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Abstract

The present thesis deals with computable functional analysis and in this context, es-
pecially, with compact operators on computable Banach spaces. For this purpose, the
representation based approach to computable analysis (TTE) is used.

In the first part, computable Banach spaces with computable Schauder bases are in-
troduced and two representations each are defined for the dual space of a computable
Banach space and for the space of compact operators between two computable Banach
spaces. Using these representations, computable versions of miscellaneous classical re-
sults about compact operators on Banach spaces are formulated and proved. The space
of compact operators on computable Banach spaces with computable Schauder bases
that satisfy some reasonable additional conditions forms a computable Banach space
itself, the composition with bounded linear operators turns out to be computable, and a
computable version of the Theorem of Schauder is stated. It turns out that well-behaved
dual spaces are closely connected to a well-behaved space of compact operators.

In the second part, the problem of best-approximation is studied using methods of (com-
putable) functional analysis. Different computability results about the metric projection
onto closed convex subsets and onto finite-dimensional linear subspaces of computable
normed spaces are shown. Furthermore, a representation of finite-dimensional linear sub-
spaces via some basis is defined and compared with other representations. It is shown
that the basis representation contains the same information as the representation via
distance functions enriched by the dimension.

Zusammenfassung

Die vorliegende Arbeit beschäftigt sich mit berechenbarer Funktionalanalysis und in
diesem Zusammenhang insbesondere mit kompakten Operatoren auf berechenbaren Ba-
nachräumen. Hierfür wird der auf Darstellungen basierende Ansatz für berechenbare
Analysis (TTE) genutzt.

Im ersten Teil werden berechenbare Banachräume mit berechenbaren Schauderbasen
eingeführt, und es werden jeweils zwei Darstellungen für den Dualraum eines bere-
chenbaren Banachraumes und für den Raum der kompakten Operatoren zwischen zwei
berechenbaren Banachräumen eingeführt. Mit Hilfe dieser Darstellungen werden bere-
chenbare Versionen verschiedener klassischer Ergebnisse über kompakte Operatoren auf
Banachräumen formuliert und bewiesen. Der Raum der kompakten Operatoren auf be-
rechenbaren Banachräumen mit berechenbaren Schauderbasen, die gewisse zusätzliche
Bedingungen erfüllen, ist selbst wieder ein berechenbarer Banachraum, die Komposition
mit beschränkten linearen Operatoren erweist sich als berechenbar und eine berechenbare



Version des Satzes von Schauder wird angegeben. Es ergibt sich ein enger Zusammen-
hang zwischen

”
gutartigen“ Dualräumen und einem

”
gutartigen“ Raum der kompakten

Operatoren.

Im zweiten Teil wird das Problem der besten Approximation mit Hilfe von Methoden
aus der (berechenbaren) Funktionalanalysis untersucht. Es werden verschiedene Ergeb-
nisse zur Berechenbarkeit der metrischen Projektion auf abgeschlossene konvexe Teil-
mengen und auf endlich-dimensionale lineare Teilräume von berechenbaren normierten
Räumen bewiesen. Darüber hinaus wird eine Darstellung für endlich-dimensionale linea-
re Teilräume mit Hilfe einer Basis definiert und mit anderen Darstellungen verglichen.
Es wird gezeigt, dass die Basisdarstellung den gleichen Informationsgehalt hat wie die
Darstellung mit Hilfe von Abstandsfunktionen ergänzt um die Dimension.
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1 Introduction

In functional analysis linear operators and, especially, compact operators play an impor-
tant role. For instance, in infinite-dimensional Banach spaces the unit ball BX = {x ∈
X : ‖x‖ ≤ 1} is not compact, whereas the closure of the image of the unit ball under a
compact operator is compact. Thus, compact operators can improve the properties of
their input in some sense. The content of this thesis is motivated by the intention to
come to a better understanding of the computability properties of compact operators
on infinite-dimensional Banach spaces from the viewpoint of the representation based
approach to computable analysis [Wei00, BHW08].

The Euclidean spaces Fn, with F ∈ {R,C} and n ∈ N, are usually equipped with
their canonical inner product such that they form Hilbert spaces. These spaces and
their subsets are already studied quite well in computable analysis, see for instance
[Wei00, BW99, Zie02]. Linear operators on these spaces can be represented as matrices,
and they are always compact because the target spaces are finite-dimensional. Ziegler
and Brattka have published several results about linear operators on Euclidean spaces
and about linear subspaces of Euclidean spaces [ZB00, ZB01, BZ02, ZB04]. Since every
n-dimensional Hilbert space H, n ∈ N, over some field F is isometrically isomorphic to
Fn,1 the computability results about the Euclidean spaces Fn can be transferred to all
finite-dimensional Hilbert spaces.

In infinite-dimensional Hilbert spaces we have to deal, for instance, with the problem
that we have no finite basis and that the unit ball is not compact. Regarding com-
putability, compactness is a useful property of subsets because it has certain finiteness
properties, for example every open cover has a finite subcover. Some of the problems
caused by the infinite dimension can be dealed with by exploiting properties of orthonor-
mal Hilbert space bases. It turns out that all computable infinite-dimensional Hilbert
spaces are computably isometrically isomorphic to the sequence space ℓ2 [BY06] and
that the compact operators can be represented as computable metric space [BD05].
Based on these results, several further results about compact operators on computable
infinite-dimensional Hilbert spaces can be proved [BD05, BY06, Bos07].

The space of compact operators In [BD05] the space of all compact operators be-
tween two computable (infinite-dimensional) Hilbert spaces is represented as a com-
putable metric space. In so doing, each compact operator is represented as a rapidly

1This also holds computably, which can easily be derived from the results in [BY06].
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1 Introduction

converging sequence of some kind of finite-dimensional operators2 (converging with re-
spect to the operator norm topology). Generally, the limit of a converging sequence
of finite-dimensional operators is always a compact operator [Wer04, Kor. II.3.3]. In
Hilbert spaces the converse is valid, too [Wei80, Thm. 6.5]. Another obvious represen-
tation for compact operators can be derived from the definition of a compact operator
as a bounded linear operator that maps the unit ball to a (relatively) compact set, that
means a name of a compact operator T : H → H̃ encodes a “program” for T as contin-
uous function and a name of the closure TBH of the image of the unit ball as compact
subset of H̃.

The starting point for the present work was the question whether and under which
conditions these two representations for compact operators between infinite-dimensional
computable Hilbert spaces, namely the Cauchy representation defined in [BD05] and
the representation motivated by the definition of a “compact operator”, are computably
equivalent. It turns out that, actually, they are computably equivalent in general.3 This
result immediately leads to the question if we can define similar representations for
compact operators on computable Banach spaces and, thus, obtain a reasonable theory
of compact operators on computable Banach spaces including computable versions of
well-known classical theorems like, for instance, the Theorem of Schauder.

In Chapter 5 we will present conditions under which we can define analogous representa-
tions for compact operators on computable Banach spaces as we have already defined for
compact operators on computable Hilbert spaces. Furthermore, we present conditions
under which these representations are computably equivalent. Using these represen-
tations of compact operators we prove computable versions of several classical results
about compact operators on Banach spaces like a computable Theorem of Schauder and
a computable composition with bounded linear operators.

Banach spaces with bases The space of compact operators on Hilbert spaces can be
represented as computable metric space because the finite-dimensional operators are
dense in the space of compact operators. Concerning Banach spaces the situation is
slightly different. A Banach space X is said to have the approximation property if,
for every Banach space Y , the finite-dimensional operators are dense in the space of all
compact operators from Y to X [Meg98, Def. 3.4.26]. Thus, the target space has at least
to have the approximation property in order that we can define a Cauchy representation
as we have done for compact operators on Hilbert spaces.

Banach spaces with so-called “Schauder bases” do have the approximation property
[Meg98, Thm. 4.1.33]. Since Schauder bases turn out to be also a valuable substitute
for Hilbert space bases, we study Banach spaces with these bases somewhat further
in Chapter 4. In this context, we also study dual spaces of computable Banach spaces

2A linear operator is called finite-dimensional or of finite rank if its range is finite-dimensional.
3The proof of this result for computable Hilbert spaces is not included in this thesis because the result
has later become a simple corollary of the more general result for computable Banach spaces.
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because “well-behaved” dual spaces turn out to be necessary for reasonable results about
compact operators.

Best approximation in Banach spaces In some proofs of computable functional anal-
ysis, the necessity arises to compute the best approximation of an element of a Banach
space to a given subset, which often is a (finite-dimensional) linear subspace. In Chap-
ter 7 we state some results about best approximation onto finite-dimensional linear
subspaces and, more general, onto closed convex subsets. Here, particularly computable
Banach spaces with uniformly convex norms enable us to obtain computable versions of
some classical results.

Finite-dimensional subspaces Every finite-dimensional linear subspace of a given Ba-
nach space is a closed subset. Therefore, in Chapter 7 we represent finite-dimensional
linear subspaces mainly as closed subsets. Another natural representation of finite-
dimensional linear subspaces is via a given basis. In Chapter 6 we define such a repre-
sentation and compare it with the representations as closed subsets, also enriched with
the dimension of the subspace. In this context, we also state some results about linear
combinations and linear independence.

Representation-based approach to computable analysis In this thesis, we study com-
putable functional analysis using the representation based approach to computable anal-
ysis [Wei00, BHW08]. In Chapter 2 we briefly describe this approach and mention the
basic notions and results that are needed in the following chapters. We also give some
references for further information about this topic. In Chapter 3 we summarize some
notions about computable metric and Banach spaces and state several, mostly already
known, results about these spaces that we need in the subsequent chapters. We also
outline how the approach of Rettinger and Weihrauch [RW11] to define a representation
of the class of all second countable T0-spaces can be adapted to define a representation
of the class of all separable metric spaces.

There are several other approaches to define computability for real numbers and other
object in analysis, for example [BCSS98, Ko91, PER89], to mention only a few (see
also [BC06]). While the approaches of Ko [Ko91] and Pour-El and Richards [PER89]
are comparable to the model used in the present work, the BSS-model described in
[BCSS98] is quite different.

A lot of results of computable analysis can also be derived from results in construc-
tive analysis [BB85, BV06]. Especially, Bridges, Vı̂ţă, and Ishihara published several
results in constructive functional analysis, particularly about Hilbert spaces, normed
spaces, and best approximation, for instance [Bri79, Bri80, BI96, Ish91, Ish01, BV06].
In proof-theoretic analysis [Koh08b] several classical existence proofs are carefully an-
alyzed and the results even provide quantitative information, which could be used to
obtain corresponding computability results.
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1 Introduction

Basics from functional analysis and topology While the necessary basic notions and
results from computable analysis and the representation based approach (TTE) are
mainly introduced in Chapters 2 and 3, the notions and results from functional analysis
that are required in the following chapters are briefly introduced when they are used for
the first time. For further information on these topics, we refer the reader to standard
text books on functional analysis, Banach spaces, and best approximation, for example
[Meg98, Wer04, Wei80, LT77, Sin70] to mention only a few. Basic information on topol-
ogy can be found in [Eng89], further information on specific topologies on closed sets
and functions in [Bee93].

Notations and Symbols The symbols for sets, notations, representations etc. that are
used in this thesis are summarized after Chapter 8.

Acknowledgment First of all, I would like to thank my supervisor Prof. Dr. Klaus
Weihrauch for offering me the possibility to work in his group and supporting my re-
search. I am also very grateful to Prof. Dr. Vasco Brattka for many fruitful discussions
about computable functional analysis and numerous useful hints for the present work.
Furthermore, I thank my colleagues Tanja Grubba and Priv.-Doz. Dr. Robert Rettinger
for their support and helpful discussions. Finally, I would like to thank Prof. Dr. Rut-
ger Verbeek for the possibility to finish my thesis while working in his group after the
retirement of Prof. Weihrauch.

The present version of this thesis contains some minor changes and corrections suggested
by the referees. A previous version of the contents of Chapters 4 and 5 was published
in [BD07], and a previous version of the contents of Chapters 6 and 7 in [BD10]. Fur-
thermore, parts of the material of these chapters were presented at the conferences
“Computability and Complexity in Analysis” in 2006 and 2008.
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2 Computable Analysis

In this chapter we briefly summarize some notions from the representation based ap-
proach to computable analysis, also called “Type-2 Theory of Effectivity” (TTE). We
refer the reader to [Wei00, BHW08] for a more detailed introduction.1

In the following, Σ denotes some finite alphabet, Σ∗ the set of all finite words over Σ,
and Σω the set of all infinite sequences over Σ. Σ∗ and Σω are endowed with the
corresponding product topologies with respect to the discrete topology on Σ. In order
to avoid additional technicalities, we assume that Σ contains at least the symbols 0

and 1.

In Section 2.1 we describe how computability on the space Σω of infinite sequences
can be defined via type-2 machines. In Section 2.2 naming systems and, especially,
representations are introduced as a method to transfer computability from Σ∗ and Σω

to other sets. In Section 2.3 we summarize some results about represented spaces. In
Section 2.4 we introduce effective and computable topological spaces and some related
notions.

2.1 Computability on Infinite Sequences

In order to study computability not only on the set Σ∗ of all finite words over some finite
alphabet Σ but also on the set Σω of all infinite sequences over Σ, the model of a type-2
machine has been introduced in [Wei00]. In this section we briefly describe this model
and the definition of computability for functions on infinite sequences.

Type-2 machines A type-2 machine M is a Turing machine, which has k one-way read-
only input tapes, several work tapes, and one one-way write-only output tape, together
with a type specification (Y1, . . . , Yk, Y0) with Yi ∈ {Σ∗,Σω), defining the type for each
input tape and the output tape.

In case of finite output, that is Y0 = Σ∗, the computed function fM of M is defined in
the same way as for ordinary Turing machines: fM is defined for all those inputs on
which M eventually enters a halting state and the result of the computation is the word
that has been written on the output tape by then.

1Actually, most of the concepts summarized in this chapter come from [Wei00].
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2 Computable Analysis

In case of infinite output, that is Y0 = Σω, the computed function fM is defined in
a different way: fM is defined for all those inputs on which M never enters a halting
state and writes more and more symbols on the output tape. Then the result of the
computation is given by the sequence that is written step by step on the output tape.
Since the output tape is one-way write-only and so a once written symbol can never be
replaced, this definition is reasonable.

Computable functions on infinite sequences A partial function f :⊆ Y1 × · · · × Yk →
Y0 with Yi ∈ {Σ∗,Σω) is called computable if there exists a type-2 machine M that
computes f . Analogously, a sequence p ∈ Σω is computable if there is a type-2 machine
M that computes p with no input, that is k = 0. Obviously, a word w ∈ Σ∗ is always
computable.

Computable functions are continuous A fundamental result of the TTE approach
to define computability on words and also infinite sequences is that every computable
function f :⊆ Y1×· · ·×Yk → Y0, Yi ∈ {Σ∗,Σω} is continuous (see [Wei00, Thm. 2.2.3]).

2.2 Computability With Respect to Naming Systems

In this section we describe how computability on Σ∗ and Σω is transferred to other sets
via naming systems. A naming system for a set M can be a notation or a representa-
tion.

Notations A notation of a set X is a surjective partial function ν :⊆ Σ∗ → X. In order
to have a notation a set has to be countable. In the following, besides notations we also
use numberings, that is a surjective partial function ν :⊆ N → X, for countable sets X.
Since given a numbering of a set X we can easily derive a notation of X this will not
cause any problems.

Representations In order to define computability on uncountable sets we use repre-
sentations. A representation of a set X is a partial surjective function δ :⊆ Σω → X.
Obviously, one can define representations for countable sets, too. In this thesis almost
all used naming system are representations. Numberings and notations are nearly only
used by means of defining a representation based on a numbering or notation. Therefore,
we will define the following notions for representations. Though, most of them can be
analogously defined for notations.

6



2.2 Computability With Respect to Naming Systems

Computability via representations Given a set X and a representation δ :⊆ Σω → X,
an element x ∈ X is called δ-computable if there exists a computable δ-name for x, that
is a computable sequence p ∈ Σω with δ(p) = x.

Given sets X,Y with corresponding representations δ :⊆ Σω → X and δ′ :⊆ Σω → Y , a
(δ, δ′)-realization of a partial function f :⊆ X → Y is a function F :⊆ Σω → Σω such
that for all p ∈ dom(δ) with δ(p) ∈ dom(f) we have δ′(F (p)) = f(δ(p)). f is called (δ, δ′)-
continuous if there exists a continuous2 realization F of f ; f is called (δ, δ′)-computable
if there exists a computable realization F of f .

Computability for multi-valued functions f :⊆ X ⇉ Y can be defined analogously. A
function F :⊆ Σω → Σω is a (δ, δ′)-realization of f if δ′(F (p)) ∈ f(δ(p)) for all p ∈ dom(δ)
with δ(p) ∈ dom(f). Then, the notions of (δ, δ′)-continuity and (δ, δ′)-computability are
defined in the same way as done above for single-valued functions.

In the following, we will often omit the representations δ, δ′ and just say computable
instead of (δ, δ′)-computable if the used representations, with respect to which com-
putability is meant, are clear from the context.

Reducibility of representations Let δ and δ′ be representations of sets X and Y , re-
spectively. We say that a function f :⊆ Σω → Σω translates or reduces δ to δ′ if
δ(p) = δ′(f(p)) for all p ∈ dom(δ). Then, we call δ computably reducible or just re-
ducible, δ ≤ δ′ for short, if there exists a computable function that translates δ to δ′.
Analogously, δ is called continuously reducible to δ′, δ ≤t δ

′ for short, if there exists a
continuous function that translates δ to δ′. δ and δ′ are called computably equivalent or
just equivalent, δ ≡ δ′ for short, if δ ≤ δ′ and δ′ ≤ δ, and continuously equivalent , δ ≡t δ

′

for short, if δ ≤t δ
′ and δ′ ≤t δ. Obviously, δ ≤ δ′ implies X ⊆ Y . In the following, we

mostly even have X = Y in such cases.

Turing machines on represented sets In the following, we do often not elaborate
the proofs with every detail on the level of type-2 machines but discuss on a higher
level. For example, we do not describe how to transform sequences in Σω that represent
real numbers but describe the algorithm for sequences of rational numbers, that is we
interpret the δR-names in some way. In [TW11] it has been formally proved that we
can simplify our proofs in such a way. Therein, the model of a generalized Turing
machine as a Turing machine working on represented sets is developed and generalized
representations are defined. Furthermore, conditions are formulated under that the
function computed by the generalized Turing machine is also computable with respect
to type-2 machines and (ordinary) representations.

2with respect to the Cantor topology on Σω
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2 Computable Analysis

2.3 Represented Spaces

If we combine a set X with a representation of X, we arrive at the notion of a represented
space. In this section we summarize some notions and results about represented spaces.
More detailed information can be found in [Wei00, Bra03a].

Definition 2.3.1 (Represented Space). A tuple X = (X, δ) is called a represented space
if X is a set and δ :⊆ Σω → X is a representation of X, that is a surjective mapping
from Σω onto X.

In the following, we often do not distinguish between the represented space X and the
underlying set X. It should always be clear what is meant in the concrete context.

Computably equivalent Two represented spaces X = (X, δ) and X ′ = (X, δ′) with
the same underlying set X are called computably equivalent if their representations are
computably equivalent, that is δ ≡ δ′. This is equivalent to the condition that the
identity id : X → X ′, x 7→ x is computable in both directions.

Wrapping function In the following, by ι : Σ∗ → Σ∗ we denote a wrapping function
that “wraps” a word w ∈ Σ∗ in such a way that we can concatenate finitely or countably
many wrapped words to a longer word or sequence and are able to split them up and
unwrap them later. A concrete definition of ι( ) can be found in [Wei00]. The wrapping
function is used for defining tupling functions.

Tupling functions With 〈 〉 we denote tupling functions that are used to encode multiple
(finite or infinite) sequences over Σ into a single sequence in a bijective way.3 We
assume that the tupling functions 〈 〉 used in this thesis and their inverse functions
are computable. A concrete example for defining such tupling functions can be found
in [Wei00].

Representations for product spaces Given a represented space (X, δ) one can define
standard representations δk and δN for the product spacesXk andXN := {(xn)n∈N : xn ∈
X for all n ∈ N}, that is the set of all (infinite) sequences (xn)n∈N over some space X
(see for example [Wei00, Bra99, Bra03a]). The product operation (that is combining
several elements into a single tuple) and the projections (“extracting the elements” of a
tuple or sequence) are computable with respect to these standard representations.

3In this thesis we will also use 〈 〉 for the inner product of a Hilbert space. Since it will always be clear
from the context if a tupling function oder the inner product is meant, there will be no confusion
caused by using the same symbol.

8



2.3 Represented Spaces

Continuous functions Given two represented spaces X = (X, δX) and Y = (Y, δY ), a
canonical standard representation [δX → δY ] of the set C(δX , δY ) of all total (δX , δY )-
continuous functions can be defined (see for example [Wei00, Bra03a]). The represen-
tation [δX → δY ] allows a computable evaluation and type conversion operation for
functions [Wei00, Bra03a].

Computable evaluation Given two represented spaces X = (X, δX) and Y = (Y, δY ),
the evaluation operation4

apply : C(δX , δY )×X → Y, (f, x) 7→ f(x)

that maps a (δX , δY )-continuous total function f and an element x ∈ X to the result
f(x) is ([δX → δY ], δX , δY )-computable.

Computable type conversion Given three represented spaces X = (X, δX), Y =
(Y, δY ), and Z = (Z, δZ) and a (δX , δY , δZ)-computable function f : X × Y → Z the
function

F : X → C(δY , δZ), x 7→ (y 7→ f(x, y))

that maps an element x ∈ X to the function that maps elements y ∈ Y to the results
f(x, y) is (δX , [δY → δZ ])-computable. This also holds in a uniform way, that is given a
name of the function f we can compute a name of the function F .

Representations of N, R, C In the following, by δN, δR, δC we denote the standard
representations of the set N of natural numbers, the set R of real numbers, and the set
C of complex numbers, respectively. We will also use the weaker representations δ<R
and δ>R of R, which characterize a real number by enumerating all lower bounds or all
upper bounds, respectively, of the real number.5 We assume that all numbers n ∈ N are
δN-computable, all rational numbers x ∈ Q ⊆ R are δR-, δ

<
R -, and δ>R -computable, and

all rational complex numbers x ∈ Q[i] are δC-computable. Also standard operations like
addition, additive inverse, multiplication, multiplicative inverse, absolute value, etc. are
computable with respect to the representations δR, δC, and, partially, δN.

Multi-representations Besides (single-valued) representations δ :⊆ Σω → M of a
set M , one can also define multi-representations. A multi-representation of a set M
is a surjective multi-valued function δ :⊆ Σω

⇉ M . Thus, a name p of an element
x ∈ M may be ambiguous, that is δ(p) is a set that contains x and, perhaps, further

4Instead of apply also the name eval is used for this operation.
5We refer the reader to [Wei00, Section 4.1] or [BHW08, Section 3] for more information on represen-
tations for R.
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elements of M . The information encoded in a δ-name is not sufficient to uniquely iden-
tify an element of M . For more information on multi-representations we refer the reader
to [Sch03, Wei08]. In this thesis, the used representation are single-valued mappings.
Therefore, in the following we will usually not consider multi-representations.

2.4 Effective and Computable Topological Spaces

In this section we will summarize some notions related to effective and computable
topological spaces.

In mathematics a topological space is defined as tuple (X, τ) where X is a set and τ
is a subset of the power set of X such that τ includes the empty set ∅ and the whole
set X and is closed under union and finite intersection. τ is called a topology on X and
the elements of τ are the open subsets of X. A base β of a topology τ is a subset of
τ such that every element of τ is a union of elements of β. A topological space (X, τ)
is a T0-space if the elements of X can be identified by their neighborhoods, that means
for all x, y ∈ X with x 6= y there exists some U ∈ τ such that U either contains x or
contains y but not both x and y. For details about topological spaces we refer the reader
to a textbook about topology like [Eng89].

Based on the mathematical notion of a topological T0-space, one can define effective
topological spaces (see [Wei00, WG09, RW11]).

Definition 2.4.1 (Effective topological space). An effective topological space is a 4-tuple
X = (X, τ, β, ν) such that (X, τ) is topological T0-space and ν :⊆ Σ∗ → β is a notation
of a base β of τ .

Obviously, the base β of an effective topological space has to be countable because
there exists a notation of β. Topological spaces with a countable base are called second
countable.

Since the intersection of two base elements is an open set, it is the union of some base
elements. Thus, given an effective topological space X = (X, τ, β, ν) there exists some
set S ⊆ (dom(ν))3 such that

ν(u) ∩ ν(v) =
⋃

{ν(w) | (u, v, w) ∈ S}

for all u, v ∈ dom(ν). If dom(ν) is recursive and there exists such a set S that is
additionally r. e., an effective topological space is called computable.

Definition 2.4.2 (Computable topological space). An effective topological space X =
(X, τ, β, ν) is a computable topological space if dom(ν) is recursive and

ν(u) ∩ ν(v) =
⋃

{ν(w) | (u, v, w) ∈ S} for all u, v ∈ dom(ν)

for some r. e. set S ⊆ (dom(ν))3.

10
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Given a computable topological space one can define representations of the points, the
open sets, and the closed sets, and multi-representations of the compact sets and the set
of partial continuous functions between two effective topological spaces [WG09]. Since
in this thesis we mainly work with metric and normed spaces, the multi-representation
of compact sets defined in [WG09] will be a (single-valued) representation in our case.
Also, the used representation for partial continuous functions will be single-valued in
our case because we will use it for the case of bounded linear operators, which are total
functions.

In the following chapters we will extensively use some of the results presented in [WG09].
Here, we just mention some of these results. Given a singleton {x} as a compact set in
a computable topological space X by its cover representation, we can compute x with
respect to the standard representation of points. Evaluation and composition of contin-
uous functions is computable with respect to the standard representations of continuous
functions and points. The image of a compact set under a continuous function is com-
putable with respect to the standard representations of continuous functions and the
cover representation of compact subsets.

In Chapter 3 we will present some related results, mainly of [Wei00] and [BP03], that
are valid in the special case of metric and normed spaces, which are also topological
spaces.

Admissible representations A representation δ of a topological space (X, τ) is called
admissible if there exists an effective topological space X = (X, τ, β, ν) such that the
standard representation δX of the points in X is topologically equivalent to δ, that is
δ ≡t δX . Admissible representations have an important property: Given two topological
spaces (X, τ) and (Y, τ ′) with admissible representations δ :⊆ Σω → X and δ′ :⊆ Σω →
Y , the (δ, δ′)-continuous total functions are exactly the elements of

C(X,Y ) := {f : X → Y | f continuous}

that is (δ, δ′)-continuity (defined by the representations) coincides with (τ, τ ′)-continuity
(defined by the topologies on X and Y ).

The class of all effective topological spaces Recently, Rettinger and Weihrauch have
studied the class of all effective topological spaces [RW11]. They have defined a multi-
representation of the class T eff

0 of all effective topological spaces and various multi-
representations of points, open sets, subsets, and compact subsets of effective topological
spaces. With these representations most of the results of [WG09] have been formulated
and proved in a more uniform way, that is not for a fixed effective or computable topo-
logical space but with the effective topological space as an additional input parameter.
In the following, we sometimes have to refer to these more uniform results.
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In this chapter we recall some concepts and results from computable analysis concerning
metric spaces and Banach spaces. Computability on Banach spaces and computable
linear operators on Banach spaces are extensively studied by Pour-El and Richards
in their seminal book [PER89]. We will study this subject using the representation
based approach to computable analysis of Weihrauch [Wei00], which we have briefly
described in Chapter 2. The representation based approach is essentially compatible to
the sequential approach of Pour-El and Richards, but it can more flexibly be adapted
to higher degrees of uniformity. We refer the reader to [Wei00] for all concepts that
are left undefined here. Additional information on computable topological spaces can
also be found in [WG09] and [RW11]; further information on computable metric and
normed spaces can be found in [Bra01], [Bra99], and [Bra03a], and especially for closed
and compact subset of metric spaces in [BP03].

In the following, for representing the natural numbers N we use a standard notation
νN and a standard representation δN. The real numbers R are represented by some
standard representation δR that represents a real number x by a sequence encoding a fast
converging sequence (xi)i∈N of rational numbers with limit x. Here by fast converging
we mean that |xi − xj | < 2−i for all j > i. For representing the complex numbers C

we use some standard representation δC with δC ≡ δR2 . For more details about these
standard representations we refer the reader to [Wei00].

In Section 3.1 we define effective and computable metric spaces and some related notions
like computable closed and compact subsets and prove some results for these spaces. In
Section 3.2 we briefly introduce the notion of a computable vector space, which we
will refer to in the subsequent section. In Section 3.3 we define effective and computable
normed and Banach spaces and prove some results for these spaces. Finally, in Section 3.4
we briefly introduce some representations and results for bounded linear operators.

In the following, we distinguish between effective spaces and computable spaces. Effective
(metric or normed) spaces consist of the corresponding mathematical space and some
additional structure that we later use to define computability on these spaces. For the
corresponding computable (metric or normed) spaces, we demand some computability
properties concerning the additional structure.
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3.1 Effective and Computable Metric Spaces

In this section we will first introduce the notion of an effective metric space and state
some properties of these spaces that do not need any further computability on the
space. Then, we extend the definition to a computable metric space and prove some
results that we get with the additional computability properties of computable metric
spaces. Furthermore, we summarize some representations for closed and compact subsets
of metric spaces that we need for our results in the main part of this thesis. Finally,
we outline how the approach to define multi-representations for the class of all effective
topological spaces [RW11] can be used to define multi-representations for the class of all
effective metric spaces.

Given a metric space (M,d), we denote by BM (x, r) the open balls with center x and
radius r, by BM (x, r) the closed balls, and by SM (x, r) the (closed) spheres, which are
defined by

BM (x, r) := {y ∈ M : d(x, y) < r},

BM (x, r) := {y ∈ M : d(x, y) ≤ r}, and

SM (x, r) := {y ∈ M : d(x, y) = r}.

If the metric space M is clear from the context, we often omit the index M and only
use B(x, r), B(x, r), and S(x, r).

3.1.1 Effective Metric Spaces

For defining computability on metric spaces, we equip a metric space with a dense
sequence in the space. The following definition of an effective metric space is based
on [Wei00, Def. 8.1.2]. However, in [Wei00] an effective metric space is a quadruple
(M,d,A, α) since therein the dense subset A of the metric space (M,d) is explicitly
given combined with a notation α :⊆ Σ∗ → A.

In this thesis we have slightly modified the definition of [Wei00] such that we have
replaced the specification of a dense subset together with a notation of it by a dense
sequence. That is, we specify a dense subset combined with a (total) numbering in a
single parameter and get a triple instead of a quadruple. Hence, we obtain a definition of
effective metric spaces as it is given in [Bra03a, Def. 5.1] (and also in [Bra99, Def. 4.4.5]
as separable metric space).

Definition 3.1.1 (Effective metric space). A triple M = (M,d, α) is called an effective
metric space if the following holds:

1. (M,d) is a metric space,

2. α : N → M is dense in M , that means M = range(α).

14
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Obviously, an effective metric space has to be separable since there exists a dense se-
quence, namely α. If not mentioned otherwise, we assume that all effective metric
spaces M are represented by their Cauchy representation δM:

Definition 3.1.2 (Cauchy representation). Let M = (M,d, α) be an effective metric
space. We define the Cauchy representation δM :⊆ Σω → M of M by

δM(p) = x :⇐⇒ ∃w0, w1, w2, · · · ∈ Σ∗ :
[
p = ι(w0)ι(w1)ι(w2) . . . ,

d(α(νN(wi)), α(νN(wj))) < 2−i for j > i and

lim
i→∞

α(νN(wi)) = x
]

for p ∈ Σω.

Here, ι : Σ∗ → Σ∗ denotes an injective (and computable) wrapping function as de-
fined, for example, in [Wei00] and νN :⊆ Σ∗ → N a standard notation of the natural
numbers N.

That is, a Cauchy name1 p of an element x ∈ M encodes a rapidly converging sequence
(α(ni))i∈N in the dense subset range(α) with limit x.

