + pjo, ppn €
Mj7 Hi2 € MJTL? =12

(i)) My ® M, introduced as the intersection of all <-stable and X-stable subsets of
bay( x Qg, A1 ® A;) containing any p1 ® po, g € M;, j = 1,2, is <-stable
and Y-stable and is properly contained in My, in the case where 3 = Q, =
Q, A4, = Ay, = A, A being some o-algebra of subsets of Q0 containing all singletons
{w}, w € Q, and where My = M, = M, M being some <-stable and X-stable subset
of bar (01 x Qz, A1 ® A;) containing some po € bay (2, A) being o-additive and
fulfilling po({w}) =0, w € 0, uo(%) = 1.

Proof: M; ® M, is well-defined since M, introduced at the beginning of this section
belongs to the corresponding intersection defining M; @ M,. Furthermore, M; ® M, is
<-stable and X-stable and contains every g1 ® p2, p; € M;, j = 1,2. Thus, there are at
least two subsets M of bay (£ x s, A; ® Az), which are <-stable, X-stable, and contain
all uy ® g, p; € M;, 7 = 1,2. In particular, 11 @ pa1 € M is valid and part (1) of
the theorem follows from the observation Ay ® Az € M=+ for A; € bay(Q;, A;), 7 = 1,2,
satisfying )\, € Mj, since M* is ¥-stable. The assertion A1 ® Ay € M+ might be derived
from A L ,u(l) or Ay L M(z)’ where the u(j), j = 1,2, are associated with some p € M,
since Ay ® Ay L p holds true.

For the proof of (ii) let u € ba(Q x Q, A® A) be (well-) defined by u( 1 (Agj X
Apj)) = Tjm1 po(Arj N Azj); Arj, Azj € A, j=1,...,n, n € N, where o € bay(Q,A) is
o-additive and satisfies go({w}) = 0, w € Q, uo(Q) = 1. Therefore, 4 defined on A® A
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is also o-additive and fulfills u({(w,w)}) =0, w € Q, u(Q x Q) = 1. Finally x might
be extended uniquely to the o-algebra o(A @ A) generated by A ® A as a probability
measure v according to v(C) = inf {3752 u( Ay X Agj) 1 C C 3052, (Ar; X Ag;), Arj, Agj €
A j=12...}, Ce€ (AR A), from which v*(A%) = 0, i.e. v.(A) =1 follows, where
A stands for the diagonal {(w,w) : w € Q} of Q@ x Q, and v* resp. v. denotes the outer
resp. inner probability measure of v. Let now M) stand for the set consisting of all
A€ bay (%, A® A) satisfying A L u. Then M® is <-stable, £-stable, and contains ev-
ery p1 @pug, ; € M, j =1,2. This last assertion u1 Qus € MW, u; € M, j = 1,2, might
be seen by introducing the Hewitt-Yosida decomposition yy1 = g1, + ph1p, p2 = H20 + pa2p
of u;, 7=1,2,1.e. pj, € bay(Q, A), j =1,2,is o-additive and pj, € bai(£2, A) is purely
finitely additive, i.e. u;, L A, 7 = 1,2, holds true for any X € ba,(£2, A) being o-additive.
Now v,(A) =1 and v({(w,w)}) =0, w € Q, implies u L w1, @ s and po L pjp, 7 =1,2,
results in g L p1, @ prop, p L p1p @ poo, and g L po ® fiap, i.e. g L py @ pp. However,
u & M because of u(Q) =1,ie u & M ® M is valid, whereas u € Mi, holds true. O

Remark: Part (ii) of the theorem about multiplicativity shows that the inclusion
M} @ M} C (M, ® M)* is in general proper, since otherwise Mj- ® My C Mj; C
(M; ® My)* results in My, = M5t C (Mt @ Mj)* = M+ ® M3+ = My @ Ms.
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On the complete r-partite graphs and their line graphs

PETER ZORNIG

Abstract

Motivated by the study of degeneracy graphs we investigate the

properties of complete r-partite graphs and their line graphs.

Keywords: Degeneracy graphs, multipartite graphs, line graphs,

connectivities of a graph,

0. Introduction and basic concepts

In order to solve degeneracy problems in linearly constrained
optimization the so-called degeneracy graphs, assigned to a
degenerate vertex x of the feasible solution set, have proved to
be useful [4,5,7,10,111. In the special case when the degeneracy
degree of x is 2 (i.e. two basic variables equal zero),

degeneracy graphs are the line graphs of complete multipartite

graphs.