Before we state the definition of a computable metric space, we note some results that
are even valid for effective metric spaces (and not only for those ones that are even
computable).

If we replace the metric d of an effective metric space M = (M,d, α) by some met-
ric d′ that is bounded by d, the Cauchy representation of M is reducible to the Cauchy
representation of the effective metric space M′ := (M,d′, α).

Lemma 3.1.3. Let M = (M,d, α) be an effective metric space and d′ be another metric
on M with d′(x, y) ≤ c · d(x, y) for some c ∈ R and all x, y ∈ M . Then M′ := (M,d′, α)
is an effective metric space, too, and we have δM ≤ δM′.

Proof. Let L ∈ N with c ≤ 2L. Given a δM-name p = ι(w0)ι(w1)ι(w2) . . . of an element
x ∈ M , the sequence q = ι(v0)ι(v1)ι(v2) . . . with vi := wi+L is a δM′-name of x, because
we have

d′(α(νN(vi)), α(νN(vj))) = d′(α(νN(wi+L)), α(νN(wj+L)))

≤ c · d(α(νN(wi+L)), α(νN(wj+L)))

< 2L · 2−(i+L) = 2−i

for all j > i and

lim
i→∞

α(νN(vi)) = lim
i→∞

α(νN(wi+L)) = lim
i→∞

α(νN(wi)) = x .

1By Cauchy name, we mean a name with respect to the corresponding Cauchy representation.
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It is easy to see that on an effective metric space M the limit function restricted to
fast converging Cauchy sequences is a computable function with respect to the standard
representation δM. For the case of computable metric spaces this result is also included
in [Bra01, Prop. 3.2] and [Bra03a, Prop. 5.3].

Proposition 3.1.4 (Computable limit). Let M = (M,d, α) be an effective metric space.
Then the limit function Lim :⊆ MN → M , (xn)n∈N 7→ limn→∞ xn with

dom(Lim) := {(xn)n∈N ∈ MN : d(xi, xj) < 2−i for j > i and lim
n→∞

xn ∈ M}

is (δNM, δM)-computable.

Proof. Let M = (M,d, α) be an effective metric space, (xn)n∈N ∈ dom(Lim) and p ∈ Σω

such that δNM(p) = (xn)n∈N. Given p, we can compute a sequence (pn)n∈N such that

pn ∈ Σω and δM(pn) = xn for all n ∈ N. Hence, there are words w
(n)
0 , w

(n)
1 , w

(n)
2 , · · · ∈ Σ∗

for all n ∈ N such that pn = ι(w
(n)
0 )ι(w

(n)
1 )ι(w

(n)
2 ) . . . , d(α(νN(w

(n)
i )), α(νN(w

(n)
j ))) < 2−i

for j > i and limi→∞ α(νN(w
(n)
i )) = xn. Let wn := w

(n+1)
n+3 for n ∈ N. Then we can

compute the sequence q := ι(w0)ι(w1)ι(w2) . . . from the given information and it holds

d(α(νN(wi)), α(νN(wj)))

= d(α(νN(w
(i+1)
i+3 )), α(νN(w

(j+1)
j+3 )))

≤ d(α(νN(w
(i+1)
i+3 )), xi+1) + d(xi+1, xj+1) + d(α(νN(w

(j+1)
j+3 )), xj+1)

< 2−i−2 + 2−i−1 + 2−i−2

= 2−i

for j > i. Thus, q is a Cauchy name of

lim
n→∞

α(νN(wn)) = lim
n→∞

α(νN(w
(n+1)
n+3 )) = lim

n→∞
xn

because it holds with x := limn→∞

0 ≤ d(α(νN(w
(n+1)
n+3 )), x) ≤ d(α(νN(w

(n+1)
n+3 )), xn+1) + d(xn+1, x)

≤ 2−n−3 + 2−n−1 < 2−n

and therefore

0 ≤ lim
n→∞

d(α(νN(w
(n+1)
n+3 )), x) ≤ lim

n→∞
2−n = 0 .

Hence δM(q) = limn→∞ xn.

It is also obvious that the dense sequence α of an effective metric space M = (M,d, α)
and the elements of this sequence are computable with respect to the standard repre-
sentation δNM and δM, respectively.
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Proposition 3.1.5 (Computable dense sequence). Let M = (M,d, α) be an effec-
tive metric space. Then the sequence α is (νN, δM)-computable, and equivalently δNM-
computable. The elements α(n), n ∈ N, of the sequence α are δM-computable.

Proof. Given i ∈ N we can compute a word wi ∈ Σ∗ such that νN(wi) = i, and so
α(νN(wi)) = α(i). Furthermore, given a number i ∈ N we can compute a sequence pi =
ι(wi)ι(wi) · · · ∈ Σω. Then pi is a Cauchy name of limj→∞ α(νN(wi)) = limj→∞ α(i) =
α(i). Thus α is (νN, δM)-computable, and for each i ∈ N the element α(i) ∈ M is
δM-computable.

If we replace the dense sequence α of an effective metric space M = (M,d, α) by another
dense sequence α̃ that is computable in M, the Cauchy representation of M̃ := (M,d, α̃)
is reducible to the Cauchy representation of M. For computable metric spaces this result
is included in [Bra01, Prop. 3.3] (choose A = X).

Lemma 3.1.6. Let M = (M,d, α) be an effective metric space and α̃ : N → M be a
sequence in M such that M = range(α̃). Then also M̃ := (M,d, α̃) is an effective metric
space and the following are equivalent:

1. α̃ is (νN, δM)-computable.

2. δM̃ ≤ δM holds.

Proof. Since M = range(α̃), M̃ = (M,d, α̃) is an effective metric space and the Cauchy
representation δM̃ is well-defined.

“(1) ⇒ (2)”: Let α̃ be (νN, δM)-computable. Let x ∈ M and p ∈ Σω such that δM̃(p) =
x. Thus, there are words w0, w1, w2, · · · ∈ Σ∗ such that p = ι(w0)ι(w1)ι(w2) · · · ∈ Σω,
d(α̃(νN(wi)), α̃(νN(wj))) < 2−i for all j > i and limi→∞ α̃(νN(wi)) = x. Since α̃ is
(νN, δM)-computable, given the sequence (wi)i∈N in Σ∗ we can compute a sequence
(pi)i∈N in Σω such that δM(pi) = α̃(νN(wi)) for all i ∈ N. Let xi := δM(pi) for all
i ∈ N. Then (xi)i∈N ∈ MN and it holds

d(xi, xj) = d(δM(pi), δM(pj)) = d(α̃(νN(wi)), α̃(νN(wj))) < 2−i

for j > i. Hence (xi)i∈N ∈ dom(Lim). Since M is an effective metric space, Lim
is computable. Thus, given (pi)i∈N we can compute a sequence q ∈ Σω such that
δM(q) = Lim((xi)i∈N) = limi→∞ xi = limi→∞ δM(pi) = limi→∞ α̃(νN(wi)) = x.

“(2) ⇒ (1)”: Let δM̃ ≤ δM. Since M̃ = (M,d, α̃) is an effective metric space, α̃ is(
νN, δM̃

)
-computable. Thus, α̃ is also (νN, δM)-computable.
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3.1.2 Computable Metric Spaces

Now, we define computable metric spaces, which are effective metric spaces where the
distance function is computable restricted to the dense sequence. This is the same
definition as given for example in [Bra99] and [Bra03a]. In [Wei00], where the dense
set A of an effective metric space (M,d,A, α) and a notation α of A are explicitly given,
the definition of a computable metric space slightly differs. There, the set of all pairs
of rational upper and lower bounds of the distances between all pairs of elements of A,
that is the set

{(t, u, v, w) ∈ (Σ∗)4 : νQ(t) < d(α(u), α(v)) < νQ(w)}

has to be r. e. for a computable metric space. It is easy to see that this definition is
equivalent to ours.

Definition 3.1.7 (Computable metric space). An effective metric space M = (M,d, α)
is called computable metric space if d|range(α)×range(α) is [α, α, δR]-computable.

It turns out that the computability of d on the dense subset can be transferred via
the Cauchy representation to the whole set M . This result is also included in [Bra01,
Prop. 3.2] and [Bra03a, Prop. 5.3]

Proposition 3.1.8 (Computable metric). Let M = (M,d, α) be an effective metric
space. Then the following are equivalent:

1. M is a computable metric space,

2. d : M ×M → R is ([δM, δM] , δR)-computable.

Proof. “(1) ⇒ (2)”: Let M be a computable metric space. Then by Definition 3.1.7
the metric d restricted to range(α) is computable with respect to the numbering α.
Thus given p = ι(u0)ι(u1)ι(u2) · · · ∈ Σω and q = ι(v0)ι(v1)ι(v2) · · · ∈ Σω such that
δM(p) = x and δM(q) = y, we can compute a sequence (ri)i∈N in R such that
ri := d(α(νN(ui+1)), α(νN(vi+1))). It holds

|ri − rj | = |d(α(νN(ui+1)), α(νN(vi+1)))− d(α(νN(uj+1)), α(νN(vj+1)))|

≤ |d(α(νN(ui+1)), α(νN(vi+1)))− d(α(νN(uj+1)), α(νN(vi+1)))|

+ |d(α(νN(uj+1)), α(νN(vi+1)))− d(α(νN(uj+1)), α(νN(vj+1)))|

≤ d(α(νN(ui+1)), α(νN(uj+1))) + d(α(νN(vi+1)), α(νN(vj+1)))

< 2−i−1 + 2−i−1

= 2−i .
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Hence, (ri)i∈N is a rapidly converging sequence and we can compute the limit r :=
limi→∞ ri. Since the metric d is continuous, it holds

r = lim
i→∞

ri = lim
i→∞

d(α(νN(ui+1)), α(νN(vi+1)))

= d( lim
i→∞

α(νN(ui+1)), lim
i→∞

α(νN(vi+1))) = d(x, y) .

Thus, we obtain a sequence w ∈ Σω such that δR(w) = r = d(x, y). It follows the
([δM, δM] , δR)-computability of d : M ×M → R.

“(2) ⇒ (1)”: Let the metric d : M × M → R be ([δM, δM] , δR)-computable. Given
two elements x, y ∈ range(α) of the dense subset and two corresponding natural
numbers m,n ∈ N such that α(m) = x and α(n) = y, we can compute words
u, v ∈ Σ∗ such that νN(u) = m and νN(v) = n and thus sequences p = ι(u)ι(u) . . .
and q = ι(v)ι(v) . . . in Σω such that δM(p) = α(m) = x and δM(q) = α(n) = y.
Now, we can compute the distance d(x, y) = d(α(m), α(n)) = d(δM(p), δM(q)) as
a real number from the sequences p and q. Hence, d is computable on the dense
subset range(α) of M with respect to the numbering α.

That is, the metric d of an effective metric space M is computable with respect to the
Cauchy representation δM if and only if M is a computable metric space.

The following lemma is an extension of Lemma 3.1.6. It connects the exchange of the
dense sequence of an effective metric space with the reducibility of the corresponding
Cauchy representations.

Lemma 3.1.9. Let M = (M,d, α) be a computable metric space and α̃ : N → M be a
sequence in M such that M = range(α̃). Then M̃ := (M,d, α̃) is an effective metric
space. We define the following statements:

1. α̃ is (νN, δM)-computable,

2. δM̃ ≤ δM,

3. δM ≤ δM̃,

4. M̃ = (M,d, α̃) is a computable metric space.

Then the following implications hold:

(1) =⇒ [(2), (3), and (4)]

(2) =⇒ (1)

[(3) and (4)] =⇒ (1)

Furthermore, it holds “(1) ⇐⇒ (2) ⇐⇒ [(3) and (4)]”, “(1) =⇒
(
δM̃ ≡ δM

)
”, and

“(1) =⇒ M and M̃ are computably equivalent computable metric spaces”.
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Proof. Since M = range(α̃), it follows that M̃ := (M,d, α̃) is an effective metric space
and the Cauchy representation δM̃ is well-defined.

“(1) =⇒ [(2) und (3)]”: Let α̃ be (νN, δM)-computable. We have to prove δM ≤ δM̃
and δM̃ ≤ δM.

“δM ≤ δM̃”: Let x ∈ M and p ∈ Σω such that δM(p) = x. Thus, there are
words w0, w1, w2, · · · ∈ Σ∗ such that we have p = ι(w0)ι(w1)ι(w2) . . . ∈ Σω,
d(α(νN(wi)), α(νN(wj))) < 2−i for all j > i and limi→∞ α(νN(wi)) = x. Since
range(α̃) is dense in M , for each k ∈ N there exists some nk ∈ N such that
d(α̃(nk), x) < 2−k−1. For such a sequence (nk)k∈N it holds limk→∞ α̃(nk) = x.
Since (1) is fulfilled, α̃ is (νN, δM)-computable. Thus, given p we can compute
d(α̃(n), x) step by step for n = 0, 1, 2, . . . . Hence, given k ∈ N we can effec-
tively search some nk ∈ N such that d(α̃(nk), x) < 2−k−1. We obtain a sequence
(nk)k∈N in N. That is, we can compute a sequence q = ι(v0)ι(v1)ι(v2) · · · ∈ Σω

with νN(vi) = ni, vi ∈ Σ∗, for each i ∈ N such that

d(α̃(νN(vi)), α̃(νN(vj))) = d(α̃(ni), α̃(nj)) ≤ d(α̃(ni), x) + d(α̃(nj), x)

< 2−i−1 + 2−j−1 < 2−i

for j > i and thus δM̃(q) = limi→∞ α̃(νN(vi)) = limi→∞ α̃(ni) = x.

“δM̃ ≤ δM”: follows directly from Lemma 3.1.6 since a computable metric space is
also an effective metric space.

“(1) =⇒ (δM̃ ≡ δM)”: follows directly from the previously shown items.

“(1) =⇒ (4)”: Let α̃ be a (νN, δM)-computable sequence. Since (M,d, α̃) is already
an effective metric space, we have to prove that d|range(α̃)×range(α̃) is ([α̃, α̃] , δR)-
computable. Let x, y ∈ range(α̃) and m,n ∈ N such that α̃(m) = x and α̃(n) = y.
Since α̃ is (νN, δM)-computable, we can compute p, q ∈ Σω such that δM(p) = x and
δM(q) = y. Due to the ([δM, δM] , δR)-computability of d : M × M → R, we can
compute d(x, y) from p and q, and thus from m and n. Hence, d|range(α̃)×range(α̃) is

([α̃, α̃] , δR)-computable. Therefore, M̃ := (M,d, α̃) is a computable metric space.
Additionally, it holds δM ≡ δM̃, as we have already proved, so that M and M̃ are
computably equivalent computable metric spaces.

“(2) =⇒ (1)”: follows directly from Lemma 3.1.6 since a computable metric space is
also an effective metric space.

“(1) ⇐⇒ (2)”: follows directly from the previously shown items.

“[(3) and (4)] =⇒ (1)”: Let M̃ = (M,d, α̃) be a computable metric space and δM ≤
δM̃. Since α is a (νN, δM)-computable sequence, it follows that α is a (νN, δM̃)-
computable sequence. Now, by the previously proved results2 it follows that δM
and δM̃ are computably equivalent. Hence α̃ is not only a (νN, δM̃)-computable
sequence, but also a (νN, δM)-computable sequence.

2with α and α̃ exchanged
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“(1) ⇐⇒ [(3) and (4)]”: follows directly from the previously shown items.

That is if we replace the dense sequence α of a computable metric spaceM = (M,d, α) by
another dense sequence α̃ that is computable in M, we obtain a computably equivalent
computable metric space M̃ := (M,d, α̃).

Corollary 3.1.10. Let M = (M,d, α) be a computable metric space and α̃ : N → M
be a computable sequence in M such that M = range(α̃). Then M̃ := (M,d, α̃) is a
computable metric space, and M and M̃ are computably equivalent, that is δM ≡ δM̃.

Roughly speaking, the dense sequence of a computable metric space can be replaced by
another dense and computable sequence without changing the computability concept on
the space.

Given two computably equivalent metric spacesM and M̃, not only the standard Cauchy
representations δM and δM̃ are computably equivalent but also all correspondingly de-
rived representations, such as representations for continuous functions, closed subsets,
and compact subsets, based on δM and δM̃, respectively, are equivalent.

3.1.3 Closed Subsets of Computable Metric Spaces

For a metric space (M,d), we denote by A(M) := {A ⊆ M : A closed} the set of all
closed subsets of M . Given a computable metric space M = (M,d, α), we can also
define computability on the space A(M) of closed subsets of M .3

In [BP03], Brattka and Presser introduced various representations for closed and compact
subsets in metric spaces and compared them. As we will often use these representations
in the next chapters, we give a brief summary of them. For further information we
refer the reader to [BP03]. In the following, we will also mention whether the names of
the representations give “positive”, “negative”, or “full” information about the closed
subsets that they represent.

Standard representations of closed subsets The representation δ<A(X) and δ>A(X) rep-

resent a closed subset A of a computable metric space X = (X, d, α) by enumerating all
open “rational” balls that intersect A (positive information) and all closed “rational”
balls that do not intersect A (negative information), respectively. The representation
δ=A(X) combines both information (full information).

3and on the space K(M) of compact subsets of M (see Subsection 3.1.4).
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3 Computable Metric and Banach Spaces

Representations of closed subsets via their distance functions For closed subsets A
of a computable metric space M = (M,d, α), we will mainly use the representations
via the distance function distA, that is a closed set A is represented by a name of its
distance function distA :⊆ M → R, x 7→ inf{d(x, y) : y ∈ A} as a partial continuous
function.4 Depending on the used representation of R (δR, δ

<
R , or δ

>
R ) and therefore for

distA, we get three different representations: δ
=
dist (full information via δR), δ

>
dist (negative

information via δ<R , computing the distance from below), and δ<dist (positive information
via δ>R , computing the distance from above).

A subset A ∈ A(X) of a computable metric space X = (X, d, α) is called located if it is
δ=dist-computable.

Further representations of closed subsets Further representations of closed subsets
can be defined by enumerating a dense sequence in the subset (δrange, positive informa-
tion) and by giving a real valued function such that the subset is the preimage of zero
(δfiber, negative information). The representations δdom, δunion, and δSierpinski that are
also defined in [BP03] are not used in this thesis.

3.1.4 Compact Subsets of Metric Spaces

Since we want to handle compact operators in this thesis, we have to represent compact
subsets, too. For a metric space X we denote by

K(X) := {K ⊆ X : K 6= ∅ compact}

the set of all nonempty compact subsets of X. A straightforward way to obtain a
representation of K(X) is to use the Cauchy representation δK(X) which is induced by
the effective metric space that is given by the Hausdorff metric

dH : K(X)×K(X) → R, (A,B) 7→ max{sup
a∈A

distB(a), sup
b∈B

distA(b)} .

If M = (X, d, α) is an effective metric space, then we can use as a dense subset of K(X)
the set F := {A ⊆ range(α) : A finite} of all finite subsets of range(α). We define an
enumeration αF of F by

αF 〈k, 〈n0, . . . , nk〉〉 := {α(ni) : i = 0, . . . , k} .

It can be proved that (K(X), dH , αF ) is an effective metric space. If M is a computable
metric space, then (K(X), dH , αF ) is so, too.

Proposition 3.1.11 (see [Bra99, BP03]). Let M = (X, d, α) be a computable met-
ric space and let αF be a standard numbering of the finite subsets of range(α). Then
(K(X), dH , αF ) is a computable metric space.

4In the following, we sometimes also use the notion dA for the distance function of a set A.
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3.1 Effective and Computable Metric Spaces

A proof of this result can be found in [Bra99]. In the following, we will assume that K(X)
is endowed with the Cauchy representation of (K(X), dH , αF ) if not mentioned otherwise.
A compact subset K ⊆ X of a computable metric space X is called computably compact
or recursive compact if it is a computable point in K(X).

There is also the weaker concept of a co-r. e. compact subset K ⊆ X, which is a subset
such that one can computably enumerate all finite covers consisting of rational open
balls. The corresponding representation δcover represents a compact subset K ⊆ X of
a computable metric space (X, d, α) by enumerating all finite covers of K consisting of
rational open balls. The stronger representation δmin-cover represents a compact subset
K ⊆ X of a computable metric space (X, d, α) by enumerating all finite covers of K that
have a nonempty intersection with K. δmin-cover is computably equivalent to δK(X).

Precise definitions of δK(X), δcover, δmin-cover, and further representations of K(X) in-
cluding a detailed comparison of the various representations can be found in [BP03].
Here, we only give a brief summary of some reducibility results, which are used in the
following.

Proposition 3.1.12 (see [BP03]). Let M = (X, d, α) be a computable metric space.
Then we have δK(X) ≡ δmin-cover and δmin-cover ≤ δcover. If (X, d) is complete we also
have δmin-cover ≡ δcover ⊓ δrange.

Thus, a set K ⊆ X is recursive compact if and only if it is co-r. e. compact and there
exists a computable sequence in X that is dense in K.

In the following, we often use the fact that not only continuous functions map compact
sets to compact sets but also the operation that maps a continuous function and a
compact set to the image of the set under the function is computable. A proof of this
result can be found in [Wei03].

Proposition 3.1.13 (see [Wei03, Theorem 3.3]). Let M1 = (M1, d1, α1) and M2 =
(M2, d2, α2) be computable metric spaces with corresponding Cauchy representation δM1

and δM2. Let δM1
cover and δM1

min-cover be the representations of nonempty compact subsets

of M1 via covers and minimal covers and δM2
cover and δM2

min-cover the corresponding repre-
sentations of nonempty compact subsets of M2. Let δ be a representation of C(M1,M2)
such that apply : C(M1,M2) × M1 → M2, (f, x) 7→ f(x) is (δ, δM1 , δM2)-computable.5

Then the function (f,K) 7→ f [K] for nonempty compact K ⊆ dom(f) is (δ, δM1
cover, δ

M2
cover)-

computable and (δ, δM1
min-cover, δ

M2
min-cover)-computable.

In [RW11] a more uniform version of Proposition 3.1.13 for the case of effective topolog-
ical spaces is provided. Therein, the effective topological space is not fixed but encoded
in the representations for points, compact subsets and continuous functions.

5The standard representation [δM1
→ δM2

] for C(M1,M2) results in such a computable operation
apply.
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Combining Proposition 3.1.13 with the fact that the minimum and maximum of a com-
pact set of reals are computable (see [Wei00, Lemma 5.2.6]) we obtain that given a
nonempty compact set K in a computable metric space (M,d, α) and a partial con-
tinuous real function f :⊆ M → R on this space we can compute the minimum and
maximum of f on K, that means min f [K] and max f [K] can be computed (see also
[Wei00, Corollary 6.2.5] for the case M = Rn).

Corollary 3.1.14 (Minimum and maximum on compact sets). Let M = (X, d, α) be a
computable metric space. Then the minimum operation

MIN :⊆ C(X,R)×K(X), (f,K) 7→ min f [K]

and the maximum operation

MAX :⊆ C(X,R)×K(X), (f,K) 7→ max f [K]

with dom(MIN) := dom(MAX) := {(f,K) ∈ C(X,R) × K(X) : K ⊆ dom(f)} are
([δX → δR], δmin-cover, δR)-computable.

Proof. By [Wei03, Theorem 3.3] given f and K we can compute A := f [K] and by
[Wei00, Corollary 6.2.5] we can compute minA and maxA provided that f [K] = A 6= ∅,
which is fulfilled as we have ∅ 6= K ⊆ dom(f).

Using the previous result, one can easily prove that given a minimal cover of a compact
set its distance function can be computed.

Lemma 3.1.15. Let (X, d, α) be a computable metric space. Then δmin-cover ≤ δ=dist|
K(X)

holds.

Proof. Let (X, d, α) be a computable metric space and K(X) the space of nonempty
compact subsets of X. Then d : X × X → R is a computable function. By type
conversion we obtain that

d : X → C(X,R), d(x) := dist{x}

(that is d(x)(y) = d(x, y) for all x, y ∈ X) is (δX , [δX → δR])-computable. Thus, given
x ∈ X we can compute the function d(x) = dist{x}. Furthermore, by Corollary 3.1.14
given a δmin-cover-name of some K ∈ K(X) and an element x ∈ X we can compute

MIN(d(x),K) = min(d(x)[K]) = min{d(x)(y) : y ∈ K}

= min{d(x, y) : y ∈ K} = distK(x) .

It follows that given a δmin-cover-name ofK ∈ K(X), we can compute distK and, therefore,
a δ=dist-name of K. We obtain δmin-cover ≤ δ=dist|

K(X).
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Computably totally boundedness In a metric space (M,d), a subsetK ⊆ M is compact
if and only if it is totally bounded and complete. If (M,d) itself is complete then a subset
A ⊆ M is complete if it is closed. A subset A ⊆ M of M is called totally bounded if
for all ε > 0 there exists some n ∈ N and finitely many z0, . . . , zn ∈ M such that
A ⊆

⋃n
i=0B(zi, ε), that means A can be covered by finitely many ε-balls for arbitrarily

small ε > 0.

Brattka and Zhong [BZ06] exploited this relation between compact subsets and totally
bounded closed subsets to define a further representation δtot of compact subsets. For
this purpose, they used the notion of a modulus of total boundedness.

Definition 3.1.16 (Modulus of total boundedness). Let (M,d, α) be an effective metric
space and A ⊆ M a subset of M . A function m : N → N is called a modulus of total
boundedness of A if m(j) = 〈k, 〈n0, . . . , nk〉〉 implies

A ⊆
k⋃

i=0

B(α(ni), 2
−j)

for all j ∈ N.

Then, a subset A ⊆ M of an effective metric space (M,d, α) is called computably totally
bounded if there exists a computable modulus of total boundedness of A. The represen-
tation δtot for compact subsets combines a name of a modulus of total boundedness with
a δ=dist-name of the set as closed subset.

Definition 3.1.17. Let M = (X, d, α) be an effective metric space. The representation
δtot : Σ

ω → K(X) is defined by

δtot〈p, q〉 = K :⇐⇒ [δN → δN](p) = m, δ=dist(q) = K, and m is a

modulus of total boundedness of K.

It can be proved that for computable metric spaces M = (X, d, α) the previously defined
representation δtot is computably equivalent to the Cauchy representation δK(X) of K(X).
As [BZ06] is not published yet, we include the proof.

Proposition 3.1.18. Let M = (X, d, α) be a computable metric space. Then δK(X) ≡
δtot holds.

Proof. Let M = (X, d, α) be a computable metric space.

δK(X) ≤ δtot: By Proposition 3.1.12 and Lemma 3.1.15 we have δK(X) ≡ δmin-cover ≤

δ=dist|
K(X). Thus, given p ∈ Σω with δK(X)(p) = K ∈ K(X) we can compute some

q ∈ Σω with δ=dist(q) = K. It remains to prove that we can also compute a modulus of
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3 Computable Metric and Banach Spaces

total boundedness of K. This can be done as follows: p encodes a sequence (mi)i∈N

of numbers mi := 〈ki, 〈n
(i)
0 , . . . , n

(i)
ki
〉〉 such that

Ai := αF (mi) =
{
α(n

(i)
j ) : j = 0, . . . , ki

}

is a finite subset of range(α) with dH(Ai, Aj) < 2−i for all j > i and limi→∞Ai = K
and, thus, dH(Ai,K) ≤ 2−i for all i ∈ N. Here, αF is the numbering of the finite
subsets of range(α) defined at the beginning of Subsection 3.1.4. Now, we define a
function t : N → N by t(j) := mj+1. Then, we can compute some r ∈ Σω with
[δN → δN](r) = t because the sequence (mi)i∈N that we used to define t is encoded
in p. Furthermore, for all x ∈ K and j ∈ N with

t(j) = mj+1 = 〈kj+1, 〈n
(j+1)
0 , . . . , n

(j+1)
kj+1

〉〉

there exists some i ∈ {0, . . . , kj+1} such that d(x, α(n
(j+1)
i )) ≤ 2−j−1 < 2−j . We

obtain

K ⊆

kj+1⋃

i=0

B(α(n
(j+1)
i ), 2−j)

for all j ∈ N. It follows that t is a modulus of total boundedness of K.

Altogether, given p ∈ Σω with δK(X)(p) = K ∈ K(X) we can compute 〈r, q〉 ∈ Σω

such that δ=dist(q) = K, [δN → δN](r) = t, and t is a modulus of total boundedness
of K. Hence, δtot〈r, q〉 = K.

δtot ≤ δK(X): Given 〈p, q〉 ∈ Σω with δtot〈p, q〉 = K ∈ K(X) and i ∈ N, we have to find

mi := 〈ki, 〈n
(i)
0 , . . . , n

(i)
ki
〉〉 ∈ N such that

dH(αF (mi),K) = dH({α(n
(i)
j ) : j = 0, . . . , ki},K) ≤ 2−i−1 .

Here, αF again denotes the numbering of the finite subsets of range(α) defined at
the beginning of Subsection 3.1.4. Then, it follows

dH(αF (mi), αF (ml))

= dH({α(n
(i)
j ) : j = 0, . . . , ki}, {α(n

(l)
j ) : j = 0, . . . , kl})

< 2−i

for all l > i and we have found a valid Cauchy name of K ∈ K(X). Given i ∈ N we
can find an appropriate mi as follows: using the modulus of total boundedness that
is encoded in p we compute

m′
i := t(i+ 2) = 〈ki, 〈n

(i)
0 , . . . , n

(i)
k 〉〉 .
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For A′
i := αF (m

′
i) = {α(n

(i)
j ) : j = 0, . . . , nki} we already have

sup
x∈K

distA′
i
(x) < 2−i−2 < 2−i−1

since t is a modulus of total boundedness of K and therefore

K ⊆
ki⋃

j=0

B(α(n
(i)
j ), 2−i−2)

is fulfilled. Now, we determine for each j = 0, . . . , ki whether

distK(α(n
(i)
j )) < 2−i−1 or distK(α(n

(i)
j )) > 2−i−2 .

Since δ=dist(q) = K, we can compute distK and one of the two conditions can be
detected first for each j = 0, . . . , ki. Let Ji be the set of all those j = 0, . . . , ki for
which the first condition is detected first and J ′

i the set of all those j = 0, . . . , ki for

which the second condition is detected first. As we have K ⊆
⋃ki

j=0B(α(n
(i)
j ), 2−i−2),

for all x ∈ K there exists some j = 0, . . . , ki such that x ∈ B(α(n
(i)
j ), 2−i−2), that

is d(x, α(n
(i)
j )) < 2−i−2. Obviously, all those j will be sorted into the set Ji by the

previous partitioning. Thus, we define

Ai := {α(n
(i)
j ) : j ∈ Ji}

and obtain

sup
x∈K

distAi
(x) < 2−i−2 < 2−i−1

because we have only removed those α(n
(i)
j ) from A′

i that we do not need for any

x ∈ K to achieve a distance to A′
i smaller than 2−i−2. On the other hand, we have

distK(α(n
(i)
j )) < 2−i−1 for all j ∈ Ji and therefore distK(x) < 2−i−1 for all x ∈ Ai

by the definition of Ai. Hence, we obtain

sup
x∈Ai

distK(x) < 2−i−1 .

Altogether, it follows

dH(Ai,K) = max(sup
x∈K

distAi
(x), sup

x∈Ai

distK(x)) < 2−i−1 .

Thus, we define k̃i := |Ji| and choose ñ
(i)
j , j = 0, . . . , k̃i, such that Ji = {α(ñ

(i)
j ) : j =

0, . . . , k̃i}. This can be done computably. Now, mi := 〈k̃i, 〈ñ
(i)
0 , . . . , ñ

(i)

k̃i
〉〉 is defined

and we can compute a sequence r ∈ Σω that encodes the sequence (mi)i∈N. Then,
δK(X)(r) = K is fulfilled.
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3.1.5 The Class of all Effective Metric Spaces

In the following chapters we sometimes need some results for effective and computable
metric spaces in a more uniform version than provided so far, for example uniform in the
dimension of a given linear subspace of a normed space. These results can be derived by
using the approach given for topological spaces in [RW11]. In the following, we briefly
outline how this can be done.