To date only the line graphs of special complete multipartite
graphs have been investigated [2,p.286, 6,8]. In this paper we
will study the properties of general complete r-partite graphs
and their line graphs. While papers dealing with connectivities
of graphs usually develop lower or upper bounds [1, 3, 9], we in

particular derive formulae for the connectivities of

K(p;y+--sp,) and L(K(pys-.1Pp) )
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The complete r-partite graph KYpP...,pr) is that graph with

node set partition

| = p; fori=1,...,r ),

where two nodes are connected by an edge iff 'they lie in
different components of V (cf. Fig.1).

Let G denote a finite undirected graph without loops or multiple
edges. The 1line graph L(G) of G is that graph whose nodes
correspond to the edges of G such that two nodes of L(G) are
adjacent iff the corresponding edges of G are adjacent (cf. Fig.
2).

The connectivities can be - equivalent to the usual way -
defined as follows (cf. e.g. [3, p. 170}):

A graph G is said to be n-connected (m-edge connected) iff
between each pair of distinct nodes there exist at least n
disjoint (m edge-disjoint) paths.

The connectivity K (the edge connectivity A) of G 1is the
maximum integer n (or m) for which G is n-connected (m-edge

connected). An immediate consequence of this definition is
K S A <S8

where & denotes the minimum degree of the respective graph
(cf. [3, p. 1711).

In this article a sequence of pairwise disjoint edges
(ep...,en), where e; and e, are adjacent for i = 1,...,n-1,
will be called an edge path.

As usual, the distance d(v,w) between two nodes v, w of a graph
G is defined as the length of a shortest path from v to w. The

longest distance between two nodes in G is called the diameter
of G.
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Fig.1: The complete r-partite graph K{2,2,3)

G L(G)

Fig. 2: A graph G and its line graph L(G)
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1. Properties of K(pI,...,pr)

The number of edges of K(pl,...,pr) is

r

where n = E p;, and the diameter of a complete r-partite graph
i=1

is £ 2.

Lemma 1.1: Let Vi’ Vj denote two components of the node set

partition of K(pl,.. ..,p) with r 2 2, i# Jj, P; =| Vl-l < p; = ]le ,
n = 2 p;-
Then there exist n - p. node disjoint paths between any two

J
nodes v, w with v € Vi and w € Vj'

Proof: Let VisesssVps Waeoo, Wy and yj,...5U
i

D denote the
J

1Pip;
nodes of Vi, Vj and V \ {Vi U Vj}, respectively.

Then there exist the following n - p.

; node disjoint paths

between v and W (cf. Fig. 3):

pP:= (Vll W])1

Pt:= (Vl, ut’ Wl) fOI‘ t 1)0--,n—pi_pj’

2""’p]:' .

*
Pt:= (Vl,Wt,Vt,Wl) for t
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Fig. 3: Disjoint paths in the proof of Lemma 1.1

Proposition 1.2:

Let G = K(pl,...,pr) be a complete r-partite graph with r 2 2;
pp < ... S p, n =2p. Then the connectivities x, A of G satisfy
K =4 =8 =n - y

where 8 denotes the minimum degree of G@G.

The proof follows immediately from Lemma 1.1,

2. Properties of L(K(pl,...,pr))

Let e = {v, w} be an edge of K(pl,...,pr) with v € V.,and w € Vj’

p; =| v, p; = lel, i # J. It is easy to prove that e -
considered as a node of L(K(pl,...,pr)) ~ has degree 2n—2-pl-—pj.
Let g(v) denote the degree of the node v of K(pl,...,pr). Since
edges of a line graph L(G) correspond to pairs of adjacent edges

of G which can be classified according to the common node, the
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number of edges of L(K(pp...,pr)) is

ZV: [g(2V)]
i > (g(ZV))

i=1 VEVI

i=1 2
The diameter of L(K(pp...,pr)) is £ 2.
Lemma 2.1: Let K(pp...,zﬁ) be a complete r-partite graph with
r 2 2 and n = pit...1tp,. Moreover let e = {VV x@} and e’ = {v,,
W} denote two distinct edges of K(pp...,pﬁ such that

JACT N k”_) + k(z),

where V“) is the component of the node set partition containing
v;» and i .= [;X”‘ denotes the number of nodes in W/ (i =
1,...,4).

Then there exist
2n-2-i/4 - l*)

pairwise disjoint edge paths between e and e’.

Remark 2{2:

It seems reasonable to prove the assertion by induction on the

number n of nodes. However, in the case

N T R lT R Y

problems arise in the transition from n-1 to n.
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Proof of Lemma 2.1: We will construct the above number

disjoint edge paths for the following cases:

Case 1:

V“), . ..,V“) are distinct components of V.