Given a computable metric space M = (M,d, α), we can compute a name of M as
effective topological space with respect to the multi-representation given in [RW11]. As
a base of the topology we use the open balls B(x, r) with x ∈ range(α) and r ∈ Q

(see also [Wei00, Theorem 8.1.4]). Since d is computable, we can effectively enumerate
a subset S that realizes a computable intersection on base elements: Given two base
elements B(x, r) and B(y, r′), we test for each z ∈ range(α) whether its distance from
x and y is smaller than r and r′, respectively. If this is the case, we choose r′′ ∈ Q with
r′′ < min{r− d(z, x), r′ − d(z, y)}. Then B(z, r′′) ⊆ B(x, r)∩B(y, r′). Since range(α) is
dense in M , the union of all such B(z, r′′) completely fills the intersection.

Using this approach, we can even define a multi-representation of the class of all effective
metric spaces. As a name of an effective metric space M = (M,d, α), an enumeration
of all those quadruples (t, u, v, w) ∈ (Σ∗)4 that fulfill

νQ(t) < d(α(νN(u)), α(νN(v))) < νQ(w)

can be used.6 Since given such a name the distance function can be effectively evaluated,
the resulting multi-representation is computably reducible to the multi-representation
of the class of all effective topological spaces. Furthermore, an effective metric space has
a computable name if it is a computable metric space.7

An analysis of the proofs of computability results for computable metric (and also
normed) spaces reveals that often only the dense sequence and the computability of
the metric are used and no special properties of the concrete metric space. Thus, it
should be possible to transform a lot of results into a version uniform in the effective
metric space, similar to the way some of the results of [WG09] have been transferred in
[RW11].

3.2 Computable Vector Spaces

In this section we will briefly introduce the notion of a computable vector space, which
we will refer to in the subsequent section. In the following, by F we denote the set R of
real numbers or the set C of complex numbers, and by QF we denote the correspond-
ing dense subsets Q and Q[i], respectively. The standard representation δF of F is the

6In [Wei00, Definition 8.1.2] such an enumeration was used to define computable metric spaces.
7In [GM08], a representation of the class of all effective Banach spaces is defined in a similar way.
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Cauchy representation based on some standard numbering αF of QF. It follows that
the elements of QF are δF-computable and that the standard field operations (addition,
additive inversion, multiplication and multiplicative inversion) are computable with re-
spect to δF and αF. Additionally, the comparison operators <, > and = are recursive
with respect to αF.

The following definition of a computable vector space comes from [Bra01], where also
some examples of computable vector spaces can be found.

Definition 3.2.1 (Computable vector space). A represented space X = (X, δX) is called
a computable vector space if the following holds:

1. X is a vector space over the field F.

2. The scalar multiplication · : F×X → X is ([δF, δX ] , δX)-computable.

3. The addition + : X ×X → X is ([δX , δX ] , δX)-computable.

4. The zero 0 ∈ X is a δX -computable element.

That is, a computable vector space is a vector space combined with a representation
such that the linear operations and the zero are computable.

In Definition 3.2.1 in condition (4) the zero as computable element can be replaced by
any other element. It suffices to demand at least one computable point in the space.

Proposition 3.2.2 (Computable vector space). In Definition 3.2.1 condition (4) can
be replaced by the following condition:

(4’) There exists some δX-computable element in X.

Proof. We show that we can exchange the two conditions.

“(4) =⇒ (4′)” Let the zero 0 ∈ X be a δX -computable element. Then there exists some
δX -computable element in X, namely the zero 0.

“(4′) =⇒ (4)” We assume that there exists some δX -computable element x ∈ X. Since
0 ∈ F is a δF-computable element and the scalar multiplication is computable, we
can compute 0 = 0 · x. Hence the zero 0 ∈ X is a δX -computable element.

Since additive inversion on F is δF-computable, it follows that additive inversion and
therefore also subtraction on a computable vector space is δX -computable.

Proposition 3.2.3 (Computable additive inversion). Let X = (X, δX) be a computable
vector space. Then additive inversion x 7→ −x and subtraction (x, y) 7→ x− y on X are
(δX , δX)-computable and ([δX , δX ], δX)-computable, respectively.
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Proof. Since we have −1 ∈ QF and all elements of QF are δF-computable, −1 is a δF-
computable element of F. Thus, given x ∈ X we can compute −x = −1 · x because
(X, δX) is a computable vector space. Furthermore, given x, y ∈ X we can compute
x− y = x+ (−y).

3.3 Effective and Computable Normed Spaces

The first part of this section is organized in a similar way as Section 3.1. We will first
introduce the notion of effective normed and Banach spaces and state some properties
of these spaces that do not need any further computability on the space. Then, we
extend the definition to computable normed and Banach spaces and prove some results
that we get with the additional computability properties of computable normed and
Banach spaces. At the end of this section, we summarize some notions and results
about computable subspaces and about computable Hilbert spaces. Several fundamental
definitions and results concerning computable normed and Banach spaces can be found
in [Bra01].

3.3.1 Effective Normed Spaces

Since every normed space (X, ‖ ‖) is also a metric space (X, d) with d(x, y) := ‖x− y‖,
we can define computability on normed space in the same way as for metric spaces, that
is by adding a dense sequence to the space. However, we can exploit the underlying
vector space structure of a normed space to reduce the dense sequence to a fundamental
sequence, that means the linear span of the sequence is dense in the space.

In the following we assume that normed spaces and Banach spaces are defined over the
field F, which might be either R or C.

The following definition is based on [Bra99, Definition 4.4.49]. However, we state it also
for normed spaces (and not only for Banach spaces, that is complete normed spaces,
as in [Bra03a]) und use the notion effective normed space instead of separable as in
[Bra03a].

Definition 3.3.1 (Effective normed space). A triple X = (X, ‖ ‖, e) is called an effective
normed space if the following holds:

1. (X, ‖ ‖) is a normed space,

2. e : N → X is a fundamental sequence in X, that is X = span{ei : i ∈ N}.

If (X, ‖ ‖) is a Banach space, that means a complete normed space, X is called an
effective Banach space.

Every effective normed space induces an effective metric space.
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Definition 3.3.2 (Induced metric space). Let X = (X, ‖ ‖, e) be an effective normed
space. Then the induced effective metric space MX := (X, d, αe) is defined by

1. d : X ×X → R, (x, y) 7→ ‖x− y‖,

2. αe : N → X, 〈k, 〈n0, . . . , nk〉〉 7→
∑k

i=0 αF(ni)e(i).

Here, αF is a standard numbering of QF, where QF = Q in case of F = R and QF = Q[i]
in case of F = C.

That is, the induced effective metric space consists of the induced metric space combined
with the rational linear span of the fundamental sequence as dense sequence. Since the
linear span of the fundamental sequence is dense in the metric space and QF is dense
in F, the rational linear span is dense in the set X. Thus, the induced effective metric
space actually is an effective metric space.

If not mentioned otherwise, we assume that an effective normed space X is represented
by the corresponding Cauchy representation δX that is defined by the induced effective
metric space.8

In effective normed spaces, an analogous result to Lemma 3.1.3 holds. If we replace the
norm ‖ ‖ of an effective normed space X = (X, d, α) by some norm ||| ||| that is bounded
by ‖ ‖, the Cauchy representation of X is reducible to the Cauchy representation of the
effective normed space X ′ := (X, ||| |||, e)

Corollary 3.3.3. Let X = (X, ‖ ‖, e) be an effective normed space and ||| ||| be another
norm on X with |||x||| ≤ c · ‖x‖ for some c ∈ R and all x ∈ X. Then X ′ := (X, ||| |||, e) is
an effective normed space, too, and we have δX ≤ δX ′.

Proof. The claim follows via the induced effective metric spaces by Lemma 3.1.3.

That is, if we replace the norm of an effective metric space by an equivalent norm, we
obtain a computably equivalent effective normed space.

Due to the definition of the dense sequence αe, it follows that addition and scalar mul-
tiplication on range(αe) and QF are computable with respect to the numberings αe

and αF, respectively. Thus, given n,m, k ∈ N we can compute i, j ∈ N such that
αe(i) = αe(n)+αe(m) and αe(j) = αF(k)·αe(n). Furthermore, additive inversion is com-
putable, too. That is given n ∈ N we can compute n′ ∈ N such that αe(n

′) = −αe(n).

Corresponding to the results for metric spaces, we can get first computability results
for normed spaces without an explicit definition of a computable normed space. For
example, the addition on an effective normed space (X, ‖ ‖, e) and the zero 0 ∈ X are
computable with respect to the Cauchy representation.

8In the following, we often use δX instead of δX as name of the Cauchy representation of an effective
normed space X = (X, ‖ ‖, e).
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Proposition 3.3.4 (Computable addition and zero). Let X = (X, ‖ ‖, e) be an effective
normed space. Then the following holds:

1. The addition + : X ×X → X, (x, y) 7→ x+ y is ([δX , δX ] , δX)-computable.

2. The zero 0 ∈ X is a δX-computable element.

Furthermore, we have

3. The additive inversion − : X → X, x 7→ −x is (δX , δX)-computable.

4. The subtraction − : X ×X → X, (x, y) 7→ x− y is ([δX , δX ] , δX)-computable.

Proof. Let X = (X, ‖ ‖, e) be an effective normed space.

(1) Let x, y ∈ X and p, q ∈ Σω such that δX(p) = x and δX(q) = y. Thus, there are
sequences (ui)i∈N and (vi)i∈N in Σ∗ such that p = ι(u0)ι(u1)ι(u2) . . . ∈ Σω and
q = ι(v0)ι(v1)ι(v2) . . . ∈ Σω, ‖αe(νN(ui)) − αe(νN(uj))‖ < 2−i and ‖αe(νN(vi)) −
αe(νN(vj))‖ < 2−i for j > i, and limi→∞ αe(νN(ui)) = x and limi→∞ αe(νN(vi)) =
y. Given p and q, we can compute a sequence r = ι(w0)ι(w1)ι(w2) . . . ∈ Σω such
that wi ∈ Σ∗ and αe(νN(wi)) = αe(νN(ui+1)) + αe(νN(vi+1)) for all i ∈ N since
addition on range(αe) is computable with respect to αe. Then it holds

‖αe(νN(wi))− αe(νN(wj))‖

= ‖(αe(νN(ui+1)) + αe(νN(vi+1)))− (αe(νN(uj+1)) + αe(νN(vj+1)))‖

≤ ‖αe(νN(ui+1))− αe(νN(uj+1))‖+ ‖αe(νN(vi+1))− αe(νN(vj+1))‖

< 2−i−1 + 2−i−1

= 2−i

for all j > i. Thus, r is a Cauchy name of

lim
i→∞

αe(νN(wi)) = lim
i→∞

[
αe(νN(ui+1)) + αe(νN(vi+1))

]

= lim
i→∞

αe(νN(ui+1)) + lim
i→∞

αe(νN(vi+1))

= x+ y .

Hence, the addition + : X ×X → X, (x, y) 7→ x+ y is ([δX , δX ] , δX)-computable.

(2) Since αF is a numbering of QF and 0 ∈ QF, there exists some n0 ∈ N such that
αF(n0) = 0. We can compute some w ∈ Σ∗ such that νN(w) = 〈0, 〈n0〉〉, hence
αe(νN(w)) = αe(〈0, 〈n0〉〉) = αF(n0) · e(0) = 0 · e(0) = 0. Furthermore, we can
compute p = ι(w)ι(w) . . . ∈ Σω. Then, p is a Cauchy name of limi→∞ αe(νN(w)) =
limi→∞ 0 = 0. Thus, the zero 0 ∈ X is a δX -computable element.
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(3) Let x ∈ X and p ∈ Σω such that δX(p) = x. Thus, there exists a sequence (ui)i∈N
in Σ∗ such that p = ι(u0)ι(u1)ι(u2) . . . ∈ Σω, ‖αe(νN(ui)) − αe(νN(uj))‖ < 2−i

for j > i, and limi→∞ αe(νN(ui)) = x. Given p, we can compute a sequence
q = ι(v0)ι(v1)ι(v2) . . . ∈ Σω such that vi ∈ Σ∗ and αe(νN(vi)) = −αe(νN(ui)) for
all i ∈ N since additive inversion on range(αe) is computable with respect to αe.
Then it holds

‖αe(νN(vi))− αe(νN(vj))‖ = ‖ − αe(νN(ui))− (−αe(νN(uj)))‖

= ‖αe(νN(ui)) − αe(νN(uj))‖ < 2−i

for all j > i. Thus, q is a Cauchy name of

lim
i→∞

αe(νN(vi)) = lim
i→∞

−αe(νN(ui)) = − lim
i→∞

αe(νN(ui)) = −x .

Hence, the additive inversion − : X ×X → X, x 7→ −x is (δX , δX)-computable.

(4) It holds x− y = x+ (−y) for all x, y ∈ X. Thus, by (1) and (3) it follows that the
subtraction − : X ×X → X, (x, y) 7→ x− y is ([δX , δX ] , δX)-computable.

Similar to the case of effective metric spaces, it is obvious that the fundamental sequence
e of an effective normed space X = (X, ‖ ‖, e) and the elements of this sequence are
computable with respect to the standard representation δNX and δX , respectively.

Proposition 3.3.5 (Computable fundamental sequence). Let X = (X, ‖ ‖, e) be an ef-
fective normed space. Then the fundamental sequence e is (νN, δX)-computable, and
equivalently δNX-computable. The elements e(n), n ∈ N, of the sequence e are δX-
computable.

Proof. The proof is similar to that of Proposition 3.1.5. Since αF is a numbering of QF

and 0, 1 ∈ QF, there exist some n0, n1 ∈ N such that αF(n0) = 0 and αF(n1) = 1. Given
i ∈ N we can compute a word wi ∈ Σ∗ such that νN(wi) = 〈i, 〈n0, . . . , n0︸ ︷︷ ︸

i−times

, n1〉〉, hence

αe(νN(wi)) = αe(〈i, 〈n0, . . . , n0︸ ︷︷ ︸
i−times

, n1〉〉) =
i−1∑

j=0

αF(n0)e(j) + αF(n1)e(i)

= 1 · e(i) = e(i) .

Furthermore, given i ∈ N we can compute a sequence pi = ι(wi)ι(wi) . . . ∈ Σω. Then,
pi is a Cauchy name of limj→∞ α(νN(wi)) = limj→∞ e(i) = e(i). Thus, e is (νN, δX)-
computable, and for each i ∈ N the element e(i) ∈ X is a δX -computable element.
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3.3.2 Computable Normed Spaces

Now, we define computable normed spaces and computable Banach spaces that are ef-
fective normed spaces and effective Banach spaces, respectively, such that the induced
effective metric space is a computable metric space. Similar definitions can be found
in [Bra01, Def. 3.7] and, for the case of Banach spaces, in [Bra99, Def. 4.4.9]. How-
ever, in those definitions also the computability of addition and scalar multiplication
was explicitly demanded. As we have already seen, addition is computable in every
effective normed space. We will see later that also computability of scalar multiplication
is implicitly given by our definition.

Definition 3.3.6 (Computable Banach space). An effective normed space X = (X, ‖ ‖,
e) is called a computable normed space if the induced effective metric space MX is a
computable metric space. Analogously, a computable Banach space is an effective Banach
space such that the induced effective metric space is computable.

In other words, a computable normed space (X, ‖ ‖, e) is a separable normed space
(X, ‖ ‖) together with a fundamental sequence e : N → X such that the induced met-
ric space is a computable metric space. Furthermore, a computable Banach space is
computable normed space that is a Banach space.

Though, the definition of a computable normed space does not explicitly demand com-
putability of the norm, we get a computable norm function.

Proposition 3.3.7 (Computable norm). Let X = (X, ‖ ‖, e) be a computable normed
space. Then the norm ‖ ‖ : X → R, x 7→ ‖x‖ is (δX , δR)-computable.

Proof. It holds ‖x‖ = d(x, 0) for x ∈ X where d is the induced metric. Since the
induced metric space of X is a computable metric space, the metric d : X × X → R

is ([δX , δX ] , δR)-computable. By Proposition 3.3.4 (2) it follows that given x we can
compute ‖x‖ = d(x, 0). Hence, ‖ ‖ is (δX , δR)-computable.

That is, the norm on a computable normed space is computable with respect to the
Cauchy representation.

While an effective normed space is sufficient for getting a computable addition and zero
element, we need a computable normed space to obtain a computable scalar multiplica-
tion.

Proposition 3.3.8 (Computable scalar multiplication). Let X = (X, ‖ ‖, e) be a com-
putable normed space. Then the scalar multiplication · : F × X, (α, x) 7→ α · x is
([δF, δX ] , δX)-computable.
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Proof. Let X = (X, ‖ ‖, e) be a computable normed space. Let x ∈ X and α ∈ F and
p, q ∈ Σω such that δF(p) = α and δX(q) = x. Thus, there are sequences (ui)i∈N and
(vi)i∈N in Σ∗ such that p = ι(u0)ι(u1)ι(u2) . . . ∈ Σω and q = ι(v0)ι(v1)ι(v2) . . . ∈ Σω,
‖αF(νN(ui)) − αF(νN(uj))‖ < 2−i and ‖αe(νN(vi)) − αe(νN(vj))‖ < 2−i for j > i, and
limi→∞ αF(νN(ui)) = α and limi→∞ αe(νN(vi)) = x. Given p and q, we can compute ‖x‖
by Proposition 3.3.7 and |α|, hence we can obtain L,M ∈ N such that 2‖x‖+4 < 2M and
2|α| + 4 < 2L. Furthermore, we can compute a sequence r = ι(w0)ι(w1)ι(w2) . . . ∈ Σω

such that wi ∈ Σ∗ and αe(νN(wi)) = αF(νN(ui+M )) · αe(νN(vi+L)) for all i ∈ N because
scalar multiplication is computable with respect to αe and αF. Then, it holds

‖αe(νN(wi))− αe(νN(wj))‖

= ‖αF(νN(ui+M )) · αe(νN(vi+L))− αF(νN(uj+M )) · αe(νN(vj+L))‖

= |αF(νN(ui+M ))| · ‖αe(νN(vi+L))− αe(νN(vj+L))‖

+ |αF(νN(ui+M ))− αF(νN(uj+M ))| · ‖αe(νN(vj+L))‖

≤ (|α|+ 2) · 2−i−L + 2−i−M (‖x‖+ 2)

< 2L−1 · 2−i−L + 2−i−M · 2M−1

= 2−i−1 + 2−i−1

= 2−i

for all j > i. Thus, r is a Cauchy name of

lim
i→∞

αe(νN(wi)) = lim
i→∞

αF(νN(ui+M )) · αe(νN(vi+L))

= lim
i→∞

αF(νN(ui+M )) · lim
i→∞

αe(νN(vi+L)) = α · x .

Hence, the scalar multiplication · : F × X → X, (α, x) 7→ α · x is ([δF, δX ] , δX)-
computable.

Combining Proposition 3.3.4 and 3.3.8, we obtain that a computable normed space is
also a computable vector space with respect to the standard Cauchy representation.

Corollary 3.3.9 (Computable vector space). Let X = (X, ‖ ‖, e) be a computable
normed space. Then (X, δX) is a computable vector space.

Proof. Let (X, ‖ ‖, e) be a computable normed space and δX the corresponding Cauchy
representation. By Proposition 3.3.4 the addition and the zero element are computable,
and by Proposition 3.3.8 the scalar multiplication is computable. Hence, (X, δX) is a
computable vector space.

Given some computable metric space M = (M,d, α), it is possible to replace the dense
sequence α by another computable dense sequence α̃ without changing the computability
concept, that is M and M̃ = (M,d, α̃) are computably equivalent (see Corollary 3.1.10).
It turns out that a similar result holds for fundamental sequences in computable normed
spaces.
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Lemma 3.3.10. Let X = (X, ‖ ‖, e) be a computable normed space and ẽ be a computable
fundamental sequence in X. Then X̃ := (X, ‖ ‖, ẽ) is a computable normed space, and
X and X̃ are computably equivalent, that is δX ≡ δX̃ .

Proof. Since ẽ is a fundamental sequence in X, X̃ := (X, ‖ ‖, ẽ) is an effective normed
space. Therefore, the induced metric space MX̃ = (X, d, αẽ), where d and αẽ are
defined as in Definition 3.3.2, and its Cauchy representation δX̃ are well-defined. As
ẽ is a computable sequence in X , αẽ is so, too. Altogether, αẽ is a computable dense
sequence in X . By Corollary 3.1.10 we obtain that the induced metric spaces MX and
MX̃ are computable equivalent, that is δX = δMX

≡ δMX̃
= δX̃ . Hence, X and X̃ are

computably equivalent computable normed space.

That is, the fundamental sequence of a computable normed space can be replaced by
another fundamental sequence that is computable as a sequence without changing the
computability concept on the space.

3.3.3 Computable Subspaces

In the following chapters we have to handle linear subspaces of computable normed
spaces. Therefore, we have to define under which conditions we call a linear subspace
of a computable normed space computable. It can be proved that a linear subspace
of a computable normed space forms itself a computable normed space if there exists
a computable sequence whose linear span is dense in the subspace (see also [Bra01,
Proposition 3.10]).

Proposition 3.3.11 (Computable subspaces). Let X = (X, ‖ ‖, e) be a computable
normed space and Y ⊆ X be a linear subspace of X. If there exists a computable
sequence f in X such that f is included in Y and the linear span of f is dense in Y ,
that means

{fi : i ∈ N} ⊆ Y and span{fi : i ∈ N} ⊇ Y ,

then Y = (Y, ‖ ‖Y , f) forms a computable normed space and the canonical injection
Y →֒ X and its partial inverse are computable. Here by ‖ ‖Y , we mean the norm ‖ ‖
of X restricted to Y .

Proof. Let X = (X, ‖ ‖, e) be a computable normed space and Y ⊆ X be a linear
subspace of X. Let f be a computable sequence in X such that the linear span 〈f〉 =
span{fi : i ∈ N} of f is dense in Y . Then, Y = (Y, ‖ ‖Y , f) is an effective normed space.
Thus, the Cauchy representation δY of Y is well-defined. A δY -name of an element

x ∈ Y encodes a fast converging sequence y = (yi)i∈N in Y with yi =
∑ni

j=0 α
(i)
j fj .

Since f is a computable sequence in X , given i ∈ N we can compute a δX -name of yi,
that is we can compute y as a sequence in X . As the limit function on computable

36



3.3 Effective and Computable Normed Spaces

metric spaces and also on computable normed spaces is computable and y converges
fast, we can compute a δX -name of x = limi→∞ yi. It follows that the injection Y →֒ X
is [δX → δY ]-computable. This also implies that the metric d : Y × Y → R on the
induced metric space MY is computable because we can translate the δY -names of two
elements x, y ∈ Y into the corresponding δX -names and the metric on the induced metric
space MX is computable. Now, we can use the computability of Y and f to translate
a δX -name of an element y ∈ Y ⊆ X into a δY -name of the same element. Given a
δX -name of some element y ∈ Y ⊆ X and a “precision” k ∈ N, we search for nk ∈ N

and α
(k)
0 , . . . , α

(k)
nk

∈ QF such that ‖y −
∑nk

i=0 α
(k)
i fi‖ < 2−k. Doing this step by step for

all k ∈ N, we obtain a δY -name of x ∈ Y . Hence, the partial inverse of the canonical
injection is also computable.

Now, we define a linear subspace of a computable normed space as computable if the
conditions of Proposition 3.3.11 are fulfilled.

Definition 3.3.12 (Computable subspace). Let X = (X, ‖ ‖, e) be a computable normed
space. A linear subspace Y of X is called a computable subspace if there exists a funda-
mental sequence f for Y such that f is computable as a sequence in X .

That is, a linear subspace Y of a computable normed space X = (X, ‖ ‖, e) is a com-
putable subspace if it is a computable normed space with respect to some fundamental
sequence f that is computable in X . As proved above, this implies that (Y, ‖ ‖Y , f)

9 is
a computable normed space and the inclusion map inY : Y →֒ X is computable. It can
be proved that these conditions are even equivalent.

Proposition 3.3.13. Let X = (X, ‖ ‖, e) be a computable normed space and Y ⊆ X
be a linear subspace of X such that Y = (Y, ‖ ‖Y , f) is a computable normed space for
some sequence f in Y and the inclusion map inY : Y →֒ X is computable, then Y is a
computable subspace of X.

Proof. By Proposition 3.3.5 the fundamental sequence f of Y is computable with respect
to δY . Since the inclusion map inY : Y →֒ X is computable, we have δY ≤ δX |Y and
therefore f is computable with respect to δX , too. It follows that Y is a computable
subspace of X .

Every sequence x := (xi)i∈N in a Banach space X induces a linear subspace of X by its
closed linear span

[x] := span{xi : i ∈ N} .

It turns out that also a corresponding computable version holds: Given a computable
Banach space X and a computable sequence f in X , the closed linear span [f ] of f is

9In the following we will often omit the explicit restriction of ‖ ‖ to Y and just write (Y, ‖ ‖, f) in such
situations.
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a computable subspace of X . This basically holds for normed spaces, too. Though, we
would have to handle the eventuality that [f ] is in general not a subset of X in case
of an incomplete space X, if we would formulate our proposition for normed spaces.
Therefore, we state it only for complete spaces to avoid additional technicalities.10

Proposition 3.3.14 (Computable induced subspace). Let X = (X, ‖ ‖, e) be a com-
putable Banach space and f a computable sequence in X . Then the closed linear span of
[f ] is a computable subspace of X and ([f ], ‖ ‖, f) is a computable Banach space.

Proof. Let X = (X, ‖ ‖, e) be a computable Banach space and f a computable sequence
in X . Trivially, the linear span of f is dense in the closed linear span [f ] of f and [f ]
is a linear subspace of X. Thus, by Proposition 3.3.11 and Definition 3.3.12 the closed
linear span [f ] of f is a computable subspace of X that is induced by the sequence f
and, therefore, ([f ], ‖ ‖, f) is a computable Banach space itself.

In Lemma 3.3.10 we have proved that given a normed space X = (X, ‖ ‖, e) we obtain
a computably equivalent computable normed space X̃ = (X, ‖ ‖, ẽ) if we replace the
given fundamental sequence e by another computable fundamental sequence ẽ. In this
case the identity on X is [δX → δX̃ ]-computable as well as [δX̃ → δX ]-computable.
The above-mentioned Proposition 3.3.14 states a similar result just with computable
sequences in X that are not necessarily a fundamental sequence. If the computable
sequence in Proposition 3.3.14 is also a fundamental sequence we exactly get the result
of Lemma 3.3.10.

Representation for effective subspaces The definition of a computable subspace leads
to an approach to define a representation for the set of all closed linear subspaces of a
Banach space X = (X, ‖ ‖, e). Since X has to be separable, every closed linear subspace
Y ⊆ X has to be separable, too. Thus, there always exists a fundamental sequence f
in Y and, therefore, we can use such a sequence f as a name of Y . It follows that a
closed linear subspace has a computable name if it is a computable subspace.

Given a fundamental sequence f of some linear subspace Y , we can compute a name
of Y as an effective metric space with respect to the multi-representation outlined in
Subsection 3.1.5. Now, we can use the results of [RW11] to transform computability
results known for fixed computable spaces into computability results that are uniform in
the used linear subspace, using the approach we briefly described in Subsection 3.1.5.

3.3.4 Computable Hilbert Spaces

A special kind of Banach spaces are Hilbert spaces. Given a Hilbert space (H, 〈 〉), we
can define a norm on H by ‖x‖ =

√
〈x, x〉 for x ∈ H. Therefore, a computable Hilbert

space is a computable Banach space that is also a Hilbert space.

10Actually, we only need it for Banach spaces in this thesis.
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Definition 3.3.15 (Computable Hilbert space). A triple H = (H, 〈 〉, e) is called a
computable Hilbert space if (H, 〈 〉) is a Hilbert space and (H, ‖ ‖, e) is a computable
Banach space where the norm is defined by

‖ ‖ : H → R, ‖x‖ :=
√
〈x, x〉 .

It is easy to see that the inner product of any computable Hilbert space H = (H, 〈 〉, e)
is computable (see [BD05, Prop. 2]).

Proposition 3.3.16 (Computable inner product). Let H = (H, 〈 〉, e) be a computable
Hilbert space. Then the inner product

〈 〉 : H ×H → R, (x, y) 7→ 〈x, y〉

is (δH, δH, δR)-computable.

In [BD05] it is proved that the compact operators on a computable Hilbert space can
be represented as a computable normed space with the operator norm as norm and a
subset of the finite-dimensional operators as dense subset. In Chapter 5 we will prove
a similar result for computable Banach spaces that even extends the result of [BD05] in
case of Hilbert spaces.

Many computability results concerning computable Hilbert spaces can be found in [BY06].
Especially, therein it is proved that all infinite-dimensional computable Hilbert spaces
are computably isometrically isomorphic to the space (ℓ2, ‖ ‖2, e), where e is the standard
orthonormal basis of ℓ2 defined by e(i)(j) := δij .

3.4 Representations for Linear Operators

If X and Y are normed spaces over some field F, we denote the space of all bounded
linear operators from X to Y by

B(X,Y ) := {T : X → Y | T linear and bounded} .

Here, bounded means that for all linear operators T ∈ B(X,Y ) the operator norm

‖T‖ := sup{‖Tx‖ : x ∈ X, ‖x‖ ≤ 1}

is finite. Then, (B(X,Y ), ‖ ‖) itself is a normed space and it is a Banach space if Y
is a Banach space [Meg98, Theorem 1.4.8]. By B(X) := B(X,X) we denote the set of
all bounded operators from X into X. In the following, the dual space of a normed
space X, that is the set of all linear bounded functionals f : X → F, is denoted by
X ′ := B(X,F). Since F is a Banach space, X ′ equipped with the operator norm always
is a Banach space, even if X is not complete [Meg98, Theorem 1.10.7].
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A linear operator T : X → Y is bounded if and only if it is continuous. It follows
B(X,Y ) ⊆ C(X,Y ). Therefore, we can use the representations defined for the space
C(X,Y ) of total continuous functions from X to Y to obtain representations for B(X,Y ).
Another way to obtain a representation for B(X,Y ) is to exploit the fact that it suffices
to define the values of an operator T on some fundamental sequence e = (en)n∈N in X,
that is to know the sequence (Ten)n∈N. Then the values of T for other inputs can be
derived by the linearity of T .

In [Bra03b] several representations for the operator space B(X,Y ) of bounded linear
operators between two computable normed spaces X = (X, ‖ ‖, e) and Y = (Y, ‖ ‖, f)
are defined. The representation δev is defined as the restriction of [δX → δY ] to B(X,Y ),
that is it holds δev = [δX → δY ]|

B(X,Y ). The representation δseq exploits the linearity
of the elements of B(X,Y ) as a δseq-name of a bounded operator T encodes a name of
(Tei)i∈N as a sequence in Y. That is, we have δseq(p) = T if and only if δNY (p) = (Tei)i∈N.
Further representations of B(X,Y ) are defined via some names of graph(T ) as closed
subset of the product space X × Y .

Additionally, the already mentioned representations of B(X,Y ) can be enriched by some
information about ‖T‖, either by the norm itself or by an upper bound of ‖T‖. These
representations are denoted by δ= and δ≥, respectively, where δ denotes one of the
previously mentioned representations, for example δ = δev or δ = δseq.

The following reducibility results of representations for B(X,Y ) can be found in [Bra03b,
Theorem 4.3]. Some of them will be referred to in the following chapters.

Lemma 3.4.1. Let X := (X, ‖ ‖, e) and Y := (Y, ‖ ‖, f) be two computable normed
spaces. Then the following reducibility results for the various representations of B(X,Y )
hold:

δ=ev ≤ δev ≤ δseq

δev ≡ δ≥ev ≡ δ≥seq

δ=ev ≡ δ=seq

We refer the reader to [Bra03b] for more information about representations for B(X,Y )
and a detailed comparison of the various representations.

In Chapters 4 and 5, based on the representations for B(X,Y ) we will define special-
ized representations of the space B∞(X,Y ) of compact bounded operators between
computable Banach spaces, which is a subspace of B(X,Y ), and for the dual space
X ′ = B(X,F) of a computable Banach space.
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4 Computable Banach Spaces With Bases

In this chapter we study computability properties of Banach spaces with so-called
Schauder bases. These bases can act as a kind of substitute for orthonormal bases
that are often used to obtain computability results on Hilbert spaces. In this way, we
can prove some of the results that are already known for computable Hilbert spaces also
for computable Banach spaces.

In Chapter 5 we will use the results of this chapter to study computability of com-
pact operators on computable Banach spaces with “well-behaved” Schauder bases and
prove computable versions of some well-known properties of compact operators in the
framework of computable analysis.

First, in Section 4.1 we briefly describe what instruments are often used to prove com-
putability results in computable Hilbert spaces and what problems arise in computable
Banach spaces. In Section 4.2 we will introduce Banach spaces with computable bases
and we prove some elementary properties of these spaces. In Section 4.3 we discuss the
special case of monotone bases and we show that in Banach spaces with computable
monotone bases the natural projections are computably compact1 and the coordinate
functionals have computable norms. In Section 4.4 we discuss properties of the dual
space and we define the concept of a computable dual basis. Moreover, we prove that
any computable, computably shrinking, and monotone basis is necessarily a computable
dual basis. Finally, in Section 4.5 we briefly summarize the results of this chapter.

4.1 Motivation

Given an infinite-dimensional computable Hilbert space H = (H, 〈 〉, e) with a com-
putable orthonormal basis e, every element x ∈ H can be uniquely represented as a
series x =

∑∞
i=0〈x, ei〉ei, which is called the Fourier series of x. The uniquely deter-

mined coefficients 〈x, ei〉 are called the Fourier coefficients of x (with respect to the
basis e). Then, the norm of an element x ∈ H is given by Parseval’s Identity

‖x‖2 = ‖
∞∑

i=0

〈x, ei〉ei‖
2 =

∞∑

i=0

|〈x, ei〉|
2 .

1The notion of a computably compact operator will be introduced not until Chapter 5. Though, in this
chapter we actually prove the details, merely the definition of computably compact is lacking.
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4 Computable Banach Spaces With Bases

In [BY06] this relation is exploited to define a representation δFourier for computable
Hilbert spaces, where a name of an element x ∈ H encodes a δNF -name of the sequence
(〈x, en〉)n∈N of Fourier coefficients of x and a δR-name of the norm ‖x‖ of x. The
Fourier representation δFourier based on some computable orthonormal basis turns out
to be computably equivalent to the standard Cauchy representation δH of the given
computable Hilbert space H (see [BY06, Cor. 3.4]).

In the proof of the just mentioned result about the representation δFourier and also, for
example, in the proofs of the Fourier representation theorem [BY06, Thm. 3.3] and the
computable Theorem of Fréchet-Riesz [BY06, Thm. 4.3], the norm ‖x‖ of an element
x ∈ H is often computed using Parseval’s Identity. Especially, it is possible to determine
an upper bound of the error that occurs when only a finite prefix of the Fourier series∑∞

i=0〈x, ei〉ei of an element x is evaluated because it holds

‖x−
n∑

i=0

〈x, ei〉ei‖
2 = ‖

∞∑

i=n+1

〈x, ei〉ei‖
2 =

∞∑

i=n+1

|〈x, ei〉|
2

=
∞∑

i=0

|〈x, ei〉|
2 −

n∑

i=0

|〈x, ei〉|
2 = ‖x‖2 − ‖

n∑

i=0

〈x, ei〉ei‖
2 .

Furthermore, the norm of a finite prefix of the Fourier series of x is never greater than
the norm of x itself. In computable Banach spaces this is not the fact. On one side,
generally it is not possible, given a fundamental sequence e in a Banach space X, to
represent the elements x ∈ X as a series over e in a unique way, not even if e is linearly
independent. On the other side, even if we can uniquely represent the elements of X, it
is not guaranteed that the norm of a finite prefix of the unique series corresponding to
some x ∈ X can be bounded by ‖x‖ in some way.

In [BD05] the space B∞(X,Y ) of compact operators between two computable Hilbert
spaces is represented as a normed space via the operator norm and a numbering of a set
of finite-dimensional operators, which is dense in B∞(X,Y ). The proof that we actually
obtain B∞(X,Y ) as a computable normed space as well uses Parseval’s Identity, like the
results in [BY06].

Therefore, if we want to prove analogous results for computable Banach spaces as we
have already obtained for computable Hilbert spaces, we have to find a substitute for the
orthonormal bases of Hilbert spaces with its useful properties. In the following, we will
prove that the above-mentioned Schauder bases can act as such a substitute, especially
if they are even monotone or shrinking.2 Using Schauder bases, we can transfer some
of the results already proved for computable Hilbert spaces also to computable Banach
spaces.

2We will define these notions later in this chapter.
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4.2 Banach Spaces With Bases

4.2 Banach Spaces With Bases

In this section we introduce the notion of a computable Schauder basis and prove some
first results about computable Banach spaces that possess such a basis. Schauder bases
are a generalization of orthogonal bases in Hilbert spaces. In the following, we briefly
mention some central notions and results about Banach spaces with bases before we
state our corresponding computable versions. We refer the reader to [Meg98] and [LT77]
for more detailed information about Banach spaces with bases.

Schauder basis Let X be a Banach space. A sequence (ei)i∈N in X is called a Schauder
basis of X (or a basis for short) if for each x ∈ X there exists a unique sequence (αn)n∈N
such that

x =
∞∑

i=0

αiei .

This definition is due to [Meg98, Def. 4.1.1] that itself is based on Schauder’s defini-
tion [Sch27]. It is easy to see that a Schauder basis (ei)i∈N in a Banach space X is also
a fundamental sequence. Hence, a Banach space with a basis has to be separable. Since
the elements of a basis are linearly independent, a Banach space with basis also has to
be infinite-dimensional.

If X is a computable Banach space, then we will say that (ei)i∈N is a computable basis
if it is a Schauder basis that is computable as a sequence in X .

Definition 4.2.1 (Computable basis). Let X = (X, ‖ ‖, f) be a computable Banach
space. A sequence (ei)i∈N in X is called a computable basis in X if it is a Schauder basis
that is a computable sequence in X , that means δNX -computable.

Since by definition every computable basis is a computable fundamental sequence, it
follows by Lemma 3.3.10 that for any computable Banach space (X, ‖ ‖, e) with some
computable basis f the space (X, ‖ ‖, f) itself is a computable Banach space that is
computably equivalent to the space space (X, ‖ ‖, e). We recall that two computable
normed spaces with the same underlying set are called computably equivalent if the
corresponding Cauchy representations are computably equivalent, that is if the identity
is computable in both directions.

Corollary 4.2.2. Let X = (X, ‖ ‖, e) be a computable Banach space and f be a com-
putable basis in X . Then (X, ‖ ‖, f) is a computable Banach space that is computably
equivalent to X = (X, ‖ ‖, e).

Therefore, we often assume that given a computable Banach space X with a computable
basis e the fundamental sequence of X is identical to the basis e.
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4 Computable Banach Spaces With Bases

As we have already stated before, every Banach space with a basis is necessarily infinite-
dimensional and separable. It can easily be seen that typical Banach spaces of this type,
such as ℓp for 1 ≤ p < ∞, c0, C[0, 1], and others have bases, and natural bases are
typically computable, that is the Banach space together with its natural basis forms a
computable Banach space in our sense.

For instance, the sequence (ei)i∈N of standard unit vectors ei := (δik)k∈N, i ∈ N, is
a basis for the sequence spaces ℓp, 1 ≤ p < ∞, and c0 (see [Meg98, Example 4.1.3]).
By [Bra09, Prop. 3.3 (2)], the sequence spaces ℓp for 1 ≤ p < ∞ together with the
sequence (ei)i∈N form computable Banach spaces if p is a computable real number,
that is δR-computable. By [Bra01, Prop. 3.8], the function spaces C[0, 1] and Lp[0, 1]
for 1 ≤ p < ∞, p computable, can also form computable Banach spaces. Though
the fundamental sequences given in [Bra01, Prop. 3.8] are not the classical Schauder
basis (see [Meg98, Example 4.1.11]) and the Haar basis (see [Meg98, Example 4.1.27]),
respectively, it seems that they can be computably transformed into those ones.

Especially, every infinite-dimensional computable Hilbert space possesses a computable
basis (see [BY06, Lemma 3.1]):

Proposition 4.2.3. Let H = (H, ‖ ‖, e) be an infinite-dimensional computable Hilbert
space. Then there exists a computable orthonormal basis of H.

In the following, we often require that a computable Banach space possesses a com-
putable basis. Now, one can ask whether such an explicit requirement is actually needed
or if every computable Banach space with basis automatically possesses some computable
basis. Unfortunately, the latter is not the case. Bosserhoff proved that there exists a
computable Banach space with a shrinking3 basis that does not possess any computable
basis (see [Bos08]):

Proposition 4.2.4. There exists a computable Banach space X = (X, ‖ ‖, e) such that
(X, ‖ ‖) contains a Schauder basis but X does not have any computable Schauder basis.

Basic sequence Let X be a Banach space. A sequence (xi)i∈N in X is called a Schauder
basic sequence (or a basic sequence for short) if it is a basis for its closed linear span

[(xi)i∈N] = span{xi : i ∈ N} .

Similar to the definition of a computable basis, we define the notion of a computable
basic sequence in a computable Banach space X as a basic sequence that is computable
as a sequence in X .

Definition 4.2.5 (Computable basic sequence). Let X = (X, ‖ ‖, e) be a computable
Banach space. A sequence (xi)i∈N in X is called a computable basic sequence in X if it
is a Schauder basic sequence that is a computable sequence in X .

3We will later define the notion of a shrinking basis.
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It is easy to see that, given a computable Banach space X , the closed linear span [(xi)i∈N]
of a basic sequence (xi)i∈N is a computable subspace of X with (xi)i∈N as computable
basis. We recall that we call a closed subspace Y ⊆ X of a computable normed space
X = (X, ‖ ‖, e) a computable subspace if it is a computable Banach space with respect
to some fundamental sequence that is computable in X .

Proposition 4.2.6. Let X = (X, ‖ ‖, e) be a computable Banach space and x = (xi)i∈N
a computable basic sequence in X . Then [x] is a computable subspace of X with x as a
computable basis.

Proof. Let X = (X, ‖ ‖, e) be a computable Banach space and x = (xi)i∈N a computable
basic sequence in X . Then, in particular, x is a computable sequence in X . By Propo-
sition 3.3.14 we obtain that [x] is a computable subspace of X . Since the computable
basic sequence x is a basic sequence and a computable sequence in ([x], ‖ ‖, x), we get
that x is a computable basis of the computable subspace [x] of X .

A basic sequence (xi)i∈N in a Banach space X is called bounded if 0 < infn∈N ‖xn‖ ≤
supn∈N ‖xn‖ < ∞, and normalized if ‖xn‖ = 1 for each n ∈ N.

It can be proved that, given a Banach space X, a basis (xn)n∈N in X, and a sequence
(λn)n∈N of nonzero scalars, the sequence (λnxn)n∈N is a basis in X, too ([Meg98, Propo-
sition 4.1.5]). Hence, in every Banach space X with some basis (xn)n∈N there also exists
a normalized basis (use (‖xn‖

−1xn)n∈N, see [Meg98, Corollary 4.1.6]). The following
computable version of this fact holds true, too.

Proposition 4.2.7. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable
basis. Then there exists a computable normalized basis in X .

Proof. Let X = (X, ‖ ‖, e) be a computable Banach space and (xi)i∈N be a computable
basis in X . We define a sequence (zi)i∈N by zi := ‖xi‖

−1xi. Then (zi)i∈N is a normalized
basis in X. Furthermore, given i ∈ N we can compute zi, that is (zi)i∈N is a computable
sequence in X . Altogether, we obtain that (zi)i∈N is a computable normalized basis
in X .

Coordinate functionals For any Banach space X with some basis (ei)i∈N one can define
the coordinate functionals

e′n : X → F,
∞∑

i=0

xiei 7→ xn .

Obviously, the coordinate functionals are linear functionals on X, and they are known
to be bounded (see [Meg98, Corollary 4.1.16]). In the following, we will give conditions
on the Banach space X that imply computability of the coordinate functionals en.
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Natural projections For any Banach space X with some basis (ei)i∈N there are associ-
ated linear operators, called natural projections:

Pn : X → X,
∞∑

i=0

xiei 7→
n∑

i=0

xiei .

It is known that these linear operators are bounded (see [Meg98, Theorem 4.1.15]).
Obviously, each Pn actually is a projection from X to 〈{ei : 0 ≤ i ≤ n}〉, the linear span
of e0, . . . , en. Since in the case of finitely many elements the linear span is closed in the
Banach space X, it is equal to the closed linear span [{ei : 0 ≤ i ≤ n}], that means
the linear span of e0, . . . , en itself is a Banach space. Analogously to the coordinate
functionals, we will formulate conditions under that the natural projections become
computable.

Basis constant Given a Banach space X with some basis (ei)i∈N and associated natural
projections Pn, n ∈ N, the number

c := sup
n∈N

‖Pn‖

is always finite (see [Meg98, Corollary 4.1.17]) and called the basis constant of the ba-
sis (ei)i∈N. A basis (ei)i∈N is called monotone if its basis constant is c = 1.

Basis norm Given a Banach space X, any basis e = (ei)i∈N in X (with corresponding
basis constant c) induces yet another norm on X by

|||x||| := sup
m∈N

‖Pm(x)‖ = sup
m∈N

‖
m∑

i=0

xiei‖ .

We will call this norm the basis norm on X associated with e. It is known that the basis
norm is equivalent to the original norm, in fact, we directly obtain that

‖x‖ ≤ |||x||| ≤ c‖x‖

(see [Meg98, Theorem 4.1.14]). It follows that these two norms are also computably
equivalent:

Proposition 4.2.8. If X = (X, ‖ ‖, e) is a computable Banach space with basis e, then
X||| ||| := (X, ||| |||, e) is a computably equivalent computable Banach space.

Proof. In [Meg98, Theorem 4.1.14] it has been proved that ||| ||| is equivalent (as a norm)
to the original norm ‖ ‖. Moreover, ‖x‖ ≤ |||x||| holds for any x ∈ X. Therefore,
e is also a fundamental sequence (and basis) for X equipped with ||| ||| as norm and
the Cauchy representation is well-defined. Let δX||| |||

be the Cauchy representation of
X||| ||| = (X, ||| |||, e). Clearly, the metric induced by ||| ||| yields a computable metric
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space as |||αe(n) − αe(k)||| can easily be computed for any given n, k ∈ N because the
supremum is only over a finite number of norms in this case (if m is large enough
Pn = Pm for all n > m). Altogether, (X, ||| |||, e) is a computable Banach space. As
‖x‖ ≤ |||x|||, it follows that the identity id : (X, ||| |||, e) → (X, ‖ ‖, e) is bounded and
a name of an element x ∈ X in (X, ||| |||, e) is also a name of x in (X, ‖ ‖, e). Thus,
the identity id : (X, ||| |||, e) → (X, ‖ ‖, e) is also computable and we obtain δX||| |||

≤ δX .
By [Bra09, Theorem 5.10], which is a corollary of the computable version of Banach’s
Inverse Mapping Theorem [Bra09], it follows that δX||| |||

≡ δX holds and the two spaces
are computably equivalent.

Instead of applying Banach’s Inverse Mapping Theorem, one could also use the inequality
|||x||| ≤ c‖x‖ for the proof here (see also Corollary 3.3.3).

If e is a basis in a Banach space X, then e is monotone with respect to the corresponding
basis norm [Meg98, Corollary 4.1.21]. Applying this to Proposition 4.2.8, we get the
following result.

Corollary 4.2.9. Let X = (X, ‖ ‖, e) be a computable Banach space with basis e. Then
X||| ||| := (X, ||| |||, e) is a computably equivalent computable Banach space with monotone
basis e.

Thus, we can assume that a computable basis in a computable Banach space is monotone
as long as we do not need some norm specific properties of the basis but only topological
ones.

The following result provides a well-known inequality about the norms of basis elements
and the corresponding coordinate functionals. The proof uses the above-mentioned basis
norm, for completeness we include this proof.

Lemma 4.2.10. Let X be a Banach space with basis e = (ei)i∈N and corresponding basis
constant c. Then

‖e′i‖ · ‖ei‖ ≤ 2c

for all i ∈ N.

Proof. We obtain for x =
∑∞

i=0 xiei that

|e′n(x)| = |xn| =
‖xnen‖

‖en‖
=

‖
∑n

i=0 xiei −
∑n−1

i=0 xiei‖

‖en‖

≤
2 · supk∈N ‖

∑k
i=0 xiei‖

‖en‖
=

2

‖en‖
|||x||| ≤

2

‖en‖
c‖x‖ .

That is, ‖e′n‖ ≤ 2c
‖en‖

.
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Computability of coordinate functionals and natural projections We have already
stated above that the coordinate functionals and natural projections associated with a
basis in a Banach space are bounded linear operators, hence continuous functions. One
could now ask if they are also computable functions. In fact, it turns out that this is the
case. The following result shows that the natural projections and coordinate functionals
are always computable, even in a uniform way as sequence. As we represent continuous
functions f : X → Y by the canonical function space representation [δX → δY ], a
computable sequence of functions is a sequence that is computable with respect to this
representation.

Proposition 4.2.11 (Computable natural projections and coordinate functionals). For
a computable Banach space X = (X, ‖ ‖, e) with computable basis e, the correspond-
ing sequence of natural projections (Pn)n∈N is a computable sequence in C(X,X) and
the corresponding sequence (e′n)n∈N of coordinate functionals is a computable sequence
in C(X).4

Proof. Let X = (X, ‖ ‖, e) be a computable Banach space with computable basis e and
corresponding basis constant c. We obtain for all n ∈ N

‖Pn(x)‖ ≤ ‖Pn‖ · ‖x‖ ≤ c‖x‖ .

Moreover, Pn(ek) = ek if k ≤ n and Pn(ek) = 0 otherwise. Thus, given n and k, we
can compute Pn(ek). Using the representations for linear bounded operators that are
defined in [Bra03b], we obtain that given n ∈ N we can compute a δ≥seq-name of Pn.
Now, by [Bra03b, Theorem 4.3] it follows that given n ∈ N we can compute a δev-name
of Pn. Hence, given n ∈ N we can compute Pn as an element of C(X,X).5 Altogether,
this shows that the sequence (Pn)n∈N is a computable sequence in C(X,X).

By Lemma 4.2.10 we obtain ‖e′n‖ ≤ 2c
‖en‖

. Since the basis e is computable, it follows

that (‖en‖)n∈N is a computable sequence. Hence, given n ∈ N we can compute an upper
bound of ‖e′n‖. Moreover, e′n(ek) = δnk, that means given n and k we can compute
e′n(ek). We obtain that given n ∈ N we can compute a δ≥seq-name of e′n and by [Bra03b,
Theorem 4.3] also a δev-name. Thus, (e′n)n∈N is a computable sequence in C(X).

Proposition 4.2.11 especially implies that each coordinate functional e′n and natural
projection Pn is computable:

Corollary 4.2.12. Let X = (X, ‖ ‖, e) be a computable Banach space with computable
basis e. Then the corresponding natural projections Pn : X → X, n ∈ N, and coor-
dinate functionals e′n : X → F, n ∈ N, are computable with respect to the standard
representations of X and F.

4By C(X) := C(X,F) we denote the set of all total continuous functions from a normed space X to the
underlying field F.

5By [Bra03b, Def. 4.1] the δev-representation of B(X,X) is equal to the [δX → δX ]-representation
restricted to B(X,X) ⊆ C(X,X).
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Proposition 4.2.11 also implies that the basis constant c is a left-computable real num-
ber.

Proposition 4.2.13. Let X = (X, ‖ ‖, e) be a computable Banach space with computable
basis e. Then the corresponding basis constant c is δ<R -computable, that means a left-
computable real number.

Proof. Let X = (X, ‖ ‖, e) be a computable Banach space with computable basis e.
By the Semi-computable Uniform Boundedness Theorem [Bra01, Corollary 9.8] the
corresponding basis constant c := supn∈N ‖Pn‖ is δ<R -computable, that means a left-
computable real number.

Unfortunately, it seams not to be possible, given a basis e of a computable Banach
space X , to compute an upper bound of the corresponding basis constant. Though, this
does not matter in the following because we only handle Banach spaces with a fixed
basis and therefore can assume that there always exists some computable upper bound
of the corresponding basis constant.6

4.3 Banach Spaces With Monotone Bases

In this section we consider Banach spaces with monotone bases and we prove that in this
case the natural projections are not only computable operators but computably compact
operators in some sense defined later. Moreover, we will be able to conclude that the
norms of the coordinate functionals form a computable sequence. In order to prove these
results, we need some further preparation. The first observation is that the closed unit
ball

BX := B(0, 1) = {x ∈ X : ‖x‖ ≤ 1}

of any computable Banach space is always located (see also [Bra01, Lemma 9.2]).

Lemma 4.3.1. Let X = (X, ‖ ‖, e) be a computable normed space. Then the unit ball
BX is located, that is its distance function dBX

: X → R is computable.

Proof. We obtain dBX
(x) = max{0, ‖x‖ − 1} and hence the distance function is com-

putable.

6However, it would matter as soon as we would want to handle Banach spaces with different basis
constants in a uniform way, for example, by using a representation for the class of all Banach spaces
with bases.
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The next observation is that compactness can be transferred effectively from subspaces
to the whole space. As already done in Section 4.2, we say that a subspace Y ⊆ X of a
computable Banach space X = (X, ‖ ‖, e) is a computable subspace if it is a computable
Banach space with respect to some fundamental sequence that is computable in X . This
is equivalent to the condition that Y is a computable Banach space and the inclusion
map inY : Y →֒ X is computable.

Lemma 4.3.2. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable
subspace Y ⊆ X. Then the inclusion map in : K(Y ) → K(X), K 7→ K is computable.

Proof. If Y is a computable subspace of X, then K(Y ) is a computable metric space
and the claim follows from the fact that continuous images of compact subsets can be
computed (by [Wei03, Theorem 3.3]).

In the following, we also need a version of Lemma 4.3.2 that is uniform in the subspace.
Such a result can be proved using the approach that we have described in Subsec-
tion 3.1.5. Here, we just briefly sketch how this can be done. Given a closed subspace Y
of a computable Banach space X = (X, ‖ ‖, e) by some fundamental sequence f of Y , we
can compute a name of Y as an effective metric space and also as an effective T0-space
with respect to the representations given in [RW11]. Furthermore, given the fundamental
sequence f of Y , we can also compute a name of the injection inY : Y →֒ X as a con-
tinuous function with respect to the representations of [RW11]. Now, given a compact
subset K ∈ K(Y ), we can uniformly compute the image of K under the injection inY as
a compact subset of X.

In the next step, we prove that the unit balls Bn of the n-dimensional subspaces Xn :=
range(Pn) of a computable Banach space X form a computable sequence in K(X).

Lemma 4.3.3. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable
basis e. Then the sequence (Bn)n∈N of sets

Bn :=

{
x =

n∑

i=0

xiei ∈ X : ‖x‖ ≤ 1

}

is computable in K(X).

Proof. Let X = (X, ‖ ‖, e) be a computable Banach space with computable basis e
and corresponding basis constant c. By Xn := range(Pn) we denote the subspace of X
generated by Pn. Let x =

∑∞
i=0 xiei ∈ BX . Then, by Lemma 4.2.10

|xi| = |e′i(x)| ≤ ‖e′i‖ · ‖x‖ ≤ ‖e′i‖ ≤
2c

‖ei‖
.
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4.3 Banach Spaces With Monotone Bases

Let C be a computable upper bound for c; such a computable upper bound exists for
any real number. Now, we define a sequence (rn)n∈N by

rn := max

{
2C

‖ei‖
: i = 0, . . . , n

}
≥ max

{
2c

‖ei‖
: i = 0, . . . , n

}

and we let

Qn :=

{
n∑

i=0

xiei ∈ Xn : |xi| ≤ rn for i = 0, . . . , n

}
.

Then Bn ⊆ Qn. Since (‖en‖)n∈N is a computable sequence and the maximum of a finite
number of reals is computable, (rn)n∈N is a computable sequence as well, and given n
one can compute a computable modulus of total boundedness tn : N → N for Qn in Xn

in the following way (for simplicity, we just treat the case F = R): for any n and given
k ∈ N we can compute some natural number mn > max{‖ei‖ : i = 0, . . . , n} and we
define a finite set

Cnk :=

{
n∑

i=0

yiei ∈ Xn : there exists j ∈ Z

such that yi =
2−kj

mn(n+ 1)
and yi ∈ [−rn, rn]

}
.

We claim that then

Qn ⊆
⋃

y∈Cnk

B(y, 2−k) .

This can be seen as follows: for any x =
∑n

i=0 xiei ∈ Qn there is some y =
∑n

i=0 yiei ∈
Cnk with

|xi − yi| <
2−k

mn(n+ 1)

for all i ∈ {0, . . . , n}. We obtain

‖x− y‖ ≤
n∑

i=0

|xi − yi| · ‖ei‖ <
n∑

i=0

2−k

(n+ 1)
·
‖ei‖

mn
< (n+ 1)

2−k

n+ 1
= 2−k ,

that is x ∈ B(y, 2−k). Since Bn ⊆ Qn, any computable modulus of total boundedness for
Qn in Xn is also a modulus of total boundedness for Bn in Xn. Finally, by Lemma 4.3.1
the distance function dBn : Xn → R is computable (the same proof shows that this even
holds uniformly in n). Therefore, the set Bn is closed, located, and totally bounded in
Xn, and given n the moduli of total boundedness and the distance functions can even
be computed. This means that Bn can be computed as an object in K(Xn). Thus, by
Lemma 4.3.27 the sequence (Bn)n∈N is computable in K(X).

7Strictly speaking, one needs a uniform version of Lemma 4.3.2 here that states that the sequence of
inclusions inn : K(Xn) →֒ K(X) is computable, which means that there is a computable sequence
of realizations for these maps. The proof for this uniform version is basically the same. We have
outlined an approach for such a proof in the paragraph after Lemma 4.3.2.
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4 Computable Banach Spaces With Bases

In the next step, we observe that for monotone bases we obtain PnBX = Bn.

Lemma 4.3.4. Let X = (X, ‖ ‖, e) be a Banach space with a monotone basis e. Then

PnBX = Bn ⊆ BX .

Proof. We claim that PnBX = Bn. By definition of Bn it is clear that “⊇” holds. For
the other inclusion, let x =

∑∞
i=0 xiei ∈ BX . Then Pnx =

∑n
i=0 xiei and since e is

monotone, one obtains

‖Pnx‖ ≤ ‖Pn‖ · ‖x‖ ≤ 1 ,

that is Pnx ∈ Bn. It is also clear that Bn ⊆ BX holds.

Now, we can conclude that the natural projections are computably compact in a sense
defined later. Here we express the result directly.

Corollary 4.3.5. For a computable Banach space X = (X, ‖ ‖, e) with a computable
and monotone basis e, (PnBX)n∈N is a computable sequence in K(X).

From this corollary we will be able to conclude that the coordinate functionals form a
computable sequence in the dual space X ′. Since we have not defined computability
on X ′ so far, here we only state that the sequence of the coordinate functionals’ norms
is computable.

Proposition 4.3.6. For a computable Banach space X = (X, ‖ ‖, e) with a computable
and monotone basis e, (‖e′n‖)n∈N is a computable sequence.

Proof. We claim that e′nPnBX = e′nBX . It is clear that “⊆” holds, as PnBX ⊆ BX by
Lemma 4.3.4. For “⊇” it suffices to prove that e′nBX ⊆ e′nPnBX , as PnBX is compact
and hence e′nPnBX is closed. Let y ∈ e′nBX . Then there exists some x =

∑∞
i=0 xiei ∈ BX

with xi ∈ F and e′nx = y. With x′ := Pnx =
∑n

i=0 xiei we obtain e′nx = xn = e′nx
′.

Since x′ ∈ PnBX , we can conclude that y ∈ e′nPnBX .

It remains to prove that given n we can compute ‖e′n‖. We note that

‖e′n‖ = sup{|e′nx| : x ∈ BX} = sup{|e′nx| : x ∈ PnBX} ,

which is computable as (PnBX)n∈N is a computable sequence in K(X) by Corollary 4.3.5
and since the supremum over compact sets is computable (by [Wei00, Lemma 5.2.6]).

4.4 Dual Spaces

In this section we discuss some properties of the dual spaces X ′ of computable Banach
spaces X = (X, ‖ ‖, e), in particular of Banach spaces with computable bases. For this
purpose, we define two representations for dual spaces. The first representation is based
on the fact that X ′ consists of bounded linear operators. For the other representation,
we represent X ′ as computable Banach space and use its Cauchy representation.

52



4.4 Dual Spaces

Dual space representation Given an effective normed space X = (X, ‖ ‖, e), the
Cauchy representation δX is well-defined. Then, based on this representation the follow-
ing representation is a natural representation of the dual space X ′.

Definition 4.4.1 (Dual space representation). For an effective normed space X =
(X, ‖ ‖, e), we define a representation δX′ of the dual space X ′ by

δX′〈p, q〉 = f :⇐⇒ [δX → δF](p) = f and δR(q) = ‖f‖ .

That is, a name of a functional f contains information on both, the functional f as
a continuous function and its operator norm ‖f‖. If not mentioned otherwise, we will
assume that X ′ is represented by δX′ . As a consequence of Proposition 4.2.11 and
Proposition 4.3.6 we can conclude that the coordinate functionals form a computable
sequence of functionals, provided the corresponding basis is monotone.

Corollary 4.4.2. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable
and monotone basis e. Then (e′n)n∈N is a computable sequence in X ′ with respect to δX′.

Computable dual space Unfortunately, the dual space X ′ of a computable Banach
space X is not necessarily a computable Banach space again. In [Bra05] it was seen, for
instance, that the dual space ℓ∞ of ℓ1 cannot be considered as a computable Banach
space in the ordinary sense (one can either get a computable addition or a computable
norm, but not both). However, the dual space X ′ of any computable Banach space is
a general computable Banach space in some sense (see [Bra05, Cor. 21.30]). For our
purposes here it is convenient to have the notion of a computable dual space as captured
in the next definition.

Definition 4.4.3 (Computable dual space). Let X = (X, ‖ ‖, e) be a computable Banach
space. We say that X has a computable dual space X ′ if there exists a sequence e∗ : N →
X ′ in X ′ such that

1. (X ′, ‖ ‖, e∗) is a computable Banach space.

2. δX′ is computably equivalent to the Cauchy representation of (X ′, ‖ ‖, e∗).

In case of a Banach space with basis e we have a canonical choice for e∗. Given a Banach
space with basis e, the coordinate functionals e′ can form a basis of X ′. As a matter of
fact, this is the case if and only if e is shrinking (see [Meg98, Prop. 4.4.7]).

Shrinking bases Given a Banach space X with a basis (ei)i∈N, for each functional
f ∈ X ′ and n ∈ N by ‖f‖(n) we denote the norm of f restricted to [{ei : i > n}]. That
is we define

‖f‖(n) := sup

{
|f(x)|

‖x‖
: x ∈ span{ei : i > n}, x 6= 0

}
.
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4 Computable Banach Spaces With Bases

Then, a basis e is called shrinking if

lim
n→∞

‖f‖(n) = 0 for all f ∈ X ′ .

Cauchy representation of X ′ As stated above, the coordinate functionals e′ form a
basis of X ′ if e is a shrinking basis of X. Since a basis is a fundamental sequence,
given an effective Banach space X = (X, ‖ ‖, e) with a shrinking basis e we can use the
coordinate functionals e′ to represent X ′ as an effective Banach space. In this way, we
obtain a Cauchy representation of X ′.

Definition 4.4.4 (Cauchy representation of the dual space). Let X = (X, ‖ ‖, e) be
an effective Banach space with a shrinking basis e. Then the coordinate functionals e′

form a basis of X ′ and by δCX′ we denote the corresponding Cauchy representation of the
effective Banach space X ′ := (X ′, ‖ ‖, e′).