We obtain 4 disjoint edge paths of the form (cf. Fig. 4):

PVj’Vj 1= ({Vl,Vz}, {Vl',Vj}, {V3,V4})

for ie {1,2}, je{3,4}.

€)] . 4
Vv \Y
v3 e Vg
P P
V1V V3 V2v3
v v
VoV Vg
vy e V..
vu) v (2

Fig. 4. Edge paths in case 1

Moreover, there are n—k(”—km—z edge paths of the form
PVI’V'V3 i= ({Vl s Vz}, {Vl , v ‘{V3, v} {V3, V4})

for v€ V\ (V“) U Vm U {Vz, V4})
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and n—km—k(”—z edge paths of the form

t= ({Vl,Vz}, {Vz,V’}, {V4,V'}{V3,V4})

PVz,V’,V4

for vV € V\ (V(z) ) V“) U{Vl, V3}) .

Finally we obtain k{” + k(z) - 2 edge paths of the form {cf.
Fig. 5)

P(t) 1= ({Vl’VZ}’ {Vf(t),Wt'}, {we 5w’ Howg, Vg(t)} {vy, D)

for t=1,...,k0ktt o

‘ / /
where w;,..., Wew o 5, and Wi, ..., We) gt _p denote the elements

of (V(”uVm)\{V,Vz} and (V(3)Uvm)\{v,v4}, respectively, and

1 ifwievm
f(t) := 1

2 ifwiGV(“,

3 if w, e vl
g(t) =

4 if w, e vt

The above definitions of f and g insure that all edge paths
are disjoint.
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()] )

®

)

™
Y

e

Fig. 5: Edge paths of the form P © in case 1

Case 2:

R TR TR

a) v # v

We obtain the edge paths (cf. Fig. 6)

PVM’ PVz»V3’ PVz»H ’

n - km} - 2 edge paths of the form (cf. case 1)

Pv1, V, V:i

{3

for ve V\ (V ) U{Vz, 7 hH

and n—kw)—k“)—Z edge paths of the form
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Pvz,v',n{

for v € V\ (V(Z) U V(“ U{VI, VS})

Fig. 6: Edge paths in the case 2a

Similarly to case 1 we furthermore obtain km - 1 edge paths
of the form

Pit) t= (vawhy fww'h, o sw Mg, ) g, )

for ¢ =1,...,k%1,

o ! !
where Wyre- W, and Wire o Wew denote the elements of

V”)\{VZ} and V“)\{v‘!}, respectively.
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b) v, = v

We obtain the edge paths
({Vl’ Vz}, {Vs, V4})

and 1%p 0 (cf. Fig. 7). Moreover, there are n - k”) -2

edge paths of the form

P‘,l",",3 .= ({Vl 3 Vz}, {Vl’ V}, {V3 y V4})

for ve v\ (VP Uiy, vh

and n—kM)—k“)—l edge paths of the form

Pﬁﬂﬂq

for v € V\ (vt g vt u{vh

(1)

Fig. 7. Edge paths in the case &b
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Finally, we obtain kw} -~ 1 edge paths of

Case 3:

vl = 8 e oyl

a)v1¢v3,vz#v4

We obtain the edge paths (cf. Fig. 8)

By and By

n - kHLZ edge paths of the form

F%,nq

for ve V\ (V(s) U{Vz, V4})

and n - kHL—Z edge paths of the form

Pvz,v’,\q

for VvV € V\ (V(z) U{Vl, V3})
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Fig. B8: Edge paths in case 3a

b) Vi =V, vy # Y
We obtain the edge path (cf. Fig 9)

({Vl , Vz}, {V3, V4}) ,

n - k(‘”—z edge paths of the form (cf. case 2b)

PV1 ¥ V,V3

for veE V \ (V(“ ) {Vz, V4})

and n- k(”—l edge paths of the form

PVz,V', V4

for V€ V\ (V(z) U{Vl}) . R
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Fig. 9: Edge paths in case 3b

Lemma 2.1 implies the following result.

Theorem 2.3:

Let G = K(pp...,;%) denote a complete r-partite graph with r 2

2, p; ... =2 p, and n = Zpr

Then the connectivities x’ and A’ of the line graph L(G) satisfy
K’=6’=2n—2—pr_1.—pr
and

L B r - — -—
A’ =8 =2n-2-p, - p,

where 8’ denotes the minimum degree of L(G).

In order to prove only the second formula, we could also make

use of the theorem in [9, p. 308].
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