Computable dual basis For a reflexive Banach space X any basis e is shrinking (see
[Meg98, Theorem 4.4.15]). Now the interesting question is whether and under which con-
ditions the representation δX′ and the Cauchy representation δCX′ of X ′ are computably
equivalent. We introduce a special type of bases for which this is the case.

Definition 4.4.5 (Computable dual basis). Let X = (X, ‖ ‖, f) a computable Banach
space. A basis e is called a computable dual basis if

1. e is a computable and shrinking basis of X ,

2. δX′ ≡ δCX′ .

Note that the basis e has to be shrinking in order to guarantee that e′ is a basis of X ′

and that δCX′ exists. A computable Banach space X with a computable dual basis, in
particular, has a computable dual space X ′. It would be desirable to have conditions
on e and X which guarantee that condition (2) follows from (1). In order to prove a
result in this direction we use the following notion.

Definition 4.4.6 (Shrinking modulus). Let X be a Banach space with basis e and let
f ∈ X ′. Then m : N → N is called a shrinking modulus of f (corresponding to e) if
‖f‖(m(k)) < 2−k for all k ∈ N.

Obviously, a basis e of a Banach space X is shrinking if and only if for each functional
f ∈ X ′ there exists a shrinking modulus of f . Using the notion of a shrinking modulus,
we can define computably shrinking bases.

Definition 4.4.7 (Computably shrinking). Let X = (X, ‖ ‖, e) be a computable Banach
space with a computable basis e. e is called computably shrinking if there exists a
(δX′ , δNN)-computable multi-valued map S : X ′

⇉ NN such that for each fixed f ∈ X ′

any m ∈ S(f) is a shrinking modulus for f ∈ X ′.
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Now we can formulate the following characterization.

Proposition 4.4.8. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable
and shrinking basis e. Then the following conditions are equivalent:

1. δCX′ ≤ δX′.

2. (X ′, ‖ ‖, e′) is a computable Banach space.

3. ‖ ‖ : X ′ → R is (δCX′ , δR)-computable.

Moreover, the following conditions are equivalent to each other:

4. δX′ ≤ δCX′.

5. e is computably shrinking.

Proof. (1) ⇒ (2): It is easy to see that addition + : X ′ × X ′ → X ′ and scalar multi-
plication · : F ×X ′ → X ′ are computable restricted to the dense subsets range(αe′)
and QF and with respect to αe′ and αF. This implies that these operations are also
computable with respect to the Cauchy representation δCX′ . Since δCX′ ≤ δX′ , it fol-
lows that the norm ‖ ‖ : X ′ → F is also computable with respect to δCX′ . Altogether,
this implies that (X ′, ‖ ‖, e′) is a computable normed space.

(2) ⇒ (3): It is clear that this implication holds.

(3) ⇒ (1): By Proposition 4.2.11 the sequence (e′i)i∈N is a computable sequence in C(X).
This implies that

δCX′ ≤ [δX → δF] .

If, additionally, the operator norm ‖ ‖ : X ′ → R is computable with respect to δCX′ ,
we can conclude δCX′ ≤ δX′ .

(4) ⇒ (5): Let f ∈ X ′ be given by a δCX′-name. It is sufficient to show that we can
compute a shrinking modulus m : N → N for f from these data, as δX′ ≤ δCX′ , by
assumption. The δCX′-name of f allows to compute a sequence (fk)k∈N in range(αe′)
such that

‖f − fk‖ ≤ 2−k−1 .

We can assume that each fk has the form fk =
∑mk

i=0 aike
′
i and we claim that by

m(k) := mk a shrinking modulus of f is given. This is because fk(x) = 0 for all
x ∈ span{ei : i > mk} and thus

|f(x)| ≤ |fk(x)|+ |fk(x)− f(x)| ≤ ‖fk − f‖ · ‖x‖ ≤ 2−k−1 · ‖x‖

for the same x. But this means that ‖f‖(m(k)) < 2−k and m is a shrinking modulus
of f .
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(5) ⇒ (4): Let f ∈ X ′ be given by a δX′-name and let k ∈ N. We have to compute some
n ∈ N such that

‖f − αe′(n)‖ ≤ 2−k .

First of all, we compute some shrinking modulus m : N → N of f ; this is possible
since e is computably shrinking. Let c be the basis constant of e, let N ∈ N be such
that c + 1 < 2N and M := m(k + N + 1). Then we can compute numbers ai ∈ QF

for i = 0, . . . ,M such that

|f(ei)− ai| < 2−k−1 ·
1

M + 1
·
‖ei‖

2c
≤

2k−1

(M + 1)‖e′i‖
,

where the last inequality follows from Lemma 4.2.10. Then we compute some n ∈ N

with αe′(n) =
∑M

i=0 aie
′
i and we obtain for all x =

∑∞
i=0 xiei ∈ BX that

|f(x)− αe′(n)(x)| =

∣∣∣∣∣f
(

∞∑

i=0

xiei

)
−

M∑

i=0

aie
′
i(x)

∣∣∣∣∣

=

∣∣∣∣∣f
(

M∑

i=0

xiei

)
+ f

(
∞∑

i=M+1

xiei

)
−

M∑

i=0

aie
′
i(x)

∣∣∣∣∣

≤

∣∣∣∣∣f
(

∞∑

i=M+1

xiei

)∣∣∣∣∣+
∣∣∣∣∣f
(

M∑

i=0

xiei

)
−

M∑

i=0

aie
′
i(x)

∣∣∣∣∣

= |f (x− PMx)|+

∣∣∣∣∣

M∑

i=0

e′i(x)f(ei)−
M∑

i=0

e′i(x)ai

∣∣∣∣∣

= |f (x− PMx)|+

∣∣∣∣∣

M∑

i=0

e′i(x)(f(ei)− ai)

∣∣∣∣∣

≤ ‖f‖(M) · ‖x− PMx‖+
M∑

i=0

|f(ei)− ai| · ‖e
′
i‖

≤ ‖f‖(M) · (‖x‖+ ‖PM‖ · ‖x‖) +
M∑

i=0

2k−1

(M + 1)‖e′i‖
· ‖e′i‖

≤ (c+ 1)‖f‖(m(k+N+1)) + (M + 1) ·
2−k−1

M + 1

≤ 2N · 2−k−N−1 + 2−k−1

≤ 2−k

and this implies ‖f − αe′(n)‖ ≤ 2−k.
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Now, we can conclude the following characterization of computable dual bases. The first
two conditions are equivalent by the previous proposition, the second condition obviously
implies the third condition, and the third condition implies the first by [Bra05, Stability
Theorem 21.23 and Corollary 21.30] and Proposition 4.2.11.

Corollary 4.4.9. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable
and shrinking basis e. Then the following conditions are equivalent:

1. e is a computable dual basis (that means δCX′ ≡ δX′).

2. (X ′, ‖ ‖, e′) is a computable Banach space and e is computably shrinking.

3. + : X ′ × X ′ → X ′ is (δX′ , δX′ , δX′)-computable and (‖e′i‖)i∈N is a computable
sequence.

With the next result, we show that for monotone and computable bases the norm on
the dual space is always computable. The proof is a generalization of the proof of
Proposition 4.3.6.

Proposition 4.4.10. Let X = (X, ‖ ‖, e) be a computable Banach space with a com-
putable, shrinking, and monotone basis e. Then ‖ ‖ : X ′ → R is (δCX′ , δR)-computable
and X ′ = (X ′, ‖ ‖, e′) is a computable Banach space.

Proof. Since

|‖f‖ − ‖αe′(n)‖| ≤ ‖f − αe′(n)‖ ,

it is sufficient to show that the operator norm is computable on range(αe′). Let f =
αe′(n) for some

n = 〈h, 〈m0, . . . ,mh〉〉 ∈ N .

We obtain

f(x) =
h∑

j=0

αF(mj)e
′
j(x) .

Now we claim that fPhBX = fBX . It is clear that “⊆” holds, as PhBX ⊆ BX by
Lemma 4.3.4. So it suffices to prove that fBX ⊆ fPhBX , as PhBX is compact and
hence fPhBX is closed. Let y ∈ fBX . Then, there exists some x =

∑∞
i=0 xiei ∈ BX

such that xi ∈ F for all i ∈ N and fx = y. Let x′ := Phx =
∑h

i=0 xiei. As e, e′ are
orthogonal, we obtain fx = fx′. Since x′ ∈ PhBX , we conclude y ∈ fPhBX .

Now we obtain

‖f‖ = sup{|fx| : x ∈ BX} = sup{|fx| : x ∈ PhBX} ,
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which is computable as (PnBX)n∈N is a computable sequence in K(X) by Corollary 4.3.5
and since the supremum over compact sets is computable (by [Wei00, Lemma 5.2.6]).

Finally, the fact that X ′ = (X ′, ‖ ‖, e′) is a computable Banach space follows directly
from the computability of the norm.

This leads to the following characterization of computable dual bases in the monotone
case (as a corollary of Corollary 4.4.9, Proposition 4.4.10, and Proposition 4.3.6).

Corollary 4.4.11. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable,
shrinking, and monotone basis e. Then the following conditions are equivalent:

1. e is a computable dual basis (that means δCX′ ≡ δX′).

2. e is computably shrinking.

3. + : X ′ ×X ′ → X ′ is (δX′ , δX′ , δX′)-computable.

It is important to mention that the third condition does not depend on the basis. There-
fore, for a fixed computable Banach space X either any computable, shrinking, and
monotone basis is automatically computably shrinking or no such basis has this prop-
erty. We obtain the following conclusion.

Corollary 4.4.12. Let X be a computable Banach space. Any computable, computably
shrinking, and monotone basis e of X is a computable dual basis.

The following result provides an important criterion that is naturally satisfied in many
applications and guarantees that our requirements on bases are satisfied.

Theorem 4.4.13 (Dual basis theorem). Let X = (X, ‖ ‖, e) be a computable Banach
space with a computable and monotone basis e. If X is reflexive and X has a computable
dual space, then the basis e is computably shrinking (and thus a computable dual basis).

Proof. Any basis of a reflexive Banach space is automatically shrinking by [Meg98, The-
orem 4.4.15]. By Corollary 4.4.11 it remains to prove that addition + : X ′ ×X ′ → X ′

is computable on the dual space X ′ with respect to δX′ . But since X has a computable
dual space, the dual space X ′ is a computable Banach space and its Cauchy representa-
tion is computably equivalent to δX′ . As the Cauchy representation makes the addition
computable, the desired result follows.

The next observation is that for computable Hilbert spaces H (that means computable
Banach spaces that are, additionally, Hilbert spaces) everything is satisfied automati-
cally.

Proposition 4.4.14. Let H = (H, 〈 〉, f) be an infinite-dimensional computable Hilbert
space. Then H has a computable orthonormal basis e and any such basis is a computable,
monotone, and computably shrinking Schauder basis.

58



4.4 Dual Spaces

Proof. Let H = (H, 〈 〉, f) be an infinite-dimensional computable Hilbert space. In
[BY06, Lemma 3.1] it was proved that any computable Hilbert spaceH has a computable
orthonormal basis e. Then any point x can be uniquely represented by its Fourier series
as

x =
∞∑

i=0

〈x, ei〉ei .

In particular, e is a computable Schauder basis. Moreover, every Hilbert space is reflex-
ive and every computable Hilbert space has a computable dual space (see [BY06, Theo-
rem 4.7], a consequence of the computable Fréchet-Riesz Theorem). By Theorem 4.4.13
the desired result follows.

The next example shows that not any computable Schauder basis of a computable Hilbert
space is automatically a computable dual basis.

Example 4.4.15. Let a = (an)n∈N ∈ ℓ2 be a sequence of positive reals that is com-
putable as a sequence in RN but such that ‖a‖2 is not computable and such that a0 = 1.
We equip ℓ2 over R with its standard basis e = (ei)i∈N, ei = (δij)j∈N for i ∈ N, and the
corresponding Cauchy representation, and we use the standard isomorphism

R : ℓ2 → ℓ′2, x 7→ (y 7→ 〈x, y〉) ,

which is computable by the computable Fréchet-Riesz Theorem, see [BY06]. We define
a sequence η = (ηi)i∈N in ℓ2 by

ηi := (0, . . . , 0︸ ︷︷ ︸
i times

, 1, a1, a2, . . . )


= ei +

∞∑

j=1

ajei+j




for all i ∈ N. It is easy to see that η is a basis of ℓ2 and any x =
∑∞

i=0 xiei has a unique
representation as

x = x0η0 + (x1 − a1x0)η1 + (x2 − a2x0 − a1x1)η2 + . . .

=
∞∑

i=0


xi −

i−1∑

j=0

ai−jxj


 ηi .

In particular, we obtain the coordinate functionals

η′i(x) = xi −
i−1∑

j=0

ai−jxj = R(−ai,−ai−1, . . . ,−a1, 1, 0, 0, 0, . . . )(x) .

Since the sequence a is computable in RN, it follows that the sequence η′ = (ηi)i∈N is
computable in ℓ′2. Moreover, since ℓ2 is reflexive, it follows by [Meg98, Theorem 4.4.1]
that η′′ is identical with (ιηi)i∈N and this is a basis of ℓ′′2, where

ι : ℓ2 → ℓ′′2, x 7→ (f 7→ fx) ,
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is the natural isomorphism, which is computable in both directions by the computable
Fréchet-Riesz Theorem. Since η is not computable, it follows that η′′ is not computable
either. Therefore, we have found a computable Banach space ℓ′2 with a computable basis
η′ such that η′′ is a basis of the dual space ℓ′′2, but not a computable basis.

This example in particular shows that we cannot simply omit monotonicity in Propo-
sitions 4.3.6 and 4.4.10, Corollary 4.4.11, and Theorem 4.4.13. Besides Hilbert spaces
there are many natural examples of Banach spaces that admit a computable dual basis.
We mention the example of ℓp spaces.

Example 4.4.16. The sequence space ℓp with computable p > 1 and equipped with the
norm

‖(xn)n∈N‖p :=
p

√√√√
∞∑

i=0

‖xi‖p

and the basis e, defined by ei(j) := δij , forms a computable Banach space, and e is
computable and monotone. It follows from Theorem 4.4.13 that this basis is also com-
putably shrinking, as the ℓp-spaces are reflexive and they admit computable dual spaces
by the computable version of the Theorem of Landau (see [Bra05, Theorem 21.33.2]).

Spaces like ℓ1 or C[0, 1] that do not have a separable dual space cannot have a computable
dual basis. However, the two mentioned spaces still admit computable bases.

4.5 Summary and Further Questions

In this chapter we have studied computability on Banach spaces with Schauder bases,
which can act as a kind of substitute for Hilbert space bases. We have proved that the
coordinate functionals and natural projections corresponding to some bases e are not
only computable continuous functions, but also computable as an element of X ′ and as
compact operator8, respectively, provided that the basis is monotone.

Furthermore, we have defined two representations for the dual space X ′ of a computable
Banach space X with computable basis. Then, we have compared these representations
and stated several conditions under that these representations δX′ and δCX′ are com-
putably reducible to each other. Especially, we have obtained a characterization for a
basis being a computably shrinking basis that does not depend on the concrete basis;
that is either each such basis with the stated conditions is computably shrinking or no
such basis has this property.

8To be more precise, we have only proved the conditions for being a computably compact operator as
the notion itself has not been introduced so far.
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4.5 Summary and Further Questions

There are also a number of questions that have not been treated here. For instance, it
would be interesting to study the defined notions for bases and dual spaces in a more
uniform way. That is to define representations for the space of all effective Banach
spaces like it is done for effective T0-spaces in [RW11] and to study, for example, under
which conditions a name of the dual space or of the sequences of coordinate functionals
and natural projections can be derived from a name of an effective Banach space. A
particularly interesting example would be a computable Banach space X = (X, ‖ ‖, e)
with a separable dual space X ′ such that addition + : X ′ ×X ′ → X ′ is not computable
with respect to δX′ . It would be desirable that this space has a computable monotone
and shrinking basis at the same time. It is not yet clear whether such an example exists
at all.
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5 Compact Operators on Computable

Banach Spaces

In functional analysis an operator T : X → Y on Banach spaces X,Y is called compact
if it is a linear operator such that the closure of the image TBX of the closed unit ball
BX = {x ∈ X : ‖x‖ ≤ 1} is compact in Y (see [Meg98, Def. 3.4.1, Prop. 3.4.4]). It is
easy to see that any compact operator is bounded (see [Meg98, Prop. 3.4.2]). Compact
operators are particularly important, as for infinite-dimensionalX the unit ball BX is not
compact, and thus compactness of the operator can often compensate this “defect”.

Classically, one can prove a number of basic properties of compact operators on Banach
spaces, some of which are summarized here:

1. If T, S are compact, then aT, T + S are compact.

2. If T is compact and S is linear and bounded, then ST, TS are compact.

3. T is compact if and only if T ′ is compact.

The first property basically says that compact operators are closed under linear op-
erations, the second one says that compact operators are closed under composition
with bounded linear operators, and the third property, which is called the Theorem
of Schauder, ensures that the adjoint T ′ : Y ′ → X ′, f 7→ fT , of any compact operator
is compact again.

We would like to prove computable versions of these results in the framework of com-
putable analysis. For the special case of Hilbert spaces this has partially been done
in [BD05]. However, in the general case of Banach spaces the classical theory is de-
veloped using the concept of sequential compactness that is highly non-constructive.
Therefore, we need a substitute for this concept in case of computable analysis. It seems
that there is no obvious way how to establish all the above mentioned properties for
compact operators in the general case of computable Banach spaces. In particular, the
closure of compact operators under addition cannot easily be proved in general. However,
we show that in case of Banach spaces with well-behaved computable Schauder bases
one can establish a reasonable theory of compact operators that includes, in particular,
computable versions of most of the above mentioned properties.

It was a long standing open question in functional analysis, called Banach’s basis prob-
lem, whether every infinite-dimensional separable Banach space has a Schauder basis
and for all natural examples of spaces this seems to be the case. In particular, the
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5 Compact Operators on Computable Banach Spaces

space C[0, 1] has a Schauder basis and it is known that any separable Banach space is a
subspace of C[0, 1]. It was only proved in 1973 by Per Enflo [Enf73] that there exists an
infinite-dimensional separable Banach space without a basis (in fact, the space is even
reflexive and lacks the approximation property, see [Meg98]). Regarding the difficulties
to construct examples of such spaces it seems not to be a too strict requirement to
restrict the theory of computable compact operators to Banach spaces with bases.

In Section 5.1 we introduce a representation of compact operators on computable Banach
spaces that combines the information on the operator as continuous function and on the
image of the unit ball as compact set. We prove some results regarding composition with
bounded linear operators from left and the Theorem of Schauder. In Section 5.2 we study
the space of compact operators as a Banach space and we provide sufficient conditions
such that this space is a computable Banach space and such that the resulting Cauchy
representation is equivalent to the representation introduced in Section 5.1. Finally, in
Section 5.3 we discuss composition with bounded linear operators from right and we
provide sufficient conditions for a non-uniform result. In Section 5.4 we summarize all
our results under assumptions that are sufficient for all results simultaneously.

5.1 Computably Compact Operators

In this section we introduce a representation of compact operators on separable Banach
spaces and we provide computable versions of some elementary properties of compact
operators. In particular, we prove that compact operators are closed with respect to
composition in some sense and we provide a computable version of the Theorem of
Schauder.

Image representation First, we define a representation for compact operators on sep-
arable Banach spaces. We recall that a compact operator T from a Banach space X to
a Banach space Y is a linear operator T : X → Y where the closure TBX of the unit
ball BX is compact. It is known that such a compact operator is bounded. Therefore,
we represent a compact operator T on separable Banach spaces X,Y as a continuous
function from X to Y together with the closure TBX of the unit ball as a compact set
in Y .

Definition 5.1.1 (Image representation). Let X = (X, ‖ ‖, e) and Y = (Y, ‖ ‖, f) be
effective Banach spaces. A representation δB∞(X,Y ) of the set B∞(X,Y ) of compact
operators T : X → Y is defined by

δB∞(X,Y )〈p, q〉 = T :⇐⇒ [δX → δY ](p) = T and δK(Y )(q) = TBX .

That is, a name 〈p, q〉 of a compact operator T contains two types of information, a
name p of T as a continuous map and a name q of the closure of the image of the unit
ball as a compact set. If not mentioned otherwise, we will assume that B∞(X,Y ) is
represented by δB∞(X,Y ).
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5.1 Computably Compact Operators

Computably compact operators In the following, we will call a compact operator
computably compact if it is computable with respect to the image representation.

Definition 5.1.2 (Computably compact). Let X = (X, ‖ ‖, e) and Y = (Y, ‖ ‖, f) be
effective Banach spaces. A compact operator T ∈ B∞(X,Y ) is called computably compact
if it is a computable element of B∞(X,Y ) with respect to the representation δB∞(X,Y ).

It follows from Proposition 4.2.11 and Corollary 4.3.5 that the projections are com-
putably compact operators, provided the corresponding basis is monotone.

Corollary 5.1.3. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable
and monotone basis e. Then (Pn)n∈N is a computable sequence in B∞(X,X) with respect
to δB∞(X,X).

Composition from the left Another operation that obviously becomes computable
with respect to this representation is composition with bounded linear operators from
the left.

Proposition 5.1.4 (Composition). Let X = (X, ‖ ‖, e), Y = (Y, ‖ ‖, f), and Z =
(Z, ‖ ‖, g) be computable Banach spaces. The composition

◦ :⊆ C(Y, Z)× B∞(X,Y ) → B∞(X,Z), (S, T ) 7→ ST ,

restricted to linear operators S, is ([δY → δZ ], δB∞(X,Y ), δB∞(X,Z))-computable.

Proof. It is clear that composition of continuous operators is ([δY → δZ ], [δX → δY ],
[δX → δZ ])-computable (see [Wei00, Exercise 3.3.11]). Moreover, we know that the
continuous image of compact sets can also be computed (see [Wei03, Theorem 3.3]).
That is,

(ST )BX = S(TBX) ∈ K(Z)

can be computed, given TBX ∈ K(Y ).

Functionals as compact operators The linear functionals on a Banach space X are
just the compact operators from X into the underlying field F. Our next observation
is that the computably compact operators T ∈ B∞(X,F) are exactly the computable1

functionals T ∈ X ′ and this holds uniformly.

Proposition 5.1.5 (Functionals as compact operators). For a computable Banach space
X = (X, ‖ ‖, e), we have X ′ = B∞(X,F) and the representations δX′ and δB∞(X,F) are
computably equivalent.

1with respect to the dual space representation δX′
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5 Compact Operators on Computable Banach Spaces

Proof. For any functional f : X → F we obtain

fBX = B(0, ‖f‖) .

Since the map

R : R → K(F), r 7→ B(0, r) ,

is computable and has a computable right inverse, the desired result follows.

From this result one can easily conclude that there are classically compact operators (in
fact, functionals) that are computable (as a continuous function) but not computably
compact: in [BY06, Example 4.6] a computable functional f : ℓ2 → R without com-
putable norm ‖f‖ is constructed. For arbitrary compact operators, we get a result that,
in one direction, is similar to the previous one, namely the operator bound of any com-
pact operator can be computed. We will see below that one cannot get any similar result
in the other direction.

Proposition 5.1.6 (Operator norm of compact operators). Let X = (X, ‖ ‖, e) and
Y = (Y, ‖ ‖, f) be computable Banach spaces. Then the map

‖ ‖ : B∞(X,Y ) → R, T 7→ ‖T‖ ,

is computable.

Proof. For any bounded linear operator T : X → Y we obtain

‖T‖ = sup
‖x‖≤1

‖Tx‖ = sup ‖TBX‖ .

Given a name of a compact operator T ∈ B∞(X,Y ) we can compute a name for
TBX ∈ K(Y ). Since the continuous image of a compact set is computable (see [Wei03,
Theorem 3.3]), we can also compute ‖TBX‖ ∈ K(R). Finally, we note that suprema over
compact subsets of R are computable (see [Wei00, Lemma 5.2.6]) and thus the desired
result follows.

The previous results lead to the question whether any classically compact operator that
is computable and has a computable norm is already computably compact (as it is the
case for functionals). The following example shows that this is not the case, not even
for Hilbert spaces.

Example 5.1.7. Let a = (ak)k∈N be a computable sequence of reals such that

‖a‖2 =

√√√√
∞∑

i=0

|ak|2 < 1 ,
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5.1 Computably Compact Operators

but ‖a‖2 is non-computable. We use ℓ2 over F = R and we define a bounded linear
operator T : ℓ2 → ℓ2 using the matrix representation

T =




1 0 0 0 0 · · ·
0 a0 a1 a2 a3 · · ·
0 0 0 0 0 · · ·
...

...
...

...
...

. . .


 .

Then T is compact since its range is two-dimensional, T is obviously computable as the
sequence a is computable, the norm ‖T‖ = 1 is computable, but T is not computably
compact and the image TBℓ2 is not even located since dTBℓ2

(e1) = 1 − ‖a‖2 is not
computable.

Example 5.1.7 also shows that in general our representation δB∞(X,Y ) is strictly stronger
than the representation δ=ev defined in [Bra03b] restricted to the compact operators.
By Proposition 5.1.6 we have δB∞(X,Y ) ≤ δ=ev|

B∞(X,Y ), and from Example 5.1.7 it fol-

lows that in general δ=ev|
B∞(X,Y ) 6≤ δB∞(X,Y ) because the therein defined operator T is

δ=ev|
B∞(X,Y )-computable, but not δB∞(X,Y )-computable.

Computable Theorem of Schauder As a next result we formulate a computable version
of the Theorem of Schauder. The classical Theorem of Schauder states that for any
compact operator T : X → Y the adjoint

T ′ : Y ′ → X ′, f 7→ fT ,

is compact again. In [BY06] Brattka and Yoshikawa have already presented a computable
version of this theorem for computable Hilbert spaces. In case of Banach spaces we have
to face the problem that there are computable Banach spaces (such as ℓ1) whose dual
spaces (such as ℓ∞) are not computable Banach spaces. In order to avoid additional tech-
nicalities, we formulate two separate results here that will give us together a computable
version of the Theorem of Schauder for spaces whose dual spaces are well-behaved.

Proposition 5.1.8. Let X = (X, ‖ ‖, e) and Y = (Y, ‖ ‖, g) be computable Banach
spaces. Then the operation

C :⊆ B∞(X,Y )× C(Y ) → X ′, (T, f) 7→ fT ,

restricted to linear functionals f , is (δB∞(X,Y ), [δY → δF], δX′)-computable.

Proof. Given T ∈ B∞(X,Y ) and f ∈ C(Y ), we can compute fT ∈ B∞(X,F) by Propo-
sition 5.1.4 and thus also fT ∈ X ′ by Proposition 5.1.5.
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5 Compact Operators on Computable Banach Spaces

Note that this result implies by type conversion that the adjoint map considered as
map

A : B∞(X,Y ) → C(Y ′, X ′), T 7→ T ′ ,

is computable. However, in order to get a name of T ′ : Y ′ → X ′ as a continuous map, it
is sufficient that the input information f is given without the norm ‖f‖ (that means it is
sufficient to supply f ∈ C(Y ), not necessarily f ∈ Y ′). In order to get the adjoint T ′ as
a compact operator, we have to compute, additionally, the image T ′BY ′ as compact set
in X ′. According to the previous result, it is sufficient to show that BY ′ is computably
compact in C(Y ). This is, more or less, the statement of the computable version of the
Theorem of Banach-Alaoglu. We use a version of this result provided in [Bra08a]. Our
notion of a recursive compact and co-r. e. compact subset of metric spaces does formally
not apply to subsets of C(Y ) (since this is not necessarily a metric space). Therefore, we
will use an ad-hoc definition here that is tailor-made for our application. We will simply
say that a subset K ⊆ C(Y ) is co-r. e. compact if there are a computable metric space X,
a computable map f : X → C(Y ), and a co-r. e. compact set K ′ ⊆ X with K = f(K ′).
Analogously, we define the concept of a recursive compact subset of C(Y ).

Theorem 5.1.9 (Computable Theorem of Banach-Alaoglu). Let Y = (Y, ‖ ‖, e) be a
computable normed space. Then BY ′ is co-r. e. compact in C(Y ). If Y has a computable
dual space, then BY ′ is even recursive compact in C(Y ).

Proof. Let Y = (Y, ‖ ‖, e) be a computable normed space. We consider the map

J :⊆ Y ′ → RN, f 7→ (fαe(n))n∈N ,

with dom(J) = BY ′ . Since we can effectively evaluate any f ∈ Y ′, it follows that J is
computable and there is also a computable map I :⊆ RN → C(Y ) such that IJ is the
identity on BY ′ . In order to compute a suitable I, one can exploit the fact that ‖f‖ ≤ 1
for any f ∈ dom(J) = range(I). In the proof of [Bra08a, Theorem 6], it was shown that
JBY ′ is co-r. e. compact in RN. But then BY ′ = IJBY ′ is co-r. e. compact in C(Y ). In
case that Y has a computable dual space Y ′, it is easy to see that BY ′ is, additionally,
r. e. closed2 in Y ′ and thus, altogether, recursive compact in Y .

It is worth mentioning that the compact open topology on C(Y ) (which is the topology
that corresponds to the representation [δY → δF]) has the weak∗ convergence relation
(see [BS05, Cor. 4]). Therefore, the above formulation of the Theorem of Banach-Alaoglu
is an effectivization of the classical result that the unit ball of the dual space is weak∗

compact. If we now combine the previous results, we get the following version of the
Theorem of Schauder.

2We recall that a subset A ⊆ Y ′ is called r. e. closed if there exists a computable sequence in A that is
dense in A, see [BP03].
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5.2 The Space of Compact Operators

Theorem 5.1.10 (Computable Theorem of Schauder). Let X = (X, ‖ ‖, e) and Y =
(Y, ‖ ‖, g) be computable Banach spaces with computable dual spaces X ′ and Y ′. Then
the map

A : B∞(X,Y ) → B∞(Y ′, X ′), T 7→ T ′ ,

that maps any compact operator T : X → Y to its adjoint T ′, is computable.

Proof. By Proposition 5.1.8 we can conclude by type conversion that the adjoint map

A0 :⊆ B∞(X,Y ) → C(C(Y ), X ′), T 7→ T ′ ,

is computable. By Theorem 5.1.9 there exists a computable metric space Z, a com-
putable map f : Z → C(Y ), and a computably compact set K ⊆ Z such that f(K) =
BY ′ . It follows from the fact that we can compute continuous images of compact sets (by
[Wei03, Theorem 3.3]) that we can also compute T ′BY ′ = T ′BY ′ = T ′f(K) ∈ K(X ′).
Altogether, this means that we can compute T ′ ∈ B∞(Y ′, X ′).

The classical Theorem of Schauder says: “T is compact if and only if T ′ is compact”.
The previous result is an effective version of “⇒”. In order to get a computable version
of the full Theorem of Schauder, we would have to prove that the partial inverse A−1

of the map A is computable as well. So far, we have not studied an effective version
of “⇐”.

5.2 The Space of Compact Operators

In this section we want to study the space B∞(X,Y ) of compact operators somewhat
further. Endowed with the operator norm, this space is a Banach space itself. However,
it is not necessarily separable and even in cases where it is separable, it is not clear
that it is a computable Banach space. This is problematic as one would like to perform
operations like addition on compact operators. We will provide conditions under which
the space turns out to be a computable Banach space and the corresponding Cauchy
representation is computably equivalent to the representation discussed in the previous
section.

Approximation property The approximation property plays a particular role in this
context. A Banach space X is said to have the approximation property if for every
compact set K ⊆ X and every ε > 0 there exists an operator T : X → Y of finite rank
such that ‖Tx− x‖ < ε for every x ∈ K.
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5 Compact Operators on Computable Banach Spaces

Cauchy representation of B∞(X,Y ) Let us assume that X,Y are separable Banach
spaces. In case that the dual space X ′ or the space Y has the approximation property,
then the set F(X,Y ) of finite rank operators is dense in B∞(X,Y ) (see the Theorems of
Grothendieck [LT77, Theorems 1.e.4(v) and 1.e.5]).3 In particular, for a Banach space X
with a shrinking basis e the dual space X ′ has the approximation property by [Meg98,
Theorem 4.1.33]. In this situation there is a natural Cauchy representation of the set of
compact operators.

Definition 5.2.1 (Cauchy representation). Let (X, ‖ ‖, e) be an effective Banach space
with a shrinking basis e and let (Y, ‖ ‖, f) be an effective Banach space. We define a
numbering αef of some finite rank operators T : X → Y by

αef 〈k, 〈n0, . . . , nk〉, 〈l0, . . . , lk〉〉(x) :=
k∑

i=0

αe′(ni)(x)αf (li) .

Then range(αef ) is dense in the set B∞(X,Y ) of compact operators with respect to
the operator norm topology and (B∞(X,Y ), ‖ ‖, αef ) is an effective Banach space. We
denote by δCB∞(X,Y ) the Cauchy representation of B∞(X,Y ) induced by αef .

It follows from the computable version of the Fréchet-Riesz Theorem provided in [BY06]
that for Hilbert spaces the Cauchy representation provided here is equivalent to the one
introduced in [BD05].

Reduction “δCB∞(X,Y ) ≤ δB∞(X,Y )” The most interesting question for us is under which

conditions the space (B∞(X,Y ), ‖ ‖, αef ) is not only an effective Banach space but even
a computable Banach space and when the corresponding Cauchy representation δCB∞(X,Y )
can be computably translated into the image representation δB∞(X,Y ). First of all, we
extract the information on compact operators as bounded operators.

Proposition 5.2.2. Let X = (X, ‖ ‖, e) be a computable Banach space with a shrinking
and computable basis e and let Y = (Y, ‖ ‖, f) be a computable Banach space. Then the
injection

inj : B∞(X,Y ) →֒ C(X,Y )

is (δCB∞(X,Y ), [δX → δY ])-computable.

Proof. Since e is a computable basis of X , we can effectively evaluate the functionals e′

by Proposition 4.2.11. This implies

evef : N×X → F, (n, x) 7→ αef (n)(x) ,

3We call a bounded linear operator to be of finite rank or finite-dimensional if its range is of finite
dimension.
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is computable. Since ‖Tx− αef (n)(x)‖ ≤ ‖T − αef (n)‖ · ‖x‖ we conclude that

ev : B∞(X,Y )×X → Y, (T, x) 7→ Tx ,

is computable with respect to δCB∞(X,Y ). This in turn implies by type conversion that

inj : B∞(X,Y ) →֒ C(X,Y ) is computable (see [Wei00, Lemma 3.3.14]).

In a second step we want to consider the information on the image of the unit ball. For
that, it is helpful to use the following lemma.

Lemma 5.2.3. Let X,Y be Banach spaces and let S, T : X → Y be compact operators.
Then

dH(SBX , TBX) ≤ ‖S − T‖ .

Proof. Let y ∈ TBX . Then there is some x ∈ BX such that Tx = y and for z = Sx we
obtain

‖y − z‖ = ‖Tx− Sx‖ ≤ ‖T − S‖ · ‖x‖ ≤ ‖T − S‖ .

This implies distSBX
(y) ≤ ‖T−S‖ for all y ∈ TBX . Analogously, we obtain distTBX

(x) ≤

‖T − S‖ for all x ∈ SBX . Altogether, this implies dH(SBX , TBX) ≤ ‖T − S‖.

Now we are prepared to prove the following result. Here we have to assume that the
basis of the space X is even monotone. The proof is a generalization of the proof of
Proposition 4.4.10.

Proposition 5.2.4. Let X = (X, ‖ ‖, e) be a computable Banach space with a monotone,
shrinking, and computable basis e and let Y = (Y, ‖ ‖, f) be a computable Banach space.
Then the image map

im : B∞(X,Y ) → K(Y ), T 7→ TBX ,

is (δCB∞(X,Y ), δK(Y ))-computable.

Proof. By the previous Lemma 5.2.3 it suffices to consider the case T = αef (n) =∑k
i=0 αe′(ni)αf (li) for some n = 〈k, 〈n0, . . . , nk〉, 〈l0, . . . , lk〉〉. We can assume that

each ni has the form ni = 〈hi, 〈mi0, . . . ,mihi
〉〉 and thus

Tx =
k∑

i=0

αe′(ni)(x)αf (li) =
k∑

i=0

αf (li)

hi∑

j=0

αF(mij)e
′
j(x) .

Now we let h := max{h0, . . . , hk} and we claim that TPhBX = TBX . This can be
proved exactly as the corresponding statement in the proof of Proposition 4.4.10.

By Corollary 4.3.5 it holds that (PnBX)n∈N is a computable sequence in K(X). Thus,
given h we can compute PhBX ∈ K(X). Since the continuous image of a compact set
can be computed (by [Wei03, Theorem 3.3]) it follows that TBX = TPhBX ∈ K(Y ) can
be computed.
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Whenever X is a computable Banach space with a monotone, shrinking, and computable
basis e, then we obtain the following proposition.

Proposition 5.2.5. Let X = (X, ‖ ‖, e) be a computable Banach space with a monotone,
shrinking, and computable basis e and let Y = (Y, ‖ ‖, f) be a computable Banach space.
Then (B∞(X,Y ), ‖ ‖, αef ) is a computable Banach space and

δCB∞(X,Y ) ≤ δB∞(X,Y ) .

Proof. The computable reducibility of the representations follows directly from Propo-
sitions 5.2.2 and 5.2.4. Clearly, addition and multiplication with scalars are computable
in the dense subset with respect to αef . Moreover, the norm ‖ ‖ : B∞(X,Y ) → R

is computable with respect to δB∞(X,Y ) and δCB∞(X,Y ). Altogether, this implies that

(B∞(X,Y ), ‖ ‖, αef ) is a computable Banach space.

Reduction “δB∞(X,Y ) ≤ δCB∞(X,Y )” Now we continue to discuss the translation in the
other direction. First of all, we prove that any computable Banach space with com-
putable basis has the effective approximation property. We use the following notion for
that purpose.

Definition 5.2.6 (Basis modulus). Let X be a Banach space with basis e and corre-
sponding natural projections Pn. Let K ⊆ X be a subset. Then m : N → N is called a
basis modulus for K if ‖Pm(k)x− x‖ < 2−k for any x ∈ K.

Now we can prove the following result.

Proposition 5.2.7 (Effective approximation property). Let X = (X, ‖ ‖, e) be a com-
putable Banach space with a computable basis e. Then there is a computable multi-valued
map

AP : K(X) ⇉ NN

such that for each fixed K ∈ K(X) any m ∈ AP(K) is a basis modulus of K.

Proof. In Proposition 3.1.18 (see also [BZ06]) it has been proved that a set K ⊆ X is
recursive compact if and only if it is closed, located, and computably totally bounded
and this holds even uniformly. We have to prove that given a compact set K, we can
compute a basis modulus for this K. Let c be the basis constant corresponding to the
basis e of X. For any given k ∈ N we choose some j ∈ N such that 2−j < 2−k

2+c . As K is
computably totally bounded, we can compute centers y0, . . . , yl ∈ X such that

K ⊆
l⋃

i=0

B(yi, 2
−j) .
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Then for any x ∈ K there is some i ∈ {0, . . . , l} such that x ∈ B(yi, 2
−j). Moreover,

‖y − Pny‖ converges to 0 for any fixed y as n → ∞. That is, we can find some m ∈ N

with ‖yi − Pmyi‖ < 2−j and thus

‖x− Pmx‖ ≤ ‖x− yi‖+ ‖yi − Pmx‖

≤ ‖x− yi‖+ ‖yi − Pmyi‖+ ‖Pmyi − Pmx‖

≤ ‖x− yi‖+ ‖yi − Pmyi‖+ ‖Pm‖ · ‖yi − x‖

≤ 2−j + 2−j + c · 2−j

= (2 + c) · 2−j

< 2−k .

This result applied to the target space Y now allows to formulate a sufficient condition
for the translation of the representations of the space of compact operators in the other
direction.

Proposition 5.2.8. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable
and computably shrinking basis e and let Y = (Y, ‖ ‖, f) be a computable Banach space
with a computable basis f . Then

δB∞(X,Y ) ≤ δCB∞(X,Y ) .

Proof. Given T ∈ B∞(X,Y ) with respect to δB∞(X,Y ) and k ∈ N, we have to compute
some n ∈ N with

‖T − αef (n)‖ ≤ 2−k .

First of all, we can use the δB∞(X,Y )-name of T to compute a basis modulus m : N → N

for TBX ∈ K(Y ) by Proposition 5.2.7. Then

‖Pm(k+1)T − T‖ = sup{‖Pm(k+1)Tx− Tx‖ : x ∈ BX}

= sup{‖Pm(k+1)y − y‖ : y ∈ TBX}

≤ sup{‖Pm(k+1)y − y‖ : y ∈ TBX}

≤ 2−k−1

for all k ∈ N. By Proposition 4.2.11 we can compute Pm(k+1) ∈ C(Y, Y ), given k, and by
Proposition 5.1.4 we can compute Tk := Pm(k+1)T ∈ B∞(X,Y ) with respect to δB∞(X,Y ).
Since Tkx ∈ range(Pm(k+1)) = 〈{fi : 0 ≤ i ≤ m(k + 1)}〉 we obtain

Tkx =

∞∑

i=0

f ′
i(Tkx)fi =

m(k+1)∑

i=0

(f ′
iTk)xfi .
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By Proposition 4.2.11 the coordinate functionals f ′
i ∈ C(Y ) are computable as continuous

functions and by Proposition 5.1.8 it follows that f ′
iTk ∈ X ′ can be computed for any

i ∈ {0, . . . ,m(k + 1)} with respect to δX′ .

Since e is computably shrinking, we can translate δX′ into the Cauchy representation
of (X ′, ‖ ‖, e′) by Proposition 4.4.8 and thus we can compute n0, . . . , nm(k+1) ∈ N such
that

‖f ′
iTk − αe′(ni)‖ <

2−k−1

‖fi‖ · (m(k + 1) + 1)

for all i ∈ {0, . . . ,m(k + 1)} and some n ∈ N such that

αef (n)(x) =

m(k+1)∑

i=0

αe′(ni)(x)fi .

Then we obtain for all x ∈ BX that

‖Tx− αef (n)(x)‖ ≤ ‖Tx− Tkx‖+ ‖Tkx− αef (n)(x)‖

= ‖Tx− Pm(k+1)Tx‖+ ‖Tkx−

m(k+1)∑

i=0

αe′(ni)(x)fi‖

≤ ‖T − Pm(k+1)T‖ · ‖x‖+ ‖

m(k+1)∑

i=0

(f ′
iTk − αe′(ni))(x)fi‖

≤ 2−k−1 +

m(k+1)∑

i=0

‖f ′
iTk − αe′(ni)‖ · ‖x‖ · ‖fi‖

< 2−k−1 + 2−k−1

= 2−k

and thus ‖T − αef (n)‖ ≤ 2−k.

Equivalence of Cauchy representation and image representation Now we are pre-
pared to prove our main result. It provides sufficient conditions under which our two
representations for the space of compact operators are equivalent and the space is a
computable Banach space itself. It is a direct consequence of Proposition 5.2.5 and
Proposition 5.2.8.

Theorem 5.2.9. Let X = (X, ‖ ‖, e) be a computable Banach space with a monotone,
computably shrinking, and computable basis e and let Y = (Y, ‖ ‖, f) be a computable
Banach space with a computable basis f . Then (B∞(X,Y ), ‖ ‖, αef ) is a computable
Banach space and δCB∞(X,Y ) ≡ δB∞(X,Y ).
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If we apply this result to the case Y = F, then it follows that the dual space represen-
tations δX′ and δCX′ are computably equivalent. In this sense, a well-behaved dual space
is necessary for a well-behaved space of compact operators.

By Proposition 4.4.14 we can conclude that our main theorem holds, in particular, in
the situations of Hilbert spaces.

Corollary 5.2.10. Let X = (X, 〈 〉, e) and Y = (Y, 〈 〉, f) be infinite-dimensional com-
putable Hilbert spaces with computable orthonormal bases e and f . Then δCB∞(X,Y ) ≡

δB∞(X,Y ) and (B∞(X,Y ), ‖ ‖, αef ) is a computable Banach space.

Obviously, the last result also holds if X = (X, 〈 〉, e) is an infinite-dimensional com-
putable Hilbert space with computable orthonormal basis e and Y = (Y, ‖ ‖, f) is a
computable Banach space with computable basis f . It is not necessary that Y is a
computable Hilbert space.

5.3 Biduals and Composition from Right

In this section we finally address the question whether the composition of compact
operators with bounded operators from right is a computable operation. For this purpose
we need some further notions.

Bidual representation The bidual X ′′ of a normed space X is the dual space (X ′)′

of X ′. Based on the dual space representation δX′ , which is defined for any effective
normed space X = (X, ‖ ‖, e), we define a natural representation of X ′′ in a similar way
as we have done for X ′ (based on the Cauchy representation δX).

Definition 5.3.1 (Bidual representation). For an effective normed space X = (X, ‖ ‖, e),
we define a representation δX′′ of the bidual X ′′ by

δX′′〈p, q〉 = x :⇐⇒ [δX′ → δF](p) = x and δR(q) = ‖x‖ .

That is, a name of an element x of X ′′ contains information on both, the element x as
a continuous function from X ′ to F and its operator norm ‖x‖. Here we represent X ′

by the dual space representation δX′ , which is defined for the dual space of any effective
normed space whereas the Cauchy representation δCX′ is only defined under additional
conditions (see Section 4.4). If not mentioned otherwise, we will assume that X ′′ is
represented by δX′′ in the following.
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5 Compact Operators on Computable Banach Spaces

Computable reflexivity Since the dual space of a normed space always is a Banach
space, X ′′ is a Banach space, too. There is a canonical embedding ι of X into its bidual
X ′′ defined by

ι : X → X ′′, x 7→ (f 7→ fx) .

ι is injective and even an isometric isomorphism from X to X ′′ and the subspace
range(ι) = ι(X) of X ′′ is closed if and only if X is a Banach space (see [Meg98,
Prop. 1.11.3]).

Is is easy to see that the map ι is always (δX , δX′′)-computable. This is because evaluation
on X ′ is computable with respect to δX′ and ι is an isometry.

Proposition 5.3.2. Let X = (X, ‖ ‖, e) be computable normed space. Then the canon-
ical embedding ι is (δX , δX′′)-computable.

Proof. Since evaluation on X ′ is computable with respect to δX′ , given x ∈ X and
f ∈ X ′ we can compute (ι(x))(f) = f(x) ∈ F. By type conversion it follows that given
x ∈ X, we can effectively get a [δX′ → δF]-name of ι(x). As ι is an isometry it holds
‖ι(x)‖ = ‖x‖ and therefore we can also compute ‖ι(x)‖. Altogether, it follows that
given x we can compute ι(x) with respect to δX′′ .

A normed spaceX is called reflexive if range(ι) = X ′′ that is if the canonical embedding ι
is surjective. In the following, we need an effective version of reflexivity.

Definition 5.3.3 (Computable reflexivity). A computable Banach space X = (X, ‖ ‖, e)
is said to be computably embeddable into its bidual if the partial inverse ι−1 :⊆ X ′′ → X
of the canonical embedding

ι : X → X ′′, x 7→ (f 7→ fx) ,

is (δX′′ , δX)-computable. Moreover, X is said to be computably reflexive if X is reflexive
and X is computably embeddable into its bidual.

If X is computably embeddable into its bidual, then ι(X) is a computable Banach space
and the restriction of δX′′ to ι(X) is a representation of ι(X) that is equivalent to the
canonical Cauchy representation of ι(X). We obtain the following characterization of
spaces that are computably embeddable into their biduals.

Proposition 5.3.4. Let X = (X, ‖ ‖, e) be a computable Banach space. Then X is
computably embeddable into its bidual if and only if addition + : ι(X)× ι(X) → ι(X) is
(δX′′ , δX′′ , δX′′)-computable.

Proof. If X = (X, ‖ ‖, e) is computably embeddable into its bidual, then (ι(X), ‖ ‖, ιe) is
a computable Banach space and its Cauchy representation is equivalent to the restriction
of δX′′ to ι(X). Therefore, addition is computable with respect to δX′′ . If, on the other
hand, addition is computable in this sense, then ι(X) is a computable Banach space and
its Cauchy representation is equivalent to δX′′ by [Bra05, Stability Theorem 21.23].
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The next observation relates computable dual spaces and reflexivity.

Lemma 5.3.5. Let X = (X, ‖ ‖, e) be a computable Banach space which is computably
reflexive and which has a computable dual space X ′. Then X ′ has a computable dual
space as well.

Proof. Let X = (X, ‖ ‖, e) be a computable Banach space with a computable dual
space X ′. Then X ′ can be considered as a computable Banach space Y and the corre-
sponding Cauchy representation δY is computably equivalent do δX′ . Hence δY ′ ≡ δX′′ .
Moreover, X ′′ is a computable Banach space with respect to the fundamental sequence ιe
and the corresponding Cauchy representation is equivalent to δX′′ , sinceX is computably
reflexive. But this means that X ′ = Y has a computable dual space.

Composition from right Now we can prove the following result on composition from
right. Since the adjoint T ′ of a computable operator T is not necessarily computable
(see [BY06, Example 6.5]), we need an extra assumption on the adjoint in the following
result.

Theorem 5.3.6. Let X = (X, ‖ ‖, e), Y = (Y, ‖ ‖, f), and Z = (Z, ‖ ‖, g) be computable
Banach spaces with computable dual spaces and let T ⊆ C(X,Y ) be a set of bounded
linear operators such that the adjoint operation A :⊆ C(X,Y ) → C(Y ′, X ′), T 7→ T ′,
is computable restricted to T . If X ′ and Z ′ have computable dual spaces and Z is
computably embeddable into its bidual, then the composition

◦ :⊆ B∞(Y, Z)× C(X,Y ) → B∞(X,Z), (S, T ) 7→ ST ,

restricted to T in the second component, is computable.

Proof. Let ιX : X → X ′′ and ιZ : Z → Z ′′ denote the canonical maps, which are both
computable. Since Z is computably embeddable into its bidual, also ι−1

Z is computable.
We exploit the fact that

ST = ι−1
Z (ST )′′ιX = ι−1

Z (T ′S′)′ιX .

By assumption the adjoint map A :⊆ C(X,Y ) → C(Y ′, X ′), T 7→ T ′, is computable,
restricted to T . By Theorem 5.1.10, the adjoints A : B∞(Y, Z) → B∞(Z ′, Y ′), S 7→
S′, and A : B∞(Z ′, X ′) → B∞(X ′′, Z ′′), are computable, since Y, Z, and Z ′, X ′ have
computable dual spaces. By Proposition 5.1.4 the composition

◦ :⊆ C(Y ′, X ′)× B∞(Z ′, Y ′) → B∞(Z ′, X ′)

is computable, since X ′, Y ′, Z ′ are computable Banach spaces. Altogether, this implies
that the composition is computable as stated in the theorem.
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The condition that X ′ and Z ′ have computable dual spaces and Z is computably embed-
dable into its bidual can also be replaced by the condition that X and Z are computably
embeddable into its biduals, which is a stronger condition by Lemma 5.3.5. The condi-
tion on the computable adjoint

A :⊆ C(X,Y ) → C(Y ′, X ′), T 7→ T ′ ,

in this theorem is necessary, as the composition restricted to the special case Z = F is
nothing but the map

◦ :⊆ Y ′ × C(X,Y ) → X ′, (f, T ) 7→ fT ,

which, by type conversion, leads to the adjoint operation A. In case of Hilbert spaces
X = Y one could, for instance, apply the result to the set T of self-adjoint opera-
tors. Alternatively, one could formulate Theorem 5.3.6 with a stronger representation of
C(X,Y ) that includes both information: the information on T and on T ′. In any case we
can apply the result as it stands to singletons T and we get the following non-uniform
corollary.

Corollary 5.3.7. Let X = (X, ‖ ‖, e), Y = (Y, ‖ ‖, f), and Z = (Z, ‖ ‖, g) be computable
Banach spaces with computable dual spaces and let X and Z be computably reflexive. Let
T : X → Y be a computable operator with a computable adjoint T ′ : Y ′ → X ′. Then the
composition operation T̂ : B∞(Y, Z) → B∞(X,Z), S 7→ ST is computable.

In particular, for any computably compact S : Y → Z the composition ST is computably
compact again, in the situation of the corollary. The results in this section can be applied
to computable Hilbert spaces since they satisfy both conditions: they have computable
dual spaces and they are computably reflexive.

5.4 Summary and Further Questions

In this chapter we have shown that the theory of compact operators can be developed
computably for Banach spaces with bases that satisfy some reasonable additional con-
ditions. In the following corollary we summarize our results under assumptions that are
sufficient to conclude all desirable properties of compact operators simultaneously. If a
Banach space has a computable, computably shrinking, and monotone basis, then the
space has a computable dual space by Corollary 4.4.12. Therefore, the conditions as
given below are sufficient for all our results.

Corollary 5.4.1. Let X = (X, ‖ ‖, e), Y = (Y, ‖ ‖, f), and Z = (Z, ‖ ‖, g) be computable
Banach spaces with computable, computably shrinking, and monotone bases e, f , and g,
respectively. Then the following hold:

1. + : B∞(X,Y )× B∞(X,Y ) → B∞(X,Y ), (T, S) 7→ T + S, is computable.
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2. · : F× B∞(X,Y ) → B∞(X,Y ), (a, T ) 7→ aT , is computable.

3. ‖ ‖ : B∞(X,Y ) → R, T 7→ ‖T‖, is computable.

4. A : B∞(X,Y ) → B∞(Y ′, X ′), T 7→ T ′, is computable.

5. ◦ :⊆ C(Y, Z)× B∞(X,Y ) → B∞(X,Z), (S, T ) 7→ ST , is computable.

If, additionally, X and Z are computably reflexive, then the following holds:

6. If T : X → Y and T ′ : Y ′ → X ′ are computable, then the operation

T̂ : B∞(Y, Z) → B∞(X,Z), S 7→ ST ,

is computable.

All the conditions mentioned in this corollary are automatically satisfied for infinite-
dimensional computable Hilbert spaces X ,Y,Z (with computable orthonormal bases
that always exist). For a finite-dimensional computable Banach space X = (X, ‖ ‖, e), it
is easy to see that the unit ball BX is computably compact and thus the representation
δB∞(X,Y ) is computably equivalent to the representation [δX → δY ] in this case. All the
results above can easily be proved directly in this special case.

There are a number of questions that have not been treated here. For instance, it would
be interesting to know whether computable compact operators could be applied in the
same way as their classical counterparts, for instance, for the solution of integral or
differential equations. Finally, it would be desirable to come to a better understanding
of the computability conditions imposed on dual spaces and computable reflexivity.

Furthermore, it would be interesting to study under which conditions a name of the
space B∞(X,Y ) of compact operators as effective Banach space can be computed of
names of X and Y as effective Banach spaces. Here, by name we mean a name with
respect to a multi-representation of the space of all effective Banach spaces, which could
be defined in a similar way as it is done for effective T0-spaces in [RW11].
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In many parts of computable functional analysis, we have to deal with linear subspaces,
especially finite-dimensional linear subspaces. In this chapter we introduce a represen-
tation for the space of all finite-dimensional linear subspaces of a given effective normed
space and study some computability properties of finite-dimensional linear subspaces
that we need for our results about best approximation in Chapter 7.

In Section 6.1 we summarize some results about linear combinations and linear indepen-
dence that we need in the following. In the Section 6.2 we study computability properties
of finite-dimensional linear subspaces. Finally, in Section 6.3 we briefly summarize the
results of this chapter.

6.1 Linear Combinations and Linear Independence

In this section we summarize some results about finite linear combinations and linear
independence that we need in the following sections. To formulate our results, we first
introduce two representations for finite tuples and functions on finite tuples.

Given a represented space1 (X, δ), we denote the set of all finite tuples (x1, . . . , xk) for
some k ∈ N and x1, . . . , xk ∈ X by X∗ =

⋃
k∈NXk. We equip X∗ with the canonical

representation δ∗X :⊆ Σω → X∗ that represents an element (x1, . . . , xk) of X∗ by the
number k of elements and a name of the tuple as an element of Xk.

Definition 6.1.1 (Finite tuples). Let (X, δ) be a represented space. By

X∗ :=
⋃

k∈N

Xk

we denote the set of all finite tuples over X. We equip X∗ with the representation
δ∗X :⊆ Σω → X∗ defined by

δ∗X〈p, q〉 = x̄ :⇐⇒ δN(p) = k, x̄ ∈ Xk and δk(q) = x̄

where δk is the standard representation of the product space Xk.

1In the following, this will usually be an effective metric or normed space with the corresponding Cauchy
representation.

81



6 Computability of Linear Subspaces

In the following, if not mentioned otherwise, Xk and X∗ are equipped with δk and δ∗X ,
respectively. Now, we additionally assume that X is a topological space such that δ
is an admissible representation of X. Given another represented space (Y, δ′) where Y
is also a topological space with δ′ as admissible representation, we denote the set of
all continuous functions f : Xk → Y for some k ∈ N by C∗(X,Y ) :=

⋃
k∈N C(Xk, Y ).

We equip C∗(X,Y ) with the canonical representation δ∗→ that represents an element
f : Xk → Y of C∗(X,Y ) by the dimension k of the source space X and a name of the
function as an element of C(Xk, Y ).

Definition 6.1.2 (Functions on finite tuples). Let (X, δ) and (Y, δ′) be admissibly rep-
resented spaces. By

C∗(X,Y ) :=
⋃

k∈N

C(Xk, Y )

we denote the set of all continuous functions f : Xk → Y for some k ∈ N. We equip
C∗(X,Y ) with the representation δ∗→ defined by

δ∗→〈p, q〉 = f :⇐⇒ δN(p) = k, f ∈ C(Xk, Y ) and [δk → δ′](q) = f .

If not mentioned otherwise, C(Xk, Y ) and C∗(X,Y ) are equipped with [δk → δ′], the
standard representation of the function space C(Xk, Y ), and δ∗→, respectively.

Now, we are prepared to formulate the above-mentioned computability results about
finite linear combinations and linear independence. Given a computable normed space X ,
finite linear combinations are computable in the following uniform way. We recall that
by B(Fk, X) we denote the set of all bounded linear operators from Fk to X equipped
with the operator norm, which is defined for all f ∈ B(Fk, X) by ‖f‖ := max{‖f(x)‖ :
‖x‖ = 1}.

Proposition 6.1.3 (Computable linear combination). Let X = (X, ‖ ‖, e) be a com-
putable normed space. We define a mapping LC : X∗ → C∗(F, X) by

LC(x̄) ∈ C(Fk, X) :⇐⇒ x̄ ∈ Xk

and

LC(x1, . . . , xk)(α1, . . . , αk) :=
k∑

i=1

αixi

for all (x1, . . . , xk) ∈ X∗ and α1, . . . , αk ∈ F. Then

1. LC is (δ∗X , δ∗→)-computable.

2. LC(x1, . . . , xk) ∈ B(Fk, X) for k ∈ N and (x1, . . . , xk) ∈ X∗.
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Proof. The second claim follows directly from the definition of LC. The first claim can
be proved as follows. By the definition of LC and the fact that X is a computable
normed space, the function H :⊆ X∗ × F∗ → X defined by dom(H) :=

⋃
k∈NXk × Fk

and

H((x1, . . . , xk), (α1, . . . , αk)) :=
k∑

i=1

αixi = LC(x1, . . . , xk)(α1, . . . , αk)

is (δ∗X , δ∗F, δX)-computable. Given a “program” of such a type-2 machine realizing H,
one can compute a “program” realizing H restricted to Xk × Fk, even uniformly in the
dimension k. Furthermore, given k we can compute “names” of the spaces Xk and Fk

with respect to the representations for effective topological spaces given in [RW11]. Now,
we can apply the results of [RW11] combined with [WG09] and obtain the (δ∗X , δ∗→)-
computability of LC.

Given a normed space X, by INDX we denote the set

INDX := {(x1, . . . , xk) ∈ X∗ : (x1, . . . , xk) is linearly independent} ⊆ X∗

of all finite tuples that consist of linearly independent elements of X.2 INDX is an
r. e. open subset of X∗ (see also [PER89, Effective Independence Lemma] and [ZB04,
Lemma 10]). We recall that in general a subset U ⊆ X is called r. e. open if and only if
there is a computable function f : Y → R such that f−1[{0}] = Y \U . Complements of
r. e. open sets are called co-r. e. closed .

Proposition 6.1.4. Let X = (X, ‖ ‖, e) be a computable normed space.

1. There exists a (δ∗X , δR)-computable function F : X∗ → R such that

F (x1, . . . , xk) = 0 ⇐⇒ (x1, . . . , xk) is not linearly independent

or equivalently F−1[{0}] = X∗ \ INDX .

2. INDX is an r. e. open subset of X∗.

Before we prove Proposition 6.1.4, we prove the following technical lemma, which we
will use in the proofs of Propositions 6.1.4 and 6.1.6.

Lemma 6.1.5. Let X = (X, ‖ ‖, e) be a computable normed space. We define mappings
F1 : X

∗ → R and F2 : X
∗ → R by

1. F1(x1, . . . , xk) := max{‖LC(x1, . . . , xk)(α1, . . . , αk)‖ : ‖(α1, . . . , αk)‖ = 1},

2. F2(x1, . . . , xk) := min{‖LC(x1, . . . , xk)(α1, . . . , αk)‖ : ‖(α1, . . . , αk)‖ = 1}

2We call a tuple (x1, . . . , xk) ∈ X∗ linearly independent if
∑k

i=1 αixi = 0 for α1, . . . , αk ∈ F implies
αi = 0 for all i = 1, . . . , k.
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for all (x1, . . . , xk) ∈ X∗. Then F1 and F2 are (δ∗X , δR)-computable.

Proof. Given a δ∗X -name of (x1, . . . , xk) ∈ X∗, we can compute k ∈ N. Given k ∈ N we
can effectively get a δmin-cover-name of the compact unit sphere

Sk := {(α1, . . . , αk) ∈ Fk : ‖(α1, . . . , αk)‖ = 1}

of Fk. Here by δmin-cover we denote the representation for compact subsets by full infor-
mation defined in [BP03]. Since the image of a compact set under a continuous function
and the minimum and maximum of a compact set of real numbers are computable
(see [Wei03, Wei00]), the computability of F1 and F2 follows.

Strictly speaking, the results of [Wei00, Wei03] concerning the computability of the
image of compact sets under continuous functions are not sufficient for the previous
proof because we need this results in a version uniform in the dimension k. Rettinger
and Weihrauch present in [RW11] (in combination with [WG09]) an approach how such
a result can be obtained. In our concrete case, it is easy to see that a “program” for
the mapping LC is quite independent of the dimension k. Thus, given x1, . . . , xk we can
compute a δmin-cover-name of Sk, evaluate LC(x1, . . . , xk) on Fk, and compute an upper
bound of ‖LC(x1, . . . , xk)‖. Using these information, we can compute a δmin-cover-name
of K := LC(x1, . . . , xk)[Sk] as a compact subset of X. At this point, we can return to
an application of the result from [Wei03] because, now, we have to compute the norm
‖ ‖ on K in the fixed normed space X and the minimum and maximum of the resulting
subset of R.

Proof of Proposition 6.1.4. 1. We define F := F2 where F2 : X
∗ → R is the (δ∗X , δR)-

computable function of Lemma 6.1.5. Then we have

(x1, . . . , xk) is not linearly independent

⇐⇒ ∃α1, . . . , αk ∈ F :

[α1x1 + . . .+ αkxk = 0 and ∃j ∈ {1, . . . , k} : αj 6= 0]

⇐⇒ ∃(α1, . . . , αk) ∈ Fk \ {0} :
k∑

i=1

αixi = 0

⇐⇒ ∃(α1, . . . , αk) ∈ Sk :
k∑

i=1

αixi = 0

⇐⇒ F (x1, . . . , xk) = min

{∥∥∥∥∥

k∑

i=1

αixi

∥∥∥∥∥ : (α1, . . . , αk) ∈ Sk

}
= 0

for all (x1, . . . , xk) ∈ X∗. It follows

(x1, . . . , xk) ∈ F−1[{0}] ⇐⇒ F (x1, . . . , xk) = 0

⇐⇒ (x1, . . . , xk) is not linearly independent

⇐⇒ (x1, . . . , xk) ∈ X∗ \ INDX ,
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hence F−1[{0}] = X∗ \ INDX .

2. As we have shown in the previous item, X∗ \ INDX is co-r. e. closed in X∗. It
follows that INDX is r. e. open in X∗.

Given a computable normed space X = (X, ‖ ‖, e), the function LC(x̄) is injective if x̄
consists of linearly independent elements of X, that is if x̄ ∈ INDX . In this case the
partial inverse of LC(x̄) exists and is computable. To prove this result, we first prove
that the norm of LC(x̄) is computable in a uniform way and that the norm of the partial
inverse (LC(x̄))−1 is computable in the same way if x̄ ∈ INDX .

Proposition 6.1.6. Let X = (X, ‖ ‖, e) be a computable normed space.

1. The mapping N : X∗ → R, N(x̄) := ‖LC(x̄)‖ is (δ∗X , δR)-computable.

2. The mapping Ninv :⊆ X∗ → R, Ninv(x̄) := ‖(LC(x̄))−1‖ with dom(Ninv) := INDX

is (δ∗X , δR)-computable.

Proof. 1. We have N = F1 where F1 : X∗ → R is the (δ∗X , δR)-computable function
of Lemma 6.1.5.

2. Given (x1, . . . , xk) ∈ dom(Ninv) = INDX we have

0 < F2(x1, . . . , xk)

= min{‖LC(x1, . . . , xk)(α1, . . . , αk)‖ : ‖(α1, . . . , αk)‖ = 1} .

Here F2 : X∗ → R is the (δ∗X , δR)-computable function of Lemma 6.1.5. Fur-
thermore, in this case the inverse operator (LC(x1, . . . , xk))

−1 exists as a bounded
linear operator. In the following, we prove that we have

Ninv(x1, . . . , xk) =
1

F2(x1, . . . , xk)

for all (x1, . . . , xk) ∈ dom(Ninv). Since F2(x1, . . . , xk) > 0 for all (x1, . . . , xk) ∈
dom(Ninv) = INDX , the term 1

F2(x1,...,xk)
is well-defined for these tuples.

Let (x1, . . . , xk) ∈ dom(Ninv), µ := F2(x1, . . . , xk) > 0 and µ′ := 1
µ . Then, we have

‖LC(x1, . . . , xk)(α1, . . . , αk)‖ =

∥∥∥∥∥

k∑

i=1

αixi

∥∥∥∥∥

≥ min

{∥∥∥∥∥

k∑

i=1

γixi

∥∥∥∥∥ : (γ1, . . . , γk) ∈ Sk

}

= min{‖LC(x1, . . . , xk)(γ1, . . . , γk)‖ : (γ1, . . . , γk) ∈ Sk}

= F2(x1, . . . , xk) = µ

85



6 Computability of Linear Subspaces

for (α1, . . . , αk) ∈ Sk. As the minimum of a compact set is attained in some point
of the set there exists a point (α̃1, . . . , α̃k) ∈ Sk with

∥∥∥∥∥

k∑

i=1

α̃ixi

∥∥∥∥∥ = ‖LC(x1, . . . , xk)(α̃1, . . . , α̃k)‖ = F2(x1, . . . , xk) = µ .

Now, let x =
∑k

i=1 βixi ∈ range(LC(x1, . . . , xk)) = span{x1, . . . , xk} ⊆ X. If
x = 0, then βi = 0 for all i = 1, . . . , k and

‖(LC(x1, . . . , xk))
−1(x)‖ = ‖(β1, . . . , βk)‖ = 0 ≤

1

µ
‖x‖ = µ′ · ‖x‖ .

Thus, in the following we assume x 6= 0. Then, there exists some i ∈ {1, . . . , k}
with βi 6= 0 and we have ‖(β1, . . . , βk)‖ 6= 0. Using β := (β1, . . . , βk) it follows

‖x‖ =

∥∥∥∥∥

k∑

i=1

βixi

∥∥∥∥∥ = ‖β‖ ·

∥∥∥∥∥

k∑

i=1

βi
‖β‖

xi

∥∥∥∥∥ ≥ ‖β‖ · µ = µ · ‖(β1, . . . , βk)‖

because
∥∥∥
(

β1

‖β‖ , . . . ,
βk

‖β‖

)∥∥∥ = 1, that is
(

β1

‖β‖ , . . . ,
βk

‖β‖

)
∈ Sk. Thus, we obtain

‖(LC(x1, . . . , xk))
−1(x)‖ = ‖(β1, . . . , βk)‖ ≤

1

µ
‖x‖ = µ′ · ‖x‖ .

Since for x̃ :=
∑k

i=1 α̃ixi we have

‖(LC(x1, . . . , xk))
−1(x̃)‖ = ‖(α̃1, . . . , α̃k)‖ = 1 =

1

µ
· µ

= µ′ ·

∥∥∥∥∥

k∑

i=1

α̃ixi

∥∥∥∥∥ = µ′ · ‖x̃‖ ,

µ′ is the smallest value such that

‖(LC(x1, . . . , xk))
−1(x)‖ ≤ µ′ · ‖x‖

for all x ∈ dom
(
(LC(x1, . . . , xk))

−1
)
. It follows

‖(LC(x1, . . . , xk))
−1‖ = µ′ =

1

µ
=

1

F2(x1, . . . , xk)
.

Altogether, we obtain

Ninv(x1, . . . , xk) =
1

F2(x1, . . . , xk)

if (x1, . . . , xk) ∈ dom(Ninv), and Ninv(x1, . . . , xk) and 1
F2(x1,...,xk)

are undefined if

(x1, . . . , xk) /∈ dom(Ninv). Therefore, Ninv = 1/F2 holds and Ninv is (δ∗X , δR)-
computable.
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6.2 Finite-dimensional Linear Subspaces

Now we prove that the partial inverse (LC(x̄))−1 is computable itself.

Proposition 6.1.7. Let X = (X, ‖ ‖, e) be a computable normed space. We define a
mapping

LC′
inv :⊆ X∗ ×X → F∗, LC′

inv(x̄, y) := (LC(x̄))−1(y)

with dom(LC′
inv) := {(x̄, y) ∈ X∗ ×X : x̄ ∈ INDX and y ∈ range(LC(x̄))}.

1. LC′
inv(x̄, y) ∈ Fk for all (x̄, y) ∈ dom(LC′

inv) with x̄ ∈ Xk.

2. LC′
inv is (δ∗X , δX , δ∗F)-computable.

Proof. 1. This claim directly follows from the definition of LC′
inv.

2. Given x̄ = (x1, . . . , xk) ∈ INDX , we can compute LC(x̄) and, by Proposition 6.1.6,
the norm ‖(LC(x̄))−1‖ = Ninv(x̄) of the partial inverse (LC(x̄))−1. Furthermore,
LC(x̄) is injective in this case and we have range(LC(x̄)) = span{x1, . . . , xk}. Let
L ∈ N such that 2L ≥ ‖(LC(x̄))−1‖. We can effectively find such an L. Given
additionally y ∈ X, for each k ∈ N we can effectively search some (α1, . . . , αk) ∈
F∗, such that ‖LC(x̄)(α1, . . . , αk) − y‖ ≤ 2−k−L. If y ∈ range(LC(x̄)), we will
eventually find such a tuple (α1, . . . , αk), otherwise (x̄, y) /∈ dom(LC′

inv) and our
search procedure will never stop.3 In the first case, we have

‖LC′
inv(x̄, y)− (α1, . . . , αk)‖

= ‖(LC(x̄))−1(y)− (LC(x̄))−1(LC(x̄)(α1, . . . , αk))‖

≤ ‖(LC(x̄))−1‖ · ‖y − LC(x̄)(α1, . . . , αk)‖

≤ 2L · 2−k−L

= 2−k .

Hence, given (x̄, y) ∈ dom(LC′
inv) we can compute a sequence in F∗ that rapidly

converges to LC′
inv(x̄, y).

6.2 Finite-dimensional Linear Subspaces

In this section we define a representation for finite-dimensional linear subspaces of
normed spaces via some basis and compare this representation with further represen-
tations of finite-dimensional linear subspaces that we obtain by the fact that finite-
dimensional linear subspaces of normed spaces are also closed subsets of some metric
spaces.

3More precisely, the search procedure may stop for some k ∈ N. But in the case y /∈ range(LC(x̄))
there is always some k0 ∈ N such that for all k > k0 the search procedure will never stop.
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6 Computability of Linear Subspaces

Given a normed space X, we denote the set of all k-dimensional linear subspaces of X

by L
(k)
X , the set of all finite-dimensional linear subspaces by L

(∗)
X , the set of all linear

subspace by LX , and the space of all closed linear subspaces by Lc
X . Obviously, we have

L
(∗)
X =

⋃
k∈N L

(k)
X , and LX = L

(∗)
X holds if and only if X has finite dimension.

Definition 6.2.1 (Finite-dimensional linear subspaces). Let X be a normed space.

1. Let k ∈ N. By

L
(k)
X := {U ⊆ X : U linear subspace and dim(U) = k}

we denote the set of all k-dimensional linear subspaces of X.

2. By

L
(∗)
X :=

⋃

k∈N

L
(k)
X

we denote the set of all finite-dimensional linear subspaces of X.

3. By LX we denote the set of all linear subspaces of X, and by Lc
X the space of all

closed linear subspaces of X.

We have Lc
X ⊆ A(X) where A(X) denotes the set of all closed subsets of X. Since every

complete linear subspace of a normed space is closed and every closed linear subspace
of a Banach space is complete, we obtain C := {U ∈ LX : U complete} ⊆ Lc

X and, if X
is a Banach space, C = Lc

X . Furthermore, every finite-dimensional linear subspace of a
normed space X is complete and hence a closed subset of X (see for example [Meg98,
Corollaries 1.4.19 and 1.4.20]).

Like in the previous section, given an effective normed space X = (X, ‖ ‖, e) the
spaces Xk and X∗ are equipped with δk, the standard representation of the product
space Xk, and δ∗X , respectively, if not mentioned otherwise.

Since every finite-dimensional linear subspace of a normed space X is a closed subset

of X, that is L
(∗)
X ⊆ A(X), we can use the representations for closed subsets of metric

spaces that are defined in [BP03] as representations for L
(∗)
X . Additionally, we define the

following representation for L
(∗)
X , which represents finite-dimensional linear subspaces by

a basis of the subspace.

Definition 6.2.2 (Basis representation). Let X = (X, ‖ ‖, e) be an effective normed

space. We define a representation δbasis :⊆ Σω → L
(∗)
X of the set L

(∗)
X of all finite-

dimensional linear subspaces of X by

δbasis(p) = U :⇐⇒ dim(U) = k, δ∗X(p) = (x1, . . . , xk) ∈ INDX

and span{x1, . . . , xk} = U .

88



6.2 Finite-dimensional Linear Subspaces

Since a δbasis-name of a finite-dimensional linear subspace U encodes a basis of U , we
can compute the dimension and a basis of U from such a name.

Lemma 6.2.3. Let X = (X, ‖ ‖, e) be an effective normed space.

1. The mapping

dim : L
(∗)
X → N, U 7→ dim(U)

that maps each finite-dimensional linear subspace to its dimension is (δbasis, δN)-
computable.

2. The multi-valued mapping basis : L
(∗)
X ⇉ X∗ defined by

x̄ = (x1, . . . , xk) ∈ basis(U) :⇐⇒ (x1, . . . , xk) is a basis of U

is (δbasis, δ
∗
X)-computable.

3. The single-valued right inverse

basis−1 :⊆ X∗ → L
(∗)
X , (x1, . . . , xk) 7→ span{x1, . . . , xk}

with dom(basis−1) = INDX of basis is (δ∗X , δbasis)-computable.

Proof. A δbasis-name of a finite-dimensional linear subspace U consists of a basis of U as
tuple in X∗. The size of such a tuple is encoded in a δ∗X -name of it. Therefore, we can
get a basis and the dimension of the subspace U , which is just the size of a basis, from
a δbasis-name of U . The right inverse of basis is well-defined as a single-valued function.
Its computability follows immediately from the definition of δbasis.

Using δbasis as a representation, we can computably embed L
(∗)
X into A(X). By A(X) we

denote the set of all closed subsets of X and we equip A(X) with the representation δ=dist
defined in [BP03]. We recall that δ=dist represents a closed set by its distance function,
more precisely,

δ=dist(p) = U :⇐⇒ [δX → δR](p) = distU .

Proposition 6.2.4. Let X = (X, ‖ ‖, e) be a computable normed space. The embedding

in : L
(∗)
X →֒ A(X), U 7→ U

of L
(∗)
X into A(X) is (δbasis, δ

=
dist)-computable.
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6 Computability of Linear Subspaces

Proof. Given a δbasis-name of a finite-dimensional linear subspace U , we can compute
a basis (x1, . . . , xk) of U . It remains to show that given a basis (x1, . . . , xk), we can
compute the distance function of the linear subspace U = span{x1, . . . , xk} as a closed
subset of X. For x ∈ X we know that dist(x, U) ≤ ‖x‖ and that there exists some z ∈ U
with dist(x, U) = ‖x− z‖.4 Thus, there exists some z ∈ U with dist(x, U) = ‖x− z‖ and
‖z‖ ≤ 2‖x‖. By Proposition 6.1.6 (2) given linearly independent x1, . . . , xk ∈ X, we can
compute α := ‖(LC(x1, . . . , xk))

−1‖. It holds

‖(α1, . . . , αk)‖ = ‖(LC(x1, . . . , xk))
−1(LC(x1, . . . , xk)(α1, . . . , αk))‖

≤ ‖(LC(x1, . . . , xk))
−1‖ ·

∥∥∥∥∥

k∑

i=1

αixi

∥∥∥∥∥

= α‖y‖

for all y =
∑k

i=1 αixi ∈ U . As z ∈ U ∩ BX(0, 2‖x‖), there exists (α1, . . . , αk) ∈ Fk

with z =
∑k

i=1 αixi and ‖(α1, . . . , αk)‖ ≤ α · ‖z‖ ≤ 2α‖x‖. Thus, there exists some
(α1, . . . , αk) ∈ BFk(0, 2α‖x‖) with z = LC(x1, . . . , xk)(α1, . . . , αk) or, equivalently,

z ∈ LC(x1, . . . , xk)[BFk(0, 2α‖x‖)] .

Given (x1, . . . , xk) ∈ INDX and x we can compute the closed ball BFk(0, 2α‖x‖) with
center 0 and radius 2α‖x‖ as a compact subset of Fk and, thus, also

V := LC(x1, . . . , xk)[BFk(0, 2α‖x‖)]

as a compact set with full information.5 Since we have BX(0, 2‖x‖) ∩ U ⊆ V ⊆ U , it
follows dist(x, U) = ‖z − x‖ = dist(x, V ). The distance dist(x, V ) can be computed
because we have V as a compact set with full information. Hence, given (x1, . . . , xk) ∈
INDX and x ∈ X, we can compute dist(x, span{x1, . . . , xk}) = dist(x, U). By type
conversion it follows that given (x1, . . . , xk) ∈ INDX with U = span{x1, . . . , xk} we can
compute the distance function of U . This is equivalent to computing a δ=dist-name of U
as a closed subset of X.

A corresponding result in constructive analysis is Proposition 2.1 in [Bri80].

Using some results of Brattka and Presser [BP03] about computable reducibility between
the different representations for closed sets, we immediately get the following corollary.
By δfiber and δrange we denote the representations defined in [BP03] that represent a
closed set A by a function f : X → R such that A = f−1[{0}] and a by a sequence
g : N → X such that range(g) is dense in A, respectively.

4Finite-dimensional linear subspaces of normed spaces are always proximinal, that is every element of
the normed space has a proximum in the subspace [Sin70].

5A similar argument as given just after the proof of Lemma 6.1.5 shows that all these computations
can actually be done uniformly in the dimension k.
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6.2 Finite-dimensional Linear Subspaces

Corollary 6.2.5. Let X = (X, ‖ ‖, e) be a computable normed space. The embedding

in : L
(∗)
X →֒ A(X), U → U

of L
(∗)
X into A(X) is (δbasis, δfiber)-computable and (δbasis, δrange)-computable.

Proof. By [BP03] we have δ=dist ≤ δfiber in general and δ=dist ≤ δrange for complete subsets.
Since every finite-dimensional linear subspace of a normed space X is complete the result
follows.

Using the representations δ=dist, δfiber, and δrange of A(X) the restricted representations

δ=dist|
L
(∗)
X , δfiber|

L
(∗)
X , and δrange|

L
(∗)
X are representations of L

(∗)
X . In the following, we often

omit “|L
(∗)
X ” when we use the restricted representations of A(X) to simplify the presen-

tation. It will always be clear if the representation of A(X) or the restriction to L
(∗)
X is

meant.

In the following lemma, we compare the newly defined representation δbasis with the

representations of closed subsets restricted to L
(∗)
X .

Theorem 6.2.6. Let X = (X, ‖ ‖, e) be a computable normed space. Then we have

1. δbasis ≤ δ=dist|
L
(∗)
X ,

2. δbasis ≤ δrange|
L
(∗)
X , and

3. δbasis ≤ δfiber|
L
(∗)
X .

Proof. The given reductions follow from Proposition 6.2.4 and Corollary 6.2.5.

Thus, given a δbasis-name of a finite-dimensional linear subset U of a computable normed
space X = (X, ‖ ‖, e), we can compute a δ=dist-name, a δrange-name, and a δfiber-name
of U as a closed subset. It arises the question, whether a δ=dist-name, a δrange-name, or
a δfiber-name of a finite-dimensional linear subset U can also be computably reduced to
a δbasis-name of U . In the following, we will show that, in general, this is not possible,
but we need the dimension of U in addition to the name of U as closed set.

For any representation δ of L
(∗)
X we define a representation δ+dim of L

(∗)
X by

δ+dim〈p, q〉 = U :⇐⇒ δ(p) = U and δN(q) = dim(U) .

That is, δ+dim is δ enriched by the information on the dimension of the represented
subset.

Theorem 6.2.7. Let X = (X, ‖ ‖, e) be a computable normed space. Then δbasis ≡
δrange+dim. If X is, additionally, a Banach space, then δbasis ≡ δ=dist+dim.
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6 Computability of Linear Subspaces

Proof. Given a basis (x1, . . . , xk) of a linear subspace U ⊆ X, we can easily generate
a sequence (yi)i∈N that is dense in U , by systematically generating all rational linear
combinations of (x1, . . . , xk). Given, for instance, a sequence (qi)i∈N that is dense in Qk

F

we get such a sequence (yi)i∈N by yi := LC(x1, . . . , xk)(qi). That proves δbasis ≤ δrange.
It follows from Lemma 6.2.3 that dim is (δbasis, δN)-computable, which implies δbasis ≤
δrange+dim.

For the other direction, we assume that we have given a sequence (xi)i∈N in X such
that {xi : i ∈ N} = U and we have given dim(U). Then, we can systematically check
(xi1 , . . . , xik) ∈ INDX for more and more pairwise different i1, . . . , ik. By Lemma 6.1.4 (2)
the set INDX is r. e. open and, thus, we can eventually find a tuple (xi1 , . . . , xik) ∈ INDX

in this way with k = dim(U). As soon as this happens we know that the tuple
(xi1 , . . . , xik) is a basis of U . This implies δrange+dim ≤ δbasis.

It follows from Proposition 6.2.6 and Lemma 6.2.3 that δbasis ≤ δ=dist+dim. If X is
complete, then it follows from results in [BP03] that δ=dist ≤ δrange and hence δ=dist+dim ≤
δrange+dim ≤ δbasis follows.

Next we want to show that the information on the distance function alone (without the
information on the dimension) does not suffice to determine a basis. We consider an
example.

Example 6.2.8. We consider the computable Banach space ℓ2 and the canonical stan-
dard basis (e1, e2, . . . ), where ei is the vector that is identical 0, except exactly in the ith
position, where it is 1. Now we define a sequence of two-dimensional linear subspaces
Ui by Ui := span{e1, ei+2}. In the compact-open topology the sequence (distUi

)i∈N
converges to the distance function distU of the linear subspace U := span{e1} and
hence (Ui)i∈N converges in the final topology of δ=dist to U . Since dim(U) = 1 and

dim(Ui) = 2 for all i ∈ N, this implies that dim : L
(∗)
X → N is not (δ=dist, δN)-continuous

and δ=dist 6≤ δbasis for ℓ2.

We have used the fact here that the final topology of the function space representation
[δX → δR] is the compact-open topology [Sch02]. If the underlying spaceX itself is finite-
dimensional, then the dimension dim(U) of a linear subspace U ⊆ X can be computed,
given the distance function dist(U). Before we prove this, we first study computability
properties of the dimension in general. We recall that codim(U) denotes the codimension
of U in X, that is the dimension of the quotient space X/U . If (X, ‖ ‖) is a normed
space, then the quotient space X/U := {[x] : x ∈ X} with [x] := x+U is equipped with
the norm topology defined by

‖[x]‖X/U := inf
y∈U

‖x− y‖ = distU (x)

for all x ∈ X. For the following result, we use the lower representation δ<N of N ∪ {∞},
which represents any x ∈ N∪{∞} by enumerating a sequence (ni)i∈N of natural numbers
with supi∈N ni = x.
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6.2 Finite-dimensional Linear Subspaces

Proposition 6.2.9. Let X = (X, ‖ ‖, e) be a computable Banach space. Then

1. dim : LX → N ∪ {∞}, U 7→ dim(U) is (δ=dist, δ
<
N )-computable.

2. codim : LX → N ∪ {∞}, U 7→ codim(U) is (δ=dist, δ
<
N )-computable.

Proof. We note that a δ=dist-name of a set U can be translated into a δrange-name of U ,
since X is complete. That is we can compute a sequence (xi)i∈N in X such that
{xi : i ∈ N} = U . Having such a sequence, we can systematically check (xi1 , . . . , xik) ∈
INDX for more and more pairwise different i1, . . . , ik. By Lemma 6.1.4 (2) the set INDX

is r. e. open and thus we can eventually find a tuple (xi1 , . . . , xik) ∈ INDX in this way
with k = dim(U), provided U is finite-dimensional. Otherwise, we find arbitrary large k
in this way.

Essentially, the codimension can be computed in the same way, except that one has
to replace the linear subspace U by the quotient space X/U . We obtain a function
FU : X∗ → R similarly to F2 in Lemma 6.1.5 by

FU (x1, . . . , xk) := min{distU (LC(x1, . . . , xk)(α)) : ‖α‖ = 1}

and analogously to Lemma 6.1.5 one obtains that U 7→ FU is (δ=dist, [δ
∗
X → δR])-comput-

able and since ‖[x]‖X/U = distU (x) one obtains

{(x1, . . . , xk) ∈ X∗ : ([x1], . . . , [xk]) is linearly independent} = X∗ \ F−1
U [{0}] .

Altogether, using a sequence (xi)i∈N of vectors that is dense in X, we can find tuples
(xi1 , . . . , xik) ∈ X∗ \ F−1

U [{0}] and for any such tuple k ≤ codim(U) holds and even-
tually we will find some tuple with k = codim(U), provided X/U is finite-dimensional.
Otherwise, we find arbitrarily large k in this way.

In the case that X itself is finite-dimensional, the situation is simpler since dim(X) =
dim(U) + codim(U) holds. In this special case the previous result allows us to compute
the dimension (and the codimension) exactly. Here we also use the fact that any finite-
dimensional normed space is complete.

Corollary 6.2.10. Let X = (X, ‖ ‖, e) be a finite-dimensional computable normed space.
Then dim : LX → N, U 7→ dim(U) and codim : LX → N, U 7→ codim(U) are (δ=dist, δN)-
computable.

In terms of representations we can also express the first part of this result as follows.

Corollary 6.2.11. Let X = (X, ‖ ‖, e) be a finite-dimensional computable normed space.
Then δbasis ≡ δ=dist ≡ δrange+dim.

It is easy to see that even in the finite-dimensional case the dimension is required as
extra information for δrange. One can easily construct a corresponding counterexample
for R2 that shows δrange 6≤ δbasis. The results in this section generalize some results
in [ZB04] about representations of linear subspaces of Rn.
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6 Computability of Linear Subspaces

6.3 Summary

Since complete linear subspaces of Banach spaces and finite-dimensional linear subspaces
of normed spaces are closed subsets, such linear subspaces can be represented by the
different representations for closed sets defined in [BP03], especially via their distance
functions. For finite-dimensional linear subspaces one can raise the question how the
information contained in the distance function is related to the information contained
in a basis. We have proved that if the space itself is also finite-dimensional, then these
two types of information are computably equivalent. If, however, the space itself is
infinite-dimensional, then one has to add the dimension of the subspace as an additional
information to the distance function in order to get a representation that is equivalent
to one that uses bases.
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7 Best Approximation in Computable

Banach Spaces

In approximation theory the problem of best approximation is studied using methods of
functional analysis [Sin70]. In this chapter we will study some parts of the problem of
best approximation in Banach spaces by elements of closed convex sets and by elements
of finite-dimensional linear subspaces from the viewpoint of computable analysis using
the representation based approach described in Chapters 2 and 3.

In Section 7.1 we state the problem of best approximation that we study in the following
sections and define some later used notions, especially the term “metric projection”. In
Section 7.2 we study the computability of the metric projection onto closed convex sub-
sets. Since finite-dimensional linear subspaces are special closed convex subsets, we prove
some stronger computability result for the metric projection onto finite-dimensional lin-
ear subspaces in Section 7.3. Finally, in Section 7.4 we briefly summarize the results of
this chapter.

7.1 The Problem of Best Approximation

Given a normed space X, the problem of best approximation is the problem of finding,
for a given subset G ⊆ X and a point x ∈ X, a point g0 ∈ G that is the nearest point
to x among all elements of G, that is

‖x− g0‖ = inf
g∈G

‖x− g‖ =: dist(x,G) (7.1)

where dist(x,G) denotes the distance between a point x ∈ X and a subset G ⊆ X. In
general, the existence of such an element g0 is not guaranteed nor has it to be unique
because every element of G with the property of Equation (7.1) is an element of best
approximation of x in G. Therefore, by PG(x) we denote the set of all elements of best
approximation of an element x ∈ X in a subset G ⊆ X, that is

PG(x) := {g0 ∈ G : ‖x− g0‖ = dist(x,G)} .

Then g0 is an element of best approximation of x in G if and only if g0 ∈ PG(x). For a
given subset G and an element x, the set PG(x) may be empty or have more that one
element. If X is a uniformly convex Banach space1 and G is a closed convex subset of X,

1We will later define the notion of a uniformly convex Banach space and a closed convex subset.
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7 Best Approximation in Computable Banach Spaces

then PG(x) consists of exactly one element for all x ∈ X. In this case a single-valued
total function PG : X → X can be defined by

PG(x) = g0 :⇐⇒ PG(x) = {g0} .

PG maps each element of X to its uniquely defined best approximation in G. PG is
called the metric projection onto G. In this chapter we will present some conditions
under which the mappings G 7→ PG and G 7→ PG become computable.

The problem of best approximation has also extensively studied in constructive and
proof-theoretic analysis. We mention, in particular, the results in [Bri80], [Bri81], [BB85,
pp. 309–313], and [BV06, pp. 88–92] for constructive analysis. It seems that our Corol-
lary 7.3.1, and also Proposition 6.2.4 and Theorem 6.2.6 (1), could also be derived from
those results via realizability theory [Lie04, Bau00]. However, we are not aware of any
counterpart of Theorems 7.2.7 and 7.3.2 in constructive analysis. In proof-theoretic
analysis classical existence proofs on best approximation have been analyzed carefully.
These results even provide explicit quantitative information and some of these results
could yield alternative proofs of our results, in particular of our Theorem 7.2.7. An
excellent survey on the proof-theoretic approach is available in [Koh08a].

7.2 Metric Projection Onto Convex Subsets

In this section we study computability properties of the metric projection onto closed
convex subsets. First, we state the definitions of some notions and related results from
functional analysis that we need in the following. Mainly, these definitions and results
are taken from [Meg98, LT77]. Here by

SX := S(0, 1) = {x ∈ X : ‖x‖ = 1}

we denote the unit sphere of a normed space X.

Definition 7.2.1 ([Meg98, LT77]). Let (X, ‖ ‖) be a normed space.

1. A subset U of X is called convex if λx + (1 − λ)y ∈ U holds for all x, y ∈ U and
0 ≤ λ ≤ 1.

2. X is called rotund or strictly convex if ‖tx1+(1− t)x2‖ < 1 whenever x1, x2 ∈ SX ,
x1 6= x2, and 0 < t < 1.

3. If X is a normed space with strictly convex norm, the modulus of convexity
mc : [0, 2] → [0, 1] of the norm ‖ ‖ is defined by

mc(ε) := inf

{
1−

∥∥∥∥
1

2
(x+ y)

∥∥∥∥ : x, y ∈ SX , ‖x− y‖ ≤ ε

}
.

4. The norm ‖ ‖ is called uniformly convex if mc(ε) > 0 for all 0 < ε ≤ 2.
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7.2 Metric Projection Onto Convex Subsets

The modulus of convexity has some properties that we use later in this chapter. In the
following, we will summarize some of these properties.

Lemma 7.2.2 (Properties of mc). Let (X, ‖ ‖) be a normed space with strictly convex
norm. The function mc that represents the modulus of convexity has got the following
properties.

1. mc is monotone increasing:

0 ≤ ε1 ≤ ε2 ≤ 2 =⇒ mc(ε1) ≤ mc(ε2) ≤ 1 .

2. Let 0 ≤ ε ≤ 2 and δ := mc(ε). Then we have:

• ∀x, y ∈ SX : ‖x− y‖ ≥ ε =⇒ 1− ‖1
2(x+ y)‖ ≥ δ,

• ∀x, y ∈ SX : ‖x− y‖ ≥ ε =⇒ ‖1
2(x+ y)‖ ≤ 1− δ,

• ∀x, y ∈ SX : 1− ‖1
2(x+ y)‖ < δ =⇒ ‖x− y‖ < ε,

• ∀x, y ∈ SX : ‖1
2(x+ y)‖ > 1− δ =⇒ ‖x− y‖ < ε.

3. Let z ∈ X, r > 0 and x, y ∈ S(z, r). Then we have:

∥∥∥∥
1

2
(x+ y)− z

∥∥∥∥ > r − r ·mc
(ε
r

)
=⇒ ‖x− y‖ < ε .

Proof. The first two claims directly follow from the definition of mc. For the last claim
we use that z ∈ X, r > 0, and x, y ∈ S(z, r) implies

x− z

r
∈ SX and

y − z

r
∈ SX

and it holds

‖x− y‖ = r ·

∥∥∥∥
x− z

r
−

y − z

r

∥∥∥∥ and

∥∥∥∥
x− z

r
−

y − z

r

∥∥∥∥ =
1

r
· ‖x− y‖

as well as

1

2
(x+ y)− z = r ·

1

2

(
x− z

r
+

y − z

r

)
and

1

2

(
x− z

r
+

y − z

r

)
=

1
2 (x+ y)− z

r
.

Now, we can derive the third claim from the last part of the second claim.
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7 Best Approximation in Computable Banach Spaces

In the following, we sometimes have to require a computable modulus of convexity for
our results. In this case, we interpret the function mc as a partial function on R that is
we consider mc :⊆ R → R and mean (δR, δR)-computability of mc.

Every finite-dimensional normed space is uniformly convex if and only if it is strictly
convex [Meg98, Prop. 5.1.14] and every uniformly convex Banach space is known to be
reflexive (the Milman-Pettis theorem, see for example [Meg98, Thm. 5.2.15]).

The following notions are taken from [Sin70, Meg98] where we also refer the reader to
for further information.

Definition 7.2.3 ([Sin70, Meg98]). Given a normed space X, a subset G ⊆ X of X and
an element x ∈ X, we define the set

PG(x) := {z ∈ G : ‖x− z‖ = distG(x)}

of all elements of best approximation of x by elements of G. The set G is called

• a proximinal set or set of existence if PG(x) 6= ∅, that is PG(x) contains at least
one element, for all x ∈ X,

• a semi-Chebyshev set or set of uniqueness if PG(x) contains at most one element
for all x ∈ X,

• a Chebyshev set if PG(x) contains exactly one element for all x ∈ X.

If a subset G ⊆ X of a normed space X is a Chebyshev set we can define a total and
single-valued function that maps every x ∈ X to its uniquely defined best approximation
in G.

Definition 7.2.4 (Metric projection). LetX be a normed space andG ⊆ X a Chebyshev
set. We define the metric projection PG : X → X onto G by

y = PG(x) :⇐⇒ PG(x) = {y}

for all x ∈ X.

The norm of a normed space X is strictly convex if and only if every (nonempty) closed
convex subset of X is a set of uniqueness [Meg98, Thm. 5.1.18]. If every nonempty
closed convex subset of a normed space X is a set of existence, then X is reflexive.
Additionally, a normed space X is reflexive and has a strictly convex norm if and only if
every nonempty closed convex subset is a Chebyshev set [Meg98]. It follows that every
nonempty closed convex subset of a uniformly convex Banach space X is a Chebyshev
set, that is the metric projection onto it is a total and single-valued function.

Since we have

PG(x) :=

{
∅ if x ∈ G \G

PG(x) otherwise
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7.2 Metric Projection Onto Convex Subsets

for every (not necessarily closed) subset G of X and element x ∈ X, a proximinal set G
has to be closed.2 Therefore, in the following we only consider best approximation by
elements of closed sets. In this case the set PG(x) is always closed. First, we prove that
given a closed subset G of a computable normed space X and an element x ∈ X, we can
compute the set PG(x) of elements of best approximation of x in G as a closed set with
negative information. Here, we use the representation δfiber for A(X), which is defined
by

δfiber(p) = A :⇐⇒ [δX → δR](p) = f and f−1[{0}] = A .

Proposition 7.2.5. Let X = (X, ‖ ‖, e) be a computable normed space. We define a
mapping

P set : A(X)×X → A(X), (G, x) 7→ PG(x)

that maps every closed subset G of X and element x ∈ X to the corresponding set of
elements of best approximation. Then P set is (δ=dist, δX , δfiber)-computable.

Proof. Using the given δ=dist-name of G in combination with the given x ∈ X, we can
compute a [δX → δR]-name of the function f : X → R defined by

f(z) := |‖x− z‖ − dist(x,G)|

for z ∈ X. It holds

f(z) = 0 ⇐⇒ z ∈ S(x, dist(x,G))

for all z ∈ X. Hence, f represents a δfiber-name of the sphere with center x and ra-
dius dist(x,G). Since every element of best approximation of x in G has the distance
dist(x,G) from G and is an element of G, it holds PG(x) = G ∩ S(x, dist(x,G)). By
[BP03] we have δ=dist ≤ δfiber. Hence, we can compute a δfiber-name of G. Since the inter-
section of closed sets is (δfiber, δfiber, δfiber)-computable3, we can compute a δfiber-name of
PG(x) = G ∩ S(x, dist(x,G)).

The next example shows that we cannot compute positive information on the set of best
approximation in general, not even in X = R2.

2By G we denote the closure of G.
3Given closed sets A,B and p, q ∈ Σω with δfiber(p) = A and δfiber(q) = B, we have [δX → δR](p) = f ,
f−1[{0}] = A, [δX → δR](q) = g, and g−1[{0}] = B. Since absolute value x 7→ |x| and addition
(x, y) 7→ x+ y on R and composition (h1, h2) 7→ h1 ◦h2 of total continuous functions are computable
[Wei00, Ex. 3.3.11], we can compute some r ∈ Σω such that [δX → δR](r) = h with h(x) := |f(x)|+
|g(x)|. Then we have h(x) = 0 ⇐⇒ f(x) = g(x) = 0 and, thus, h−1[{0}] = f−1[{0}] ∩ g−1[{0}] =
A ∩B. It follows δfiber(h) = A ∩B.
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x = (1, 0)

GnG

� S(x, dist(x,G))

S(x, dist(x,Gn))�

-PG(x)





PGn(x)
]

6 �

Figure 7.1: The metric projections PG(x) and PGn(x) in R2 with the maximum norm.

Example 7.2.6. We consider X = R2 equipped with the maximum norm

‖(x1, x2)‖ = max{|x1|, |x2|} .

Let Gn := span{(2−n, 1)} and G := span{(0, 1)}. We consider the point x = (1, 0).
Then (Gn)n∈N converges to G in the Fell topology, but (PGn(x))n∈N does not converge
to PG(x) in the lower Fell topology (see [BP03]). This is because any PGn(x) consists of
a single point, whereas PG(x) consists of the entire line segment from (0, 1) to (0,−1).
Figure 7.1 illustrates the situation.

A reason for the degenerate situation in this example is that R2 with the maximum
norm is not strictly convex. As soon as we add sufficiently strong convexity conditions,
the situation improves. If the modulus of convexity of the uniformly convex Banach
space X is computable, we can compute the metric projection of a given nonempty
convex subset.

Theorem 7.2.7 (Metric projection). Let X = (X, ‖ ‖, e) be a computable Banach space
with a uniformly convex norm and a computable modulus of convexity mc. We define a
mapping

P̂ :⊆ A(X)×X → X, (G, x) 7→ PG(x)

with

dom(P̂ ) := {G ∈ A(X) : G 6= ∅ is convex} ×X

that maps every nonempty convex subset G of X to the corresponding metric projection.
Then P̂ is (δ=dist, δX , δX)-computable.
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7.2 Metric Projection Onto Convex Subsets

Proof. Since every nonempty closed convex set in a uniformly convex Banach space is
a Chebyshev set, P̂ is well defined as a single-valued function. We have to show that
given a nonempty closed convex set G ⊆ X, some x ∈ X, and k ∈ N, we can effectively
find some z ∈ X with ‖PG(x) − z‖ < 2−k. In the following, we will show even more as
we can even find some z ∈ G (and not only z ∈ X) with ‖PG(x)− z‖ < 2−k.

Since the norm on X is uniformly convex, we have mc(ε) > 0 for ε > 0, hence mc(2−k) >
0 for all k ∈ N. Furthermore, the mapping k 7→ mc(2−k) is (δN, δR)-computable. Let
G ⊆ X be a nonempty closed convex set and x ∈ X. Let g0 ∈ G be the uniquely
determined best approximation of x in G, that is we have ‖x−g0‖ = dist(x,G) =: r ≥ 0.
Furthermore, r = dist(x,G) = ‖x − g0‖ can be computed from the given information
of G and x.

Let k ∈ N. Then, we have r < 2−k−2 or r > 2−k−3 ≥ 0. We test both inequalities
simultaneously and stop if we have proved one of them to be true. Since both cases are
overlapping, this can be done effectively. How we continue depends on the chosen case.

r < 2−k−2: In this case the intersection of B(x, 2−k−1) with G is nonempty and open
in G. Since δ=dist ≤ δrange holds for computable Banach spaces, we can effectively
find some g ∈ G such that ‖x− g‖ < 2−k−1, that is g ∈ B(x, 2−k−1)∩G. Then we
have for g

‖g − g0‖ ≤ ‖g − x‖+ ‖x− g0‖ = ‖g − x‖+ r < 2−k−1 + 2−k−2 < 2−k .

r > 2−k−3: Let δ := min{2−k−1, 2r · mc(1r · 2−k−1)}. Since mc is computable, and we
have already computed r, we can compute δ. As we have δ > 0, hence r + δ > r,
the intersection between B(x, r+ δ) and G is nonempty, and it is open in G. Since
δ=dist ≤ δrange holds for computable Banach spaces, we can effectively find some
g ∈ G such that ‖x− g‖ < r+ δ. We prove that ‖g− g0‖ < 2−k holds in this case.
Therefore, let δ′ := ‖x − g‖ − r < δ. Since ‖x − g‖ ≥ r we have δ′ ≥ 0 and since
r > 0 it is clear that r + δ′ > 0. Let g′ := g − δ′

r+δ′ (g − x). Then we have

‖g′ − g‖ =
δ′

r + δ′
‖g − x‖ = δ′ , (7.2)

‖g′ − x‖ =
r

r + δ′
‖g − x‖ = r = ‖x− g0‖ . (7.3)

It follows

r ≤

∥∥∥∥
1

2
(g0 + g)− x

∥∥∥∥
(
1

2
(g0 + g) ∈ G since G is convex

)

≤

∥∥∥∥
1

2
(g0 + g)−

1

2

(
g0 + g′

)∥∥∥∥+
∥∥∥∥
1

2

(
g0 + g′

)
− x

∥∥∥∥

=
1

2

∥∥g − g′
∥∥+

∥∥∥∥
1

2

(
g0 + g′

)
− x

∥∥∥∥

=
1

2
δ′ +

∥∥∥∥
1

2

(
(g0 − x) +

(
g′ − x

))∥∥∥∥ by Eq. (7.2)
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and thus
∥∥∥∥
1

2

(
(g0 − x) +

(
g′ − x

))∥∥∥∥ ≥ r −
1

2
δ′ > r −

1

2
δ

≥ r − r ·mc

(
1

r
· 2−k−1

)
by Def. of δ

so that we get with the definition of mc, Lemma 7.2.2, and Equation (7.3)

∥∥g0 − g′
∥∥ =

∥∥(g0 − x)−
(
g′ − x

)∥∥ < 2−k−1 .

Now we can derive the desired result for g with Equation (7.2) and the definition
of δ

‖g0 − g‖ ≤ ‖g0 − g′‖+ ‖g′ − g‖ < ‖g0 − g′‖+ δ < 2−k−1 + 2−k−1 = 2−k .

Thus, in both cases we can effectively find some g ∈ G such that ‖g − g0‖ < 2−k and
our proof is complete.

In proof-theoretic analysis Proposition 17.4 in [Koh08a] provides a formula that allows
us to obtain a modulus of uniqueness from a modulus of uniform convexity. This for-
mula could be exploited for an alternative proof of the above theorem. In the next
section we show that in the case of finite-dimensional linear subspaces, which are partic-
ularly nonempty closed convex subsets, we can get the same result under less restrictive
conditions.

7.3 Metric Projection Onto Linear Subspaces

In this section we study the computability of the metric projection onto finite-dimensio-
nal linear subspaces, which are special closed convex subsets. It turns out that we can
not only transfer our results of Section 7.3 from closed convex sets to finite-dimensional
linear subspaces but also get some stronger results. Given a finite-dimensional linear
subspace U of a computable Banach space X and an element x of X, we can compute
the set PU (x) of all elements of best approximation of x in U as a compact set with
negative information. By K(X) we denote the set of all compact subsets of X and
equip K(X) with the representation δmin-cover (full information) and δcover (only negative
information); see also Section 3.1.4 and [BP03].

First, we mention a computability result about metric projections onto linear subspaces
that is a simple corollary of the result about nonempty closed convex sets that we have

proved in the previous section. Here by L
(∗)
X we denote the set of all finite-dimensional

linear subspaces of a given normed space as defined in Chapter 6.
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7.3 Metric Projection Onto Linear Subspaces

Corollary 7.3.1 (Metric projection onto linear subspaces). Let X = (X, ‖ ‖, e) be a
computable Banach space with a uniformly convex norm and a computable modulus of
convexity mc. We define a mapping

PL : L
(∗)
X ×X → X, (U, x) 7→ PU (x)

that maps every finite-dimensional linear subspace of X to the corresponding metric
projection. Then PL is (δ=dist, δX , δX)-computable.

Proof. Every finite-dimensional linear subspace U of X is a nonempty closed convex
subset of X. Now we can apply Theorem 7.2.7.

A corresponding result in constructive analysis is Theorem 3.1 in [Bri80].

Since finite-dimensional linear subspaces are very special nonempty closed convex sub-
sets, it arises the question if we can, for example, get a result without demanding a
computable modulus of convexity. In fact, this is possible and we can get some better
computability results about metric projections in this case. Given a finite-dimensional
linear subspace U of a Banach space X and an element x of X, we can compute the
set PU (x) of all best approximations of X in U as a compact set with negative informa-
tion.4

Theorem 7.3.2 (Metric projection onto linear subspaces). Let X = (X, ‖ ‖, e) be a
computable Banach space. We define a mapping

P set
L : L

(∗)
X ×X → K(X), (U, x) 7→ PU (x)

that maps every finite-dimensional linear subspace U and element x to the corresponding
compact set of elements of best approximation. Then the mapping P set

L is (δ=dist, δX ,
δcover)-computable.

Proof. By Proposition 7.2.5 P set is (δ=dist, δX , δfiber)-computable. Since every element of
best approximation of x in U has the distance dist(x, U) from U , it holds

PU (x) = U ∩ S(x, dist(x, U)) ⊆ S(x, dist(x, U)) .

We have dist(x, U) ≤ ‖x‖ because of 0 ∈ U . Thus, we have

PU (x) ⊆ BX(0, 2‖x‖) ∩ U = BU (0, 2‖x‖) .

Since BU (0, 2‖x‖) is a finite-dimensional compact subset of X, we can compute a
δmin-cover-name of BU (0, 2‖x‖). Given a closed set with negative information and a
compact set with negative information, we can compute the intersection of these two

4Since the set of all best approximations is closed and bounded, it is compact in the case of finite-
dimensional linear subspaces.
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sets as compact with negative information (see for instance [WG09, Theorem 11]). Thus,
we can compute a δcover-name of

PU (x) = S(x, dist(x, U)) ∩BU (0, 2‖x‖) .

Solutions in a compact set (that depends computably on some input data) can be com-
puted exactly if they are uniquely determined. This observation has been made in
different forms; see for instance [Kre82, Sch06, Sch07, Koh08a]. In computable analy-
sis this observation is usually exploited in the form that it is possible to compute the
unique element x of the set {x}, assuming that we have negative information on {x} as
a compact set; see for instance [Bra08b, Bra08a].5 This fact leads us to the following
result.

Theorem 7.3.3 (Metric projection onto linear subspaces). Let X = (X, ‖ ‖, e) be a
computable Banach space with a uniformly convex norm. We define a mapping

PL : L
(∗)
X ×X → X, (U, x) 7→ PU (x)

that maps every finite-dimensional linear subspace of X to the corresponding metric
projection. Then PL is (δ=dist, δX , δX)-computable.

Proof. By Theorem 7.3.2 given a finite-dimensional linear subspace U and an element
x we can compute a δcover-name of PU (x). If X is uniformly convex, PU (x) consists of
the single point PU (x). We can compute a δX -name of PU (x) from the δcover-name of
PU (x) = {PU (x)} as it is possible to convert the negative information on a singleton as
compact set to a name of its unique element [Bra08b, Bra08a].

Thus, in the special case of finite-dimensional linear subspaces we do not need the
computable modulus of convexity that we used in the more general case of convex subsets
in Theorem 7.2.7. Given a computable Banach space X , we can also define a (partial)
mapping that maps every finite-dimensional linear subspace U and element x with unique
element of best approximation in U to its best approximation.

Corollary 7.3.4 (Unique metric projection). Let X = (X, ‖ ‖, e) be a computable Ba-
nach space. We define a partial mapping

P unique
L :⊆ L

(∗)
X ×X → X, (U, x) 7→ PU (x)

with

dom(P unique
L ) :=

{
(U, x) ∈ L

(∗)
X ×X : |PU (x)| = 1

}

that maps every finite-dimensional linear subspace U and element x with a unique ele-
ment of best approximation in U to its best approximation. Then P unique

L is (δ=dist, δX ,
δX)-computable.

5See [BG11b] for a related metatheorem in computable analysis.
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7.4 Summary

Proof. Using Theorem 7.3.2 and the already used results from [Bra08b, Bra08a], we
obtain that the mapping P unique

L is (δ=dist, δX , δX)-computable.

It seems that this result could also be derived from [Bri81, Theorem 1] (see also [BB85,
Chapter 7, Theorem 2.12] and [BV06, Theorem 4.2.1]) via realizability theory.

7.4 Summary

In this chapter we have studied the computability of the metric projection onto closed
convex sets and finite-dimensional linear subspaces of computable Banach spaces X,
which is equivalent to computing the element(s) of best approximation of an element in a
given subset. In uniformly convex Banach spaces with computable modulus of convexity,
we can compute the (unique) element of best approximation of a given element ofX in an
also given nonempty closed convex subset of X. In the case of finite-dimensional linear
subspaces of Banach spaces, which are special closed convex subsets, we can omit the
requirement of a computable modulus of convexity. Without the condition of uniform
convexity, we can compute the set of elements of best approximations as a compact
subset. If we additionally assume uniform convexity, then we can compute the unique
element of this compact subset, that is the metric projection.

For all results on metric projections, it turned out to be convenient to represent linear
subspaces via their distance functions. As we have seen in Chapter 6, the information
contained in a basis of a finite-dimensional linear subspace is sufficient to compute its
distance function. Therefore, all the results in this section concerning finite-dimensional
linear subspaces are also valid if we replace δ=dist by δbasis.
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We have shown that we can establish a reasonable theory of compact operators on
computable Banach spaces with Schauder bases that satisfy some suitable additional
conditions. The compact operators form a computable metric space under these con-
ditions and we obtain a computable version of the Theorem of Schauder and of the
fact that composition of compact operators with bounded linear operators results in
compact operators. Furthermore, well-behaved dual spaces are closely connected to a
well-behaved space of compact operators. Altogether, Schauder bases in Banach spaces
turn out to be a useful substitute for Hilbert space bases.

Additionally, we have studied the problem of best approximation on computable Banach
spaces. Here, computable moduli of convexity turn out to be quite useful to obtain
computable versions of classical results. In this context, we have also shown that finite-
dimensional subspaces can be reasonably represented via some basis of the subspace.
Though, in infinite-dimensional spaces we have to enrich the basis with the dimension of
the subspace to get a representation that is computably equivalent to the representation
as closed set via the distance function.

We have also outlined how the approach of Rettinger and Weihrauch to define multi-
representations of the class of all second-countable T0-spaces can be adjusted to metric
spaces to obtain multi-representations of the class of all separable metric spaces.

However, there are numerous problems in computable functional analysis that have not
been treated in this thesis. Here, we want to mention only a few of them:

(1) In some cases, we had to deal with different computable Banach spaces in a uniform
manner, for example with the n-dimensional subspacesXn = range(Pn) induced by
the natural projections corresponding to some Schauder basis. Here, we handled
these spaces with some kind of “ad hoc representations”. It would be desirable to
elaborate the outlined approach to obtain multi-representations of the class of all
separable metric spaces and normed spaces. With such multi-representations one
could also address questions like computing a dual space or the space of compact
operators from given “names” of Banach spaces.

(2) It would be interesting to obtain a better understanding of the relationship between
Banach spaces, their dual spaces, their bidual spaces, and computable reflexivity.
The definition of the representations δX′ and δCX′ of the dual space X ′ of a com-
putable Banach space X = (X, ‖ ‖, e) leads to even more representations of the
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bidual space X ′′, which could be studied concerning computable reducibility and
equivalence.

(3) There are lot of classical results about Banach spaces that can be studied regarding
their computational contents. Several computability results are already known, see
for instance [Bra08b, Bra09, Bra08a]. Though, there are even more classical results
that have not been treated so far.

(4) Furthermore, those classical results where there exists no computable version or
at least only under additional assumptions could be classified by their degrees of
“uncomputability” using Weihrauch degrees [BG11b, BG11a].

Obviously, there are even more interesting open issues concerning computable Banach
spaces and computable compact operators.
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Symbols

Alphabet, words, and sequences

Σ Finite alphabet ({0, 1} ⊆ Σ)
Σ∗ Set of all (finite) words over some alphabet Σ
Σω Set of all (infinite) sequences over some alphabet Σ

ι( ) Wrapping function (for example used for tupling functions)
〈 〉 Tupling function on words and sequences over Σ

Sets of numbers

N Set of natural numbers (including zero)
Z Set of integer numbers
Q Set of rational numbers
R Set of real numbers
C Set of complex numbers
F Underlying field of a vector space (R or C)
QF Set of “rationals” (Q or Q[i])

Various notations and numberings

νN Standard notation of N
νQ Standard notation of Q
αF Numbering of QF

αe Numbering of the rational linear span of a sequence e in some vector space
αF Numbering of the set F of finite subsets of range(α)

((M,d, α) effective metric space)

Various standard representations

δN Standard representation of N
δR Standard representation of R
δC Standard representation of C
δF Standard representation of F (δR or δC)
δ<R Lower representation of R
δ>R Upper representation of R
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Symbols

Represented spaces

(X, δ) Represented space (set X, representation δ :⊆ Σω → X)
δk Representation of Xk (δ representation of X)
δN Representation of XN (δ representation of X)
C(δ, δ′) Set of (δ, δ′)-continuous functions

Computable topological spaces

(X, τ) Topological space (set X, topology τ ⊆ 2X)
(X, τ, β, ν) Effective topological space (topological space (X, τ), base β ⊆ τ ,

notation ν :⊆ Σ∗ → β)
C(X,Y ) Set of total continuous functions f : X → Y (X,Y top. spaces)

M Closure of a set M (with respect to a given topology)

Computable metric spaces

(M,d) Metric space (set M , metric d : M ×M → R)
M = (M,d, α) Effective metric space (metric space (M,d),

dense sequence α : N → M)
δM , δM Standard Cauchy representation

of an effective metric space M = (M,d, α)

BM (x, r) Open ball (center x, radius r, M metric space)
B(x, r) Open ball (center x, radius r)

BM (x, r) Closed ball (center x, radius r, M metric space)

B(x, r) Closed ball (center x, radius r)
SM (x, r) Closed sphere (center x, radius r, M metric space)
S(x, r) Closed sphere (center x, radius r)

Closed and compact subsets of computable metric spaces

A(X) Closed subsets of a metric space (X, d)
K(X) Nonempty compact subsets of a metric space (X, d)
dH Hausdorff metric on K(X)

δ<A(X), δ
>
A(X) Standard representations of A(X) (positive, negative inform.)

δ=A(X) Standard representation of A(X) (full information)

δ=dist, δ
<
dist, δ

>
dist Representations of A(X) via distance functions

δrange, δfiber Range and fiber representations of A(X)

δK(X) Standard representation of K(X)

δmin-cover, δcover Representations of K(X) via (minimal) covers
δtot Representation of K(X) via modulus of total boundedness
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Computable normed spaces

(X, ‖ ‖) Normed space (vector space X, norm ‖ ‖ : X → R)
X = (X, ‖ ‖, e) Effective normed space (normed space (X, ‖ ‖),

fundamental sequence e : N → X)
δX , δX Standard Cauchy representation

of an effective normed space X = (X, ‖ ‖, e)

BX Unit ball B(0, 1) (normed space X)
SX Unit sphere S(0, 1) (normed space X)

〈A〉 Linear span of A ⊆ X, X vector space
[A] Closed linear span of A ⊆ X, X normed space
〈f〉 Linear span of sequence f ⊆ X, X vector space
[f ] Closed linear span of sequence f ⊆ X, X normed space

B(X,Y ) Space of bounded linear operators (X,Y normed spaces)
B(X) Space of bounded linear operators of X (X normed space)
C(X) Continuous functions from X to F (X normed space over F)

Computable Banach spaces with bases

(e′n)n∈N Coordinate functionals associated with a given basis e
(Pn)n∈N Natural projections associated with a given basis e
c Basis constant of a given basis e
||| ||| Basis norm associated with a given basis
X ′ Dual space of a normed space X

‖f‖(n) Norm of f ∈ X ′ w. r. t. span{ei : i > n} (X Banach space, e basis of X)

δX′ Dual space representation of X ′ ((X, ‖ ‖, e) effective normed space)
δCX′ Cauchy representation of (X ′, ‖ ‖, e′) ((X, ‖ ‖, e) effective Banach space,

e shrinking basis)

Computably compact operators

B∞(X,Y ) Space of compact operators (X,Y normed spaces)
F(X,Y ) Space of finite-dimensional operators (X,Y normed spaces)
αef Numbering of a subset of F(X,Y )

((X, ‖ ‖, e), (Y, ‖ ‖, f) effective Banach spaces, e, f bases)
δB∞(X,Y ) Image representation of B∞(X,Y )

((X, ‖ ‖, e), (Y, ‖ ‖, f) effective Banach spaces)
δCB∞(X,Y ) Cauchy representation of (B∞(X,Y ), ‖ ‖, αef )

((X, ‖ ‖, e), (Y, ‖ ‖, f) effective Banach spaces, e shrinking basis)
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Symbols

Finite-dimensional linear subspaces

X∗ Finite tuples over X
δ∗X Representation for X∗ ((X, δX) represented space)
C∗(X,Y ) Continuous functions on finite tuples of X to Y (X,Y top. spaces)
δ∗→ Representation for C∗(X,Y ) (X,Y admissibly represented spaces)
INDX Linearly independent finite tuples over X

L
(k)
X Set of all k-dimensional linear subspaces of X

L
(∗)
X Set of all finite-dimensional linear subspaces of X

LX Set of all linear subspaces of X
Lc
X Set of all closed linear subspaces of X

δbasis Basis representation of L
(∗)
X

Best Approximation

PG(x) Set of all elements of best approximation of x in G
PG Metric projection onto G
mc Modulus of convexity of a normed space (X, ‖ ‖)
P set Metric projection as set-valued function

P̂ Metric projection onto closed convex subsets
PL Metric projection onto finite-dimensional linear subspaces
P set
L Metric projection onto finite-dimensional linear subspaces (set-valued)

P unique
L Metric projection onto finite-dimensional linear subspaces (unique case)
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[BV06] Douglas Bridges and Luminiţa Vı̂ţă. Techniques of Constructive Analysis.
Springer, New York, 2006.

[BW99] Vasco Brattka and Klaus Weihrauch. Computability on subsets of Euclidean
space I: Closed and compact subsets. Theoretical Computer Science, 219:65–
93, 1999.

[BY06] Vasco Brattka and Atsushi Yoshikawa. Towards computability of elliptic
boundary value problems in variational formulation. Journal of Complexity,
22(6):858–880, 2006.

[BZ02] Vasco Brattka and Martin Ziegler. Computability of linear equations. In
Ricardo Baeza-Yates, Ugo Montanari, and Nicola Santoro, editors, Founda-
tions of Information Technology in the Era of Network and Mobile Comput-
ing, volume 223 of IFIP International Federation for Information Processing,
pages 95–106, Dordrecht, 2002. Kluwer Academic Publishers. 2nd IFIP In-
ternational Conference on Theoretical Computer Science, Montréal, Canada,
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Index

(δ, δ′)-computable, 7

(δ, δ′)-continuous, 7

(δ, δ′)-realization, 7

[x], see closed linear span

C(X,Y ), 11

C(δX , δY ), 9

αF , 22

αe, 31

B(X,Y ), 39

B(X), 39

B(x, r), 14

BM (x, r), 14

A(X), 21

K(X), 22

δFourier, 42

δCB∞(X,Y ), see Cauchy representation space
of compact operators

δCX′ , see Cauchy representation dual space

δ=A(X), 21

δ>A(X), 21

δ<A(X), 21

δB∞(X,Y ), see image representation

δK(X), 22

δ=dist, 22

δ>dist, 22

δ<dist, 22

δX′ , see dual space representation

δ-computable, 7

δN, 8

δk, 8

δfiber, 22

δrange, 22

δtot, 25

δX , see Cauchy representation

≡, 7

≡t, 7

[δX → δY ], 9

C(X), 48

ι( ), 8

≤, 7

≤t, 7

‖ ‖(n), 53
distA, 22

B(x, r), 14

BM (x, r), 14

S(x, r), 14

SM (x, r), 14

〈 〉, see tupling function

BX , 49

SX , 96

dA, 22

dH , 22

adjoint operator, 67

admissible representation, 11

approximation property, 69

effective, 72

Banach space

computable, 34

computably equivalent, 43

effective, 30

general computable, 53

reflexive, 76

Banach’s basis problem, 63

base, 10

basic sequence, 44

bounded, 45

computable, 44
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Index

normalized, 45
basis, 43

computable, 43
computable dual basis, 54
computably shrinking, 54
monotone, 46
shrinking, 54

basis constant, 46
basis modulus, 72
basis norm, 46
basis representation, 88
best approximation, 95

element of, 95
problem of, 95

bidual, 75
representation, 75

bounded operator, 39
representation, 40

canonical embedding
into bidual, 76

Cauchy representation, 15
dual space, 54
space of compact operators, 70

Chebyshev set, 98
closed

ball, 14
co-r.e. closed, 83

closed linear span, 37
co-r. e. compact, 68
co-r. e. compact subset, 23
co-r.e. closed, 83
compact operator, 63

Cauchy representation, 70
image representation, 64

computable, 6, see (δ, δ′)-computable
Banach space, 34
basic sequence, 44
basis, 43
dual basis, 54
dual space, 53
evaluation of functions, 9
Hilbert space, 39
metric space, 18

normed space, 34

subspace, 37, 45, 50

topological space, 10

type conversion of functions, 9

vector space, 29

Computable Theorem of Banach-Alaoglu,
68

Computable Theorem of Schauder, 69

computably

compact

operator, 65

subset, 23

embeddable

into bidual, 76

equivalent, 43

representations, 7

spaces, 8

reducible, 7

reflexive, 76

shrinking, 54

totally bounded, 25

continuously

equivalent, 7

reducible, 7

convex set, 96

coordinate functionals, 45

dual basis theorem, 58

dual space

Cauchy representation, 54

computable, 53

representation, 53

effective

approximation property, 72

Banach space, 30

metric space, 14

normed space, 30

topological space, 10

element of best approximation, 95

equivalent

computably (representations), 7

computably (spaces), 8

continuously, 7
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representations, 7
evaluation, 9

computable, 9

fast converging sequence, 13
finite tuples

functions on, 82
linearly independent, 83
representation for, 81
representation for functions on, 82
set of, 81

Fourier coefficients, 41
Fourier representation, 42
Fourier series, 41
fundamental sequence, 30

general computable Banach space, 53

Hausdorff metric, 22
Hilbert space

computable, 39

image representation, 64
induced metric space, 31

limit operation
computable, 16

linear subspace
basis representation, 88

linearly independent, 83
located, 22, 49

metric
computable, 18
Hausdorff metric, 22

metric projection, 96, 98
metric space

computable, 18
effective, 14
induced by normed space, 31

modulus of convexity, 96
modulus of total boundedness, 25
multi-representation, 9

naming system, 6
natural projections, 46

norm

computable, 34

normed space

computable, 34

computable subspace, 37

effective, 30

induced metric space, 31

reflexive, 76

notation, 6

numbering, 6

open

ball, 14

r. e. open, 83

operator

adjoint, 63, 67

compact, 63

computably compact, 65

finite rank, 70

finite-dimensional, 70

operator norm, 39

Parseval’s Identity, 41

problem of best approximation, 95

proximinal set, 98

r. e. open, 83

r. e. closed, 68

recursive compact, 68

recursive compact subset, 23

reducible, 7

computably, 7

continuously, 7

reflexive, 76

representation, 6, 8

admissible, 11

bidual, 75

dual space, 53

Fourier representation, 42

metric space, 15

space of bounded operators, 40

represented space, 8

rotund, 96
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Index

Schauder basic sequence, see basic se-
quence

Schauder basis, see basis
second countable, 10
semi-Chebyshev set, 98
sequence

fast converging, 13
set of existence, 98
set of uniqueness, 98
shrinking

basis, 54
shrinking modulus, 54
sphere, 14
strictly convex, 96
subspace

computable, 37, 45, 50

T0-space, 10
Theorem of Banach-Alaoglu

computable version, 68
Theorem of Schauder, 63

computable version, 69
topological space, 10

T0-space, 10
base, 10
computable, 10
effective, 10
second countable, 10

topology, 10
totally bounded, 25
TTE, see type-2 theory of effectivity
tupling function, 8
type conversion, 9

computable, 9
type-2 machine, 5
type-2 theory of effectivity, 5

uniformly convex, 96
unit ball, 49
unit sphere, 96

vector space
computable, 29

wrapping function, 8
